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1. Introduction

Isogeometric analysis (IGA), established by Hughes et al. [ 1], is a new numerical method that has received a lot of attention
over the last ten years. The central idea of the method is to bridge the gap between computer aided design (CAD) and finite
element analysis (FEA) by applying basis functions that are typically used in computer aided design (CAD) to the analysis,
instead of the conventional polynomial basis functions. The main benefit of isogeometric method is that the geometry of the
problem is preserved exactly. When building the models using CAD software, we can directly carry out numerical analysis
based on the isogeometric method, i.e. there is no transformation from the CAD models to the computational meshes. In
addition, in the implementation of the IGA the mesh refinement can be highly simplified using the standard knot-insertion
and/or degree-elevation procedures [2] without communicating with the CAD system, once the initial mesh is completed.

The IGA was originally presented to focus on the use of the finite element method (FEM), but many researchers also
applied the IGA to the boundary element method (BEM) where distinct advantages such as reduction of problem dimen-
sionality by one are found. The IGA coupled with the BEM, i.e. IGABEM, has achieved rapid development recently [3-5] and
has been successfully applied to investigate various problems, e.g. elasticity problems [6,7], potential problems [8], Laplace
equation [9], fast multipole IGABEM [10,11], Helmholtz problems [ 12], ship wave-resistance problem [ 13,14], acoustic prob-
lems [15,16], shape optimization [ 17-19], nonsingular IGABEM analysis [20], weakly-singular integral equation [21], crack
problem [22] and adaptive mesh-refinement [23].
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Compared with traditional BEM, the models for analysis in the IGABEM are exact geometrical representation no matter
how coarse the discretization of the studied bodies is, thus the IGABEM ensures that no geometrical errors appear in the
analysis process. This is a distinct advantage over traditional BEM, in which the geometrical errors will greatly influence
the accuracy of the numerical result, especially for complex models or thin-body/coating structures. In addition, as we have
known that in the implementation of the IGAFEM the information of the domains is needed which is still a challenging
problem. However, the IGABEM only requires a boundary description of the problem which creates a perfect match with
the CAD, since the output of such software is only a boundary discretization. Moreover, when the IGABEM is used to shape
design optimization problems, it can provide more accurate sensitivity of complicated geometries including higher order
effects such as curvature, normal and tangential vectors. Because the NURBS functions of higher continuity offer a much
more compact representation of response and sensitivity of structures than the standard basis functions do, so it can yield
better accuracy even at the same polynomial order.

However, the IGABEM formulation contains varied orders of singular integrals, which requires careful study and analysis.
Up to now, tremendous effort has been devoted to deriving convenient integral forms or sophisticated computational
techniques to eliminate the singularities appearing in boundary integral equations. These methods can be summarized on
the whole as two categories: the local and the global strategies. The local strategies are employed to calculate the singular
integrals directly. They usually include but are not limited to, analytical and semi-analytical methods [24,25], new Gaussian
quadrature approach [26], the local regularization method [27,28], transformation method [29-31], finite-part integral
method [32,33], subtraction technique [34,35], etc. Among these methods, the local regularization technique proposed
by Guiggiani et al. [36,37] was extensively employed to remove various orders of singularities. Although the method was
successfully used to evaluate the strong singular integral appearing in 2D IGABEM [5,6], it requires the expansion of all
quantities of the integrand into Taylor’s series, which may be arduous and computationally expensive [38,39]. The power
series expansion method presented by Gao [40] seems to be a more accurate and flexible method for evaluating 2D or 3D
singular boundary integrals by expressing the non-singular part of a singular integrand as well as the global distance r as
power series in the local distance p of the intrinsic coordinate system.

In this paper, the power series expansion method [40] is used to compute the singular integrals appearing in the 3D
IGABEM. Firstly, the singular surface integral is divided into a line integral over the contour of the integration surface and a
radial integral containing the singularities by the radial integration method (RIM) [41,42]. Then the singularities condensed
in the radial integral are removed analytically or numerically by extracting the finite value parts from the power series
expansions. Finally, the line integral with regular kernel functions can be computed by the standard Gaussian quadrature.
Through the above procedure, singular integrals over isogeometric boundary elements can be evaluated with high accuracy,
even when the order of singularity is high. One of the features of the method is that integration surface is on the real surface
of the model rather than the interpolation surface, i.e. no geometrical errors. Thus, the value of integral is more accurate
than the traditional boundary element method [40].

Abrief outline of this paper is as follows. A short introduction to B-spline and NURBS is given in Section 2. In Section 3, the
numerical implementation of the IGABEM for 3D potential problems is performed. Several numerical examples are given in
Section 4 to verify the efficiency and accuracy of the present method. Finally, we present the conclusions for our work.

2. B-splines and NURBS

In this work, we focus our attention on the numerical implementation of the IGABEM for 3D potential problems. Thus
only some conclusions are given, more details about the IGABEM can be found in [1,5,6,43].

2.1. B-spline and NURBS basis functions

B-spline basis functions of degree p are defined recursively with piecewise constants (p = 0)

)1 g <& <&,
Nio = {0 otherwise (1)

where 1 < i < n, n is the number of basis functions which form the B-spline. Forp = 1, 2, 3, .. ., they are defined by

Nip(&) = Nip—1(€) (€ — &) / (Eivp — &) + Nis1,p-1E) (Eips1 — &) / (Eivpr1 — &i1) - (2)

The B-spline can be considered as a sub-set of NURBS. NURBS basis functions are defined as

Rip(€) = Nip(&)w; / (Z Nj.p@)wj) 3)
j=1

where N; , is the ith B-spline basis function of order p. w; is the ith positive weight. The values of w; depend on the type and
shape of curves.

To define a B-spline or NURBS curve several other items are required [1,5,6,43], such as curve degreep, control points P,
knot vector U.
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2.2. B-spline and NURBS surfaces

Given a control net {P;;}, i = 1,2,...,n, j = 1,2, ..., m, and two knot vectors (one for each parametric direction)
U={£,%&, ..., &pt1yandV = {91, n2, ..., Nmyq+1}, a tensor product B-spline surface is defined by
n m
SE.m =Y NiIE P (4)

i=1 j=1

where Nf]?q(é, 1) = Nip(&)M;q(n), m (n) is the number of basis functions in the parametric direction n(¢). N; (&) and
M; 4(n) are the univariate B-spline basis functions of orders p and q corresponding to knot vectors U and V, respectively.
Similar to B-spline surfaces, a tensor-product NURBS surface is defined as

SEm=) Y RP 5)

i=1 j=1

where the bivariate basis functions Rf }q are given by

RV (&, n) = (Ni(E)M;(n)wi,j)/ DY NEMmw; | - (6)

i=1 j=1

In our work, the isogeometric analysis relies on the use of the bivariate NURBS basis functions given above. We use
the NURBS basis functions to describe the geometry of the problem and approximate the unknown fields in the governing
PDEs.

3. Implementation of isogeometric analysis in BIEs

3.1. Boundary integral equation

Considering the boundary integral equation of 3D potential problems in the domain £2 enclosed by boundary I'", the usual
direct BEM formulation is presented as follows [44-47]:

c(y)u(y) zfq(X)u*(x,y)dF(X)—/u(X)q*(x, ydr(x) (7)
r r

wherey and x are the source and the field points, respectively. c is a coefficient depending on the smoothness of the boundary
at the source point y.u*(x, y) represents the fundamental solution and g*(x, y) is its normal derivative.

3.2. Isogeometric approximation

Different from conventional BEM, the basis function of the IGABEM is chosen to exactly capture the geometry. In the
implementation of 3D IGABEM, we use two knot vectors Uand V, mxn control points {P;;}, i=1,2,...,n,j=1,2,...,m,
and curve orders p and q to build the boundary shape and the basis functions. As is shown in Fig. 1 elements of the integral
boundary are defined in the parametric space as non-zero knots span [&;, &1] X [r]j, njﬂ], where &, &7 € Uand
nj» Nj+1 € V. .

In order to carry out the numerical integration using Gauss-Legendre quadrature, local coordinates £ and 5 must be in the
range [—1, 1]x[—1, 1]. Therefore, there should be a transformation from the parameter space (¢, n) € [&;, &11]%x [17]-, r;jH]
(& is the ith knot in U and »; is the jth knot in V, i and j are respectively the knot indexes in directions £ and ) to the
Gauss-Legendre range [—1, 1] x [—1, 1]. Fig. 1 gives some illustration for physical domain §2, parametric domain £ and
parent element.

To approximate the geometry and unknown fields, the non-zero basis functions must be determined for a particular
element. After this is done, a set of local basis functions that are related to the global basis functions is given as

Ny, ) = RE(E ), n(0) 8)
where the local basis function number b, element number e and global basis function number are related by a = conn(e, b),

where conn() is a connectivity function. Up to now, the geometry, potential and flux can be easily interpolated by Eq. (5) as

(p+D(g+1) (p+D(g+1) (p+D(g+1)

XEm= Y RPEDx uEm= Y RIEnd: ¢Em= Y RIENG 9)

b=1 b=1 b=1
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Fig. 1. Definition of domains used for integration in isogeometric analysis.

where xy, dj, and ¢, represent the coordinate, potential and flux coefficients at a particular control point. Thus, we can obtain
the 3D isogeometric boundary integral equation as follows

(P+D@+) Ne (p+1 1 prl _ _ _ _
) Y NE DY S [/ / q*(x’,x(s,ﬁ))Nf@,ry)f@,ﬁ)dsdﬁ]d“’
—1J1

)(g+1)
I=1 e=1 I=1

Ne (p+1)(g+1)

1 1
=3 3 ([ [t @ idai ] o (10
=1 —iY=

e=1

where ' represents the collocation point. £’ and #’ represent the local coordinates of the collocation point x’ on element e.

3.3. Collocation point for 3D IGABEM

In the IGABEM, since the control points are usually not being on the boundary, so the normal practice of collocation points
at nodal positions for conventional BEM is no longer valid. For 2D IGABEM [6], Simpson et al. used the Greville abscissae
definition [48,49] to define the position of collocation points in parameter space. Similarly, we have for 3D IGABEM

§=(Emn+&a+-+E&y)/p i=12,....n
77_;:(Ej+1+5j+2+”'+§j+4)/q j=1,2,...,m

where n and m are the number of control points along & and » directions, respectively. p and q are the orders of the curves
along & and n directions, respectively. Thus, the parameter coordinates of the collocation points can be given as (§/, n]f). We
can easily get the coordinates of the collocation points using the NURBS interpolation (Eq. (5)).

(11)

3.4. Integration implementation

In the implementation of BEM, the accurate evaluation of the singular integrals is a crucial and difficult task. Simpson
et al. [6] used Subtraction of Singularity Method (SST) and Telles transformation to evaluate strongly and weakly singular
integrals appearing in 2D IGABEM, respectively. Here both the strongly and weakly singular integrals in 3D IGABEM are
computed by the power series expansion method [40]. In order to eliminate singularities in 3D boundary integrals, the
radial integration method (RIM) [41,42] is employed, in which a surface integral is divided into a line integral over contour
of the integration surface and a radial integral containing the singularities. The singularities condensed in the radial integral
are removed analytically or numerically by extracting the finite value parts from the power series expansion.

3.4.1. Evaluation of 3D singular boundary integrals
As is well-known in BEM, when the source point X’ is located on the element under integration, the distance r may
approach zero so that the singularity appears. Now, consider the 3D boundary integral I¢(x”) on element e.

ji+1 L&+ _
rx’y = | f&f,x)/rPxP,x)ydr = /ﬂ fox,x)/rP(xP, x)dedn (12)
Te nj &i



458 Y.P. Gong et al. / Journal of Computational and Applied Mathematics 313 (2017 ) 454-468

(5,:77,41) L (é:i+l’nj+l)
0 |-
’/’/ n!
L,
P L,
P(&pi11p)

n
(ér’],‘) L1 (5141777/)

S

Fig. 2. Integration plane in intrinsic coordinate system.

where 8 is a constant and f(x”, x) is bounded everywhere for the variable x. Using the radial integration method (RIM)
presented by Gao [41,42], the integral in Eq. (12) can be transformed into a contour (L = Z?:l L;) integral along the four
sides of the element, i.e.

I(x") = / F(x",x%) 0p(P,Q)/ (0(P, Q) on') dL(Q) (13)
L

where

p(P,Q)

FO¢ X = lim Uea| F 67, 20/r7 (& %) pdp (14)
(&)= Pa (&)

in which Q represents the field point which takes on a value from the boundary L as shown in Fig. 2. n’(n, n; ) is the outward

normal to the boundary L of the integration boundary. p is the local distance defined as p = \/(“g‘ — &)+ (n—np)>.
From Fig. 2, it can be seen that
dp(P,Q)/n = pen; + p,n, (15)

where

pe = (5o — &) /p(P,Q) =cos8;  p, = (ng —np)/p(P,Q) = sind. (16)

It is noted that p¢ and p , are constant in the radial integral of Eq. (14). Obviously, on the boundary of the integration
element, either n; or n} is 0, and the remaining non-zero term is either 1 or —1.

In order to compute the integration, the radial integral of Eq. (14) must be evaluated firstly. For this, the global distance
r must be expressed as a power series in the local distance p by using Eq. (17)

where N and M are the orders of the power series, and C, and G, are coefficients which can be computed according to [40].
After the G, and C, are achieved. Then, substituting Eq. (17) into Eq. (14) yields

P(P,Q)
FO¢ X = lim f Uen| F&". %)/ (B7 ()0 ") dp. (18)
o (&)= Pa (&)

In order to evaluate the singular integral in the above equation, the non-singular part of the integrand is expressed as a
power series in the local distance p, i.e.

FOE. %) [Jey| /7P () = Zka (19)

Following the method in paper [40], the coefficients B, can be obtained. Then, substituting Eq. (19) into Eq. (18) yields

K p(Q.P) K
F&'.x%) =) B lim P dp =) Bk (20)
k=0

Pa(E)=0 Jpy e) =
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Fig. 3. The isogeometric rectangular surface element.

where

[1/,0ﬁ_"_2(Q, P)— lim Ol/pﬁ-"—2<s)] / (k—B+2), k#p—2
Po (8)—>
Inp@.P)— lim 1npy(e), k=p—2.
Po (&)=

(21)

After some manipulations (see [37,40,50]), the limiting terms in Eq. (21) can be expressed as summations of finite parts and
infinite terms, i.e.

lim Inp,(¢) = InHy + Infinite terms,

P (8)—0
. k2 . (22)
lim l/pf (¢) = Hg_x—» + Infinite terms
Pa (€)—0
where
Hyo=1/Co; Hi=GC;  Hy=2G—C},
Hs = 3G — 3G:G, + G5, (23)

Hy = 4C4 + 4C2C, — 4G, G — 2C2 - G}

in which G; = G/C,.

For physical problems, the boundary integrals should exist. Therefore, the infinite terms in Eq. (22) must be eliminated
after considering all contributions of adjacent elements around the source point or be canceled out by free terms [51-53].
Thus, substituting Eq. (22) into Eq. (21), it follows that

[1/0°7%@Q.P) —~Hpr2] /(k—=B+2), 0<k=<p—3
Ex = 1Inp(Q, P) — InHy, k=p8-2 (24)
P PT2Q,P)/ (k—B+2), k>p—2.

4. Numerical examples

To illustrate the accuracy and flexibility of 3D IGABEM, several 3D potential examples are now studied in which the
proposed method is compared with the analytical solutions.

4.1. Highly singular integrals over isogeometric rectangular surface element

To test our method and program, the following singular integral over a rectangular element (see Fig. 3) with x €
[—1,1], y €0, 4] is considered.

4 1
I(*") = / / r‘—;dxdy (r,l = ﬂ) ) (25)
0 - r 0x

The problem was analyzed by Gao [40] and his results are also used here as comparison. Three source points (a, b, c)
are computed in this example. Table 1 shows the corresponding intrinsic and Cartesian coordinates of the source points in
different methods.
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Table 1
Corresponding intrinsic (¢, n) and Cartesian coordinates (x, y, z) of the computed points in two methods.
Current method Conventional method [40]
&, mn) (x,y,2) &, n) (x,y,2)
Point a (0.75,0.25) (0.5,1,0) (0.5, —0.25) (0.5,1,0)
Point b (0.875,0.25) (0.75,1,0) (0.75, —0.5) (0.75,1,0)
Point ¢ (0.995, 0.25) (0.99,1,0) (0.99, —0.5) (0.99,1,0)
Table 2
Computed results for various values of 8 at source points.
Point a Point b Point ¢
B Analytical Current Ref. [40] Analytical Current Ref. [40] Analytical Current Ref. [40]
1 —2.057701 —2.0577014 —2.05769 —3.129422 —3.1294224  —3.12942 —4.203354 —4.2033535 —4.20335
2  —1.866635 —1.8666347 —1.86667 —3.42229 —3.4222857  —3.42300 —10.01288 —10.012880 —10.0130
3 —1.947746 —1.9477459 —1.94782 —5.180698 —5.1806975  —5.18065 —156.0485 —156.04847 —156.048
4  —2293076 —2.2930759 —2.29308 —10.34099 —10.340986 —10.3410 —6666.374 —6666.3736 —6666.37
5 —2.980266 —2.9802663 —2.980264 —24.99558 —24.995577 —24.99557 —392699.0 —392698.96 —392698.9
6  —4.186087 —4.1860870 —4.18575 —68.19732 —68.197317 —68.19818 —2.667 x 107 —2.6666667 x 10" —2.667 x 107

o
Fig. 4. 3D isogeometric cylindrical surface element.

Table 2 lists the computed results for singularity orders of 8 from 1 to 6. Results in [40] and analytical results are also listed
in Table 2. From Table 2, it can be seen that the current results are in excellent agreement with the analytical results. The
results in [40] are also acceptable, which means both the NURBS interpolation and conventional interpolation method are
effective for rectangular surface element. In fact, with the shape of integration element becoming more and more complex,
the advantage of the present method will be more obvious, which can be seen in the following examples.

When the contour integral shown in Eq. (14) is computed, we also used the subdivision technique [38,54]. Thus, even if
the source point is very close to the boundary of the element (the minimum distance to the boundary is 0.01), good results
can still be achieved.

4.2. Highly singular integral over isogeometric cylindrical surface element

In this example, we consider the following hypersingular integral (see Eq. (26)) over a 3D isogeometric cylindrical surface
element. The surface element is a 90° cylindrical panel with r = 1, [ = 2, as shown in Fig. 4. The corresponding polynomial
orders and knot vectors are given in Table 3.

I(xp)——ifl 3r i—n ds (26)
T ag Jor3 %m0 )T

This problem has been analyzed by Guiggiani et al. [37] and Gao [40] and their results are used here as comparison.
Table 4 gives the intrinsic and Cartesian coordinates of the computed points in different methods. The distance between the
computed points to the center of the cylinder are also given in Table 4, which tells us that both points e and f are on the real
boundary of the element for current and conventional methods. But, for conventional method the point g is not on the real
boundary, because the distance d(d = +/x2 + z2) to the center of the cylinder is less than r = 1.0, which may arise as big
error in numerical computation. In contrast, for the current method the point g is on the real boundary (distance is equal to
r = 1.0).

Table 5 gives the computed results for points e, f and g, respectively. From Table 5, it can be seen that the absolute values
of current results are a little bigger than those in [37,40]. The reason is that the integration of current method is computed on
the real boundary rather than the approximated boundary. Thus, the current results are more accurate. However, as shown
in Table 4 the source point g in [37,40] is not on the real boundary, so larger error appears. To examine the dependence of
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Table 3
Polynomial orders and knot vectors for the isogeometric boundary element.
Direction Order Knot vector
& p=2 U={0,0,0,1,1,1}
n qg=2 vV=1{0001,1,1}
Table 4
The intrinsic (¢, n) and Cartesian coordinates (x, y, z) of the computed points in different methods.
Current method Conventional method [40]
&.n) (x,¥,2) d &, m) (x,y,2) d
Point e (0.5,0.5) (V2/2,1,4/2/2) 1.0 (0,0) (V2/2,1,42/2) 1.0
Point f (0.83,0.5) (v2/2,1.66, +/2/2) 1.0 (0.66,0) (V2/2,1.66, +/2/2) 1.0
Point g (0.83,0.83) (0.24902888, 1.66, 0.96849606) 1.0 (0.66,0.66) (0.28689107,1.66, 0.94689107) 0.9894
Table 5
Computed results for the source points.
Point e Point f Point g
Ref. [37] —0.343918 —0.497119 —0.876365
Ref. [40] —0.343918 —0.497108 —0.876377
Current —0.34401438 —0.49801601 —0.96352894

Table 6

Parametric study for varying numbers of Gauss points.
Number of Gauss points Point e Point f Point g

4 —3.4511321E-01 —4.5718893E—-01 —8.1780331E—-01

10 —3.4401551E—01 —4.9760480E—01 —9.6413261E—01
16 —3.4401438E—01 —4.9801296E—01 —9.6360642E—01
24 —3.4401438E—-01 —4.9801601E—01 —9.6352907E—-01
30 —3.4401438E—01 —4.9801601E—01 —9.6352895E—01
34 —3.4401438E—01 —4.9801601E—01 —9.6352894E—01
36 —3.4401438E—01 —4.9801601E—01 —9.6352894E—01

Table 7

Computed results for the source points.
Points Cartesian coordinates (x, y, z) Intrinsic coordinates (£, ) Exact Current
h (20,0,0) (0,0) 1.8760262 1.8760259
i (14.1421356, 14.1421356, 0) (0.5,0) 2.8988373 2.8988374
j (18.5355339, 0, 3.5355339) (0,0.5) 2.3224465 2.3224464
k (13.1066017, 13.1066017, 3.5355339) (0.5,0.5) 3.7439683 3.7439683

the computational results on the number of Gauss points, parametric study for varying numbers of Gauss points has been
performed and the results are listed in Table 6. It is easy to see that the results are stable and good convergence can be
achieved.

4.3. Arepresentative singular integral of 3D potential problems

I(x") = f 1/ (4mr) dS. (27)
S

This example is concerned with the following surface integral (see Eq. (27)) over a curved 3D isogeometric boundary
element. This integral is representative of the singular integrals in the potential problems. The surface element is part of a
ring surface as shown in Fig. 5. It is represented with only one element and the corresponding polynomial orders will be
p = q = 2, respectively. The element is defined by two knot vectors U = {0,0,0, 1,1, 1}andV={0,0,0, 1, 1, 1}.

Four source points h, i, j and k are computed corresponding to intrinsic coordinates (0,0), (0,0.5), (0.5,0) and (0.5,0.5),
respectively. Table 7 lists the computed results. Since the integrals described above are not amenable to analytic integration,
‘exact’ values for these integrals are found using the subdivision method. From Table 7, it can also be seen that the current
results are in good agreement with the exact results, even for the source point being on the boundary of the element (§ = 0
orn = 0).
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Z“

Fig. 5. 3D isogeometric ring surface element.

Fig. 6. The isogeometric model of ring surface.

K- - - - T - z
e ~.
ukr—Y ,,,,,,

Fig. 7. The control points of the ring surface.

Table 8
Polynomial orders and knot vectors for the isogeometric boundary element.
Direction Order Knot vector
& p=2 U={0,0,0,1,1,2,2,3,3,4,4,4}
n q=2 V=1{0,0,0,1,1,2,2,3,3,4,4,4}

4.4. Potential problem for a 3D ring
A 3D ring surface is used for discussion, which is shown in Fig. 6. To describe this model the corresponding polynomial
orders and knot vectors are given in Table 8. The control points are displayed in Fig. 7. The potential on the boundary is given

asu=x+3y/4+7z/5+9/5.
Table 9 shows the numerical results of potential when the computed points are moving along the following curve (S1)

and the exact solutions are given as comparison.
(28)

S1:x=Rcosf, y=Rsinf, z=0
where R = 15. From Table 9, we can clearly see that the current solutions are in good agreement with the exact results.
In addition, 64 boundary points on the surface of the model are taken into account. Fig. 8(a) and (b) display the profiles of
the exact and current solutions for the flux g (= du/dn), respectively. Hence, we can see from Fig. 8(a) and (b) that the
numerical results match the exact solution very well. Fig. 9 shows the relative error surfaces of the computational results
for the flux at 64 points. It can be seen that the proposed method is accurate. Here one should note that an average relative
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Table 9
The numerical results of potential at the interior points.
Point 0 Exact solution Current solution Error
1 0 0.1679988E+-02 0.1680000E+-02 0.7423874E—05
2 /4 0.2036154E+-02 0.2036155E4-02 0.8006295E—06
3 /2 0.1304991E+-02 0.1305000E+-02 0.7167879E—05
4 37 /4 —0.8516481E+4-00 —0.8516504E+-00 0.2726892E—05
5 g —0.1319988E+-02 —0.1320000E+-02 0.9448567E—05
6 5m /4 —0.1676154E4-02 —0.1676155E4-02 0.9719072E—-06
7 3m/2 —0.9449906E+-01 —0.9450000E+-01 0.9898499E—05
8 7 /4 0.4451648E+-01 0.4451650E+-01 0.5242428E—06
j=}
IS
~
=
g~)
(a) Analytical solutions. (b) Numerical solutions.
Fig. 8. Profiles of solutions for the potentials.
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Fig. 9. Surface of REs for the flux.
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Fig. 10. Convergence curves of potential at interior point with different Gaussian points.
error (RE) is given as [I¥,, — IX | / [I% oec| (1K, and I, denote the numerical and analytical solutions at the kth point,

respectively.) which is also used in the following examples.

To study the influence of the number of the Gauss points, Fig. 10 gives the relative errors of point with & = 57 /8 and
R = 15.In Fig. 10, NGR and NGS represent the numbers of Gauss points for regular and singular integrals, respectively. We
can observe that the convergence rates are rapid with the increase of the number of Gauss points.
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Fig. 11. The model of ellipse surface.

(a) Points inside the surface. (b) Points on the surface.

Fig. 13. The computed points along the curves (a) S2 and (b) S3.
4.5. Potential problem for a 3D Ellipse surface.

In this case, an ellipse surface as shown in Fig. 11 is used for analysis, which is modeled by Rhinoceros. For this model,
the knot vectors are the same as Table 8. The control points are displayed in Fig. 12. The Dirichlet boundary conditions
corresponding to the exact solution (Eq. (29)) are imposed on the ellipse surface.

u = 10x — 25y/18 + 11z/5. (29)

In order to study the convergence rate, two sets of nodes, i.e. (a) 64 and (b) 256, have been used for discretization of the
body surface. The potential u inside the model along the following curve (Fig. 13(a)) is considered.

S2:x=rcosf,y=0,z=rsind (30)

where r = 2. Fig. 14 shows that the numerical results are in good agreement with the exact solution, even for the calculation
from 64 nodes. In addition, the relative errors of normal flux q on the surface labeled by red curve (S3) with parameter
coordinate (&, n = 0) are given in Fig. 13(b). Fig. 15 shows the relative errors of numerical results of flux g on surface points
along the red curve S3, from which it can be seen that the REs decrease significantly with the increment of nodes on the
body surface. This numerical example testifies again that the present method is effective to solve the potential problems.

4.6. Potential problem for a 3D complex surface

Finally, to illustrate the ability of present method to handle arbitrary geometries which can be taken directly from CAD,
a problem with complex surface as shown in Fig. 16 is analyzed. The physical quantities on the boundary surface are given
asu=11x+7y/4+5z — 3.

There are two sets of nodes, i.e. (a) 192 nodes and (b) 768 nodes, which are used for discretization of the body surfaces. The
quadratic bivariate NURBS are applied for approximation of boundary variables. In order to test our method, the potential
of points inside the surface labeled by red curves (S4, S5) in Fig. 17 is considered. The relative errors of the computed points
are given in Fig. 18(a) and (b), from which we can see that the relative errors of the computed point are very small. Fig. 18(a)
and (b) also show that the numerical results are convergent with the increment of nodes on the body surfaces.

Furthermore, the normal flux q of points on the surface labeled by red curve (S6) is also considered. Fig. 19 gives the
numerical results of g along the curve S6. It is easy to see that the numerical results obtained from quadratic NURBS
approximation are convergent to the exact solutions with the increase of nodes on the body surfaces. Moreover, the relative
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Numerical solution of potential

log (RE)

330
—H— Exact solution

319 ® 64 nodes

X 256 nodes
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275 A

0 /3 2n/3 n 4n/3 5n/3 2n
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Fig. 14. The numerical results of potential along S2.
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Fig. 15. The relative errors of flux along the S3.

Fig. 16. The model of 3D complex surface.

86
S4

\

Fig. 17. The points considered in this example.
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errors of the numerical results are given in Fig. 20, from which we can observe that the convergence rates are fast with the

increase of nodes on the body surfaces.
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(a) Points along the curve S4. (b) Points along the curve S5.

Fig. 18. The relative errors of potential.
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Fig. 19. Variation of normal flux along the line S6.
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Fig. 20. The relative errors of flux along the line S6.

This example shows that it is possible to integrate CAD and 3D IGABEM into a really seamless design/analysis. In present
method only knot vectors, control points and the corresponding weights are needed to define the mesh and all of them can
be easily obtained by CAD. Therefore, it is possible to analyze practical problems whose geometries must be described by
NURBS using the present method.

5. Conclusions

In this paper, 3D IGABEM for potential problems has been presented. The geometry of the 3D model and the
approximation spaces for the physical quantities are all provided, using the isoparametric concept, from a set of NURBS
basis functions. To accurately evaluate the singular integrals appearing in our method, the power series expansion method
is employed, in which the non-singular part of a singular integrand as well as the global distance r is expressed as power
series in the local distance p of the intrinsic coordinate system. In contrast to the original power series expansion method,
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one of the features of the present method is that the integration surface is on the real surface of the model, rather than the
interpolation surface, i.e. no geometrical errors. Thus, the value of integral is more accurate than the traditional boundary
element method.

The present method offers distinct advantage over conventional 3D BEM, which used the piecewise polynomial
formulations. Firstly, the models for analysis in the present method are exact geometrical representation no matter how
coarse the discretization of the studied bodies is, it ensures that no geometrical errors exist in the analysis process. Secondly,
ameshing process is no longer required because the control points defining the body play the role of nodes in the 3D IGABEM
analysis.
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