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a b s t r a c t

Due to the merits of exact geometrical representation, high accuracy, no meshing process,
and only the boundary description of the problem etc., the isogeometric boundary element
method, i.e. IGABEM, has achieved rapid development. In this paper, based on the upper
bound of the relative error of the Gaussian quadrature formula, we presented a 3D
IGABEM using adaptive integration method for potential problems. This method offers a
number of key improvements compared with conventional IGABEM. Firstly, the boundary
element integrations can be computed easily and effectively at optimal computational
cost. Secondly, the adaptive algorithm can cope with the common situation where the
sizes of adjacent cells are significantly different. Moreover, the presented method can
compute the nearly singular integrals easily, owing to the use of subdivision technique.
To accurately evaluate the singular integrals appearing in our method, the power series
expansion method is employed. The integration surface is on the real surface of the model,
rather than the interpolation surface, i.e. no geometrical errors. Thus, the value of integral
is more accurate than the traditional boundary element method, which can improve the
computation accuracy of the IGABEM. Numerical tests show that the presented method
has good performance in both exactness and convergence.

© 2017 Elsevier B.V. All rights reserved.

1. Introduction

Since the framework of isogeometric analysis (IGA)methodwas established byHughes et al. [1], the IGAmethod has been
widely used in fluid problems [2–4], structural vibrations [5], structural eigenvalue problems [6], shape optimization [7],
gradient elasticity [8], contact problems [9], shell analysis [10,11] and so on. Due to the merits of high accuracy and only
the boundary description of the problem, the isogeometric boundary element method, i.e. IGABEM, has achieved rapid
development recently [12–14] and has successfully been applied to investigate various problems, e.g. elasticity problems
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Fig. 1. Definition of the projective point from the source point y to the 3D surface element.

[15,16], potential problems [17], Laplace equation [18], fast multipole IGABEM [19,20], Helmholtz problems [21], ship
wave-resistance problem [22,23], acoustic problems [24,25], shape optimization [26–28], nonsingular IGABEManalysis [29],
weakly-singular integral equation [30], crack problem [31] and adaptive mesh-refinement [32].

Different from conventional BEM, the basis function of IGABEM is chosen to exactly capture the geometry. This function
is also used to approximate the unknown fields. When the procedure of refinement is acquired for the unknown fields,
the exact geometry will be maintained at all stages of analysis. This is a distinct advantage over traditional BEM, in which
the geometrical errors will greatly influence the accurate of the numerical result, especially for complex models or thin-
body/coating structures. For IGABEM, it is obvious that only very little boundary elements are needed to exactly describe
the boundary geometry. Therefore, the area of one isogeometric elementwill bemuch larger than that of traditional BEM. As
we have known, it is vitally important to compute the integration accurately and efficiently over the surface of isogeometric
element. Obviously, the problem can be solved by increasing the Gauss integration order. However, the kernel functions will
be evaluated many millions of times and the computational cost will be increased rapidly.

Gao and Davies [33,34] presented an adaptive integration method based on the upper bound of the relative error of
the Gaussian quadrature formula for traditional BEM by eliminating the unnecessary function evaluations. In this method,
a specified maximum of Gauss order is given beforehand. In the computation, if the required Gauss integration order
exceeds the maximum, the integration elements will be divided into sub-elements. The boundary element integration
can be computed easily and effectively at optimal computational cost. Further, the adaptive algorithm can cope with
the common situation where the sizes of adjacent cells are significantly different. So the adaptive integration method
can solve the computation of the integration on larger isogeometric elements perfectly. Here, we extend the method to
3D IGABEM, which delivers high accuracy at minimum computational cost for 3D boundary integrals on isogeometric
element.

It is possible to compute the physical quantities of points very close to the real boundary with small number of boundary
elements, due to the characteristics of exact geometrical representation of IGABEM. However, when the computed points
are very close to the real boundary of the model, the nearly singular integrals appear, which covers up the advantage of
the IGABEM. The adaptive integration method is based on element sub-division technique, so the nearly singular integrals
appearing in the IGABEM can be computed effectively. In addition, although various methods have been proposed to deal
with the nearly singular integrals appearing in conventional BEM [35–38], many of the methods deal with the case when
the projective point of the evaluation point is located in the element (see Fig. 1(a)). For these methods, the line consisting of
the evaluation point and the projection point must be perpendicular to the tangential plane through the projection point.
However, the methods fail when the projective point of the evaluation point is located outside the element (see Fig. 1(b))
whichwill be often encountered in some complex computationalmodels [39]. For this case, the adaptive integrationmethod
can easily and precisely compute the integrals in Fig. 1(b).

As we have known, in the implementation of conventional BEM, varied orders of singular integrals appear and so
is IGABEM. All the singular integrals appearing in 3D IGABEM require careful study and analysis. Over the past two
decades, some considerable efforts were devoted to proposing novel computational algorithms that circumvent or greatly
eliminate the singularity issues associated with the boundary element analysis. They usually include but are not limited
to, analytical and semi-analytical one [40,41], new Gaussian quadrature [42], the local regularization method [43,44],
transformation method [45–47], finite-part integral [48,49], subtraction technique [50,51], etc. Among these methods, the
local regularization technique proposed by Guiggiani et al. [52,53] was extensively employed to remove various orders
of singularities. Although the method was successfully used to evaluate the strong singular integral appearing in 2D
IGABEM [14,15], it requires the expansion of all quantities of the integrand into Taylor’s series, which may be arduous and
computationally expensive [54]. The power series expansionmethod [55,56], presented by Gao, seems to be amore accurate
and flexible method for evaluating 2D or 3D singular boundary integrals by expressing the non-singular part of a singular
integrand as well as the global distance r as power series in the local distance ρ of the intrinsic coordinate system.

In this paper, the singular integrals appearing in the 3D IGABEMwill be computed by the power series expansionmethod.
Firstly, the singular surface integral is divided into a line integral over the contour of the integration surface and a radial
integral containing the singularities by the radial integration method (RIM) [57,58]. Then the singularities condensed in the
radial integral are removed analytically or numerically by extracting the finite value parts from the power series expansions.
Finally, the line integral with regular kernel functions can be computed by the standard Gaussian quadrature. Through the
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Fig. 2. A bi-quadratic NURBS surface. Knot vectors are U = V = {0, 0, 0, 0.5, 0.5, 1, 1, 1}. The 5 × 5 control points are denoted by red filled circles. (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

above procedure, singular integrals over isogeometric boundary elements can be evaluated with high accuracy, even when
the order of singularity is high.

A brief outline of this paper is as follows. Section 2 introduces necessary background concepts. Section 3 presents the
adaptive integrationmethod for 3D boundary integrals on isogeometric element. Section 4 gives the detailed computational
procedure of power series expansion method for singular integrals appearing in 3D IGABEM. Several numerical examples
are given in Section 5 to verify the efficiency and accuracy of the present method. Finally, we present the conclusions for
our work.

2. Methodology

2.1. NURBS basis functions and NURBS surfaces

In the present work, NURBS basis functions which are the most common in CAD software are used. A NURBS surface is
fully defined by the following items [1,14,15]:

• Two knot vectors for each parametric direction U{= ξ1, ξ2, . . . , ξn+p+1} and V{= η1, η2, . . . , ηm+q+1}. Note that n
and m are respectively the numbers of basis functions along parametric directions ξ and η, whereas p and q are the
corresponding polynomial orders.

• A control net of points {Pi,j}, 1 ≤ i ≤ n, 1 ≤ j ≤ m.

Mathematically, a tensor-product NURBS surface can be represented as follows:

S(ξ , η) =

n
i=1

m
j=1

Rp,q
i,j (ξ , η)Pi,j (1)

where S(ξ , η) is the vector with Cartesian coordinates of the point described by the parametric point ξ1 ≤ ξ ≤ ξn+p+1 and
η1 ≤ η ≤ ηm+q+1. The bivariate basis functions Rp,q

i,j are given by

Rp,q
i,j (ξ , η) =

Ni,p(ξ)Mj,q(η)ωi,j
n̂

i=1

m̂
j=1

Nî,p(ξ)Mĵ,q(η)ωî,ĵ

(2)

where Ni,p is the ith B-spline basis function of order p andMj,q is the jth B-spline basis function of order q. ωi,j is the positive
weight corresponding to the control point Pi,j. The B-spline basis functions of degree 0 are defined as

Ni,0 =


1 if ξi ≤ ξ < ξi+1,
0 otherwise (3)

where 1 ≤ i ≤ n, n is the number of basis functions which form the B-spline.
For higher degrees,

Ni,p(ξ) =
ξ − ξi

ξi+p − ξi
Ni,p−1(ξ) +

ξi+p+1 − ξ

ξi+p+1 − ξi+1
Ni+1,p−1(ξ). (4)

An example of a NURBS surface is shown in Fig. 2. Fig. 3 gives the basis functions of the NURBS surface and the corresponding
parameter space.
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Fig. 3. The basis functions of the NURBS surface and the corresponding parameter space.

2.2. The IGABEM for potential problems

Considering the boundary integral equation of 3D potential problems in the domain Ω enclosed by boundary Γ . The
usual direct BEM formulation is presented as follows [17,39]:

c(y)u(y) =


Γ

q(x)u∗(x, y)dΓ (x) −


Γ

u(x)q∗(x, y)dΓ (x) (5)

where y and x are the source and the field points, respectively. c(y), usually being c(y) = 1/2 for a smooth boundary, is a
coefficient which depends only on the local geometry of Γ at point y. u∗(x, y) represents the fundamental solution for 3D
potential problems expressed as

u∗(x, y) =
1

4πr
(6)

and q∗(x, y) is its normal derivative

q∗(x, y) =
∂u∗(x, y)

∂r
∂r
∂n

(7)

where r denotes the distance between the source and the field points.n is the unit outward normal direction to the boundary
Γ , with components ni, i = 1, 2, 3.

For the purpose of numerical computation, the boundary surface Γ should be discretized into a non-overlapping set of
Ne elements, i.e.

Γ =

Ne
e=1

Γe, Γi ∩ Γj = 0, i ≠ j.

In the implementation of 3D IGABEM, we use two knot vectors U and V,m × n control points {Pi,j}, i = 1, 2, . . . , n, j =

1, 2, . . . ,m and curve orders p and q to build the boundary shape and the basis functions. The integral elements are defined
in the parametric space as non-zero knots span [ξi, ξi+1] ×


ηj, ηj+1


, where ξi, ξi+1 ∈ U and ηj, ηj+1 ∈ V. In order

to carry out the numerical integration using Gauss–Legendre quadrature, local coordinate ξ̄ and η̄ must be in the range
[−1, 1] × [−1, 1]. Therefore, there should be a transformation from the parameter space (ξ , η) ∈ [ξi, ξi+1] ×


ηj, ηj+1


(ξi is the ith knot in U and ηj is the jth knot in V, i and j are respectively the knot indexes in directions ξ and η) to the
Gauss–Legendre range [−1, 1] × [−1, 1].
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The Jacobian of transformation from the physical domain to a parametric domain is given by

J(ξη)

 =


∂x2
∂ξ

∂x3
∂η

−
∂x3
∂ξ

∂x2
∂η

2

+


∂x3
∂ξ

∂x1
∂η

−
∂x1
∂ξ

∂x3
∂η

2

+


∂x1
∂ξ

∂x2
∂η

−
∂x2
∂ξ

∂x1
∂η

2
1/2

(8)

and Jacobian of the transformation from the parent domain to a parametric domain readsJ(ξ̄ η̄)

 =
1
4

(ξi+1 − ξi)

ηj+1 − ηj


. (9)

To approximate the geometry and unknown fields, the non-zero basis functions must be determined for a particular
element. After this is done, a set of local basis functions that are related to the global basis functions are given as

Ne
b(ξ̄ , η̄) ≡ Rp,q

a (ξ(ξ̄ ), η(η̄))

where the local basis function number b, element number e and global basis function number are related by a = conn(e, b),
where conn() is a connectivity function. Up to now, the geometry, potential and flux can be easily interpolated as

xe(ξ , η) =

(p+1)(q+1)
b=1

Ne
b(ξ , η)xb

ue(ξ , η) =

(p+1)(q+1)
b=1

Ne
b(ξ , η)db

qe(ξ , η) =

(p+1)(q+1)
b=1

Ne
b(ξ , η)tb

(10)

where xb, db and tb represent the coordinate, potential and flux coefficients at a particular control point.
Thus, we can obtain the 3D isogeometric boundary integral equation as follows

C(x′)

(p+1)(q+1)
l=1

N ē
l (ξ̄

′, η̄′)dlē +

Ne
e=1

(p+1)(q+1)
l=1

 1

−1

 1

−1
q∗

x′, x


ξ̄ , η̄


Ne

l (ξ̄ , η̄)J(ξ̄ , η̄)dξ̄dη̄

dle

=

Ne
e=1

(p+1)(q+1)
l=1

 1

−1

 1

−1
u∗

x′, x


ξ̄ , η̄


Ne

l (ξ̄ , η̄)J(ξ̄ , η̄)dξ̄dη̄

t le (11)

where x′ represents the collocation point and ξ̄ ′ and η̄′ represent the local coordinates of the collocation point on
element ē.

An important step in the implementation of the IGABEM is the accurate evaluation of various integrals arising in boundary
integral equations (11). These integrals become singular or nearly singular when the calculation point y collides with or
is very close to the integral element. Hence, nearly singular integrals appear in the discretized form of Eq. (10) so that
the numerical integrations by the standard Gaussian quadrature fail. In addition, for 3D IGABEM only very little boundary
elements are needed to exactly describe the boundary geometry. As a result, the area of one isogeometric element will be
much larger than that of traditional BEM. Hence, it is very important that the singular integral, nearly singular integral and
regular integral with larger integral domain should be accurately and efficiently evaluated.

In this paper, wewill use the adaptive integrationmethod to deal with the regular and nearly singular boundary integrals
on isogeometric element. Nearly singular integrals are not singular in the sense of mathematics. So the adaptive integration
technique based on element sub-division can effectively eliminate nearly singular integrals appearing in the IGABEM. In
the implementation of BEM, the accurate evaluation of the singular integrals is also a crucial and difficult task. Here both
the strongly and weakly singular integrals in 3D IGABEM are computed by the power series expansion method [56]. The
implementation is detailed in the following sections.

3. Adaptive integration scheme for 3D boundary integral on isogeometric element

For standard Gauss quadrature the integral of a function f (x) between arbitrary limits (a, b) can be approximated by the
weighted sum of a discrete number of function values, normally evaluated at certain sampling points (ordinates) between
the two limits. In general, the Gaussian quadrature formula for a surface in three dimensions can be expressed in the intrinsic
coordinate system by the equation

I =

 1

−1

 1

−1
f (ξ , η)dξdη =

m1
i=1

m2
j=1

wi
1w

j
2f (ξ

i, ηj) + E1 + E2 (12)
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Fig. 4. Element sub-division technique.

where ξ i, ηj are the Gauss ordinates, wi
1, w

j
2 are the weights, m1,m2 are the Gauss orders, and E1, E2 are the integration

errors in the two directions. In 1984, Mustoe [59] proposed the following approximate formula for the upper bound of the
relative error ei = Ei/I in the ith direction.

ei ≤ 2


Li
4R

2mi (2mi + p − 1)!
(2mi)!(p − 1)!

(13)

where p is the order of singularity of the integrand r−p, Li is the length of the element in the ith direction, and R is the
minimum distance from the source point to the element, as shown in Fig. 4.

In order to avoid using excessively high Gauss orders mi, the elements should be further divided into sub-elements to
reduce the Li/R ratio. It should be pointed out that, for this method, the nearly singular integrals can be accurately computed
by using normal Gauss orders due to the ratio Li/R will not be too large.

Based on the study of Davies and Bu [60], Eq. (13) can be approximated by the expression [33,34]

mi =


2
3
q +

2
5
[−0.1 ln (ei/2)]


(8Li/3R)3/4 + 1


(14)

which can be rearranged to yield:

Li =
3
8
R


−10mi
√
2q/3 + 2/5 ln(ei/2)

− 1
4/3

. (15)

Using this approximation, the required Gauss order is obtained explicitly, rather than through iteration. Alternatively,
given a maximal Gauss orders, the corresponding sub-element dimensions can be obtained explicitly. Now, in order to
implement an adaptive integration schemebased on these criteria, it is necessary to devise efficientmethods for determining
the geometric parameters R and L for each collocation point and for each element, or sub-element. Details of derivation and
implementation can be found in the literatures [33,34]. Here, we expand them to 3D IGABEM.

3.1. Calculation of sub-element length

In any isogeometric element, Cartesian coordinates can be determined from the control points, i.e.

xe(ξ , η) =

(p+1)(q+1)
b=1

Ne
b(ξ , η)xb (16)

where xb represents the coordinates at a particular control point.
In this paper, the length of a boundary element, in the ith intrinsic direction ([ξl, ξl+1] or [ηl, ηl+1]) is defined by the

length of the curve through the center of the element along the integration direction (as shown in Fig. 4). For three dimension
case, the length of a boundary element can be accurately calculated using

Li =

 ξl+1

ξl

 3
j=1


∂xj
∂ξi

2

dξi =

 1

−1

 3
j=1


(p+1)(q+1)

b=1

∂Ne
b

∂ξi
xb

2
ξl+1 − ξl

2
dξi. (17)
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3.2. Calculation of minimum distance R

To determine the minimum distance R from source point to an element, Gao and Davies [33,34] proposed a
Newton–Raphson iterative scheme for traditional BEM. Here, the method is also used to the IGABEM.

Firstly,we beginwith some starting guess (ξ0) of the intrinsic coordinates of the source point andwe let r0j be the resulting
error in the computation of the jth component of the global coordinates of the source point. Now, the notation rkj is used to
denote the values after the kth iteration in the Newton–Raphson iterative scheme, that is:

rkj =

(p+1)(q+1)
b=1

Ne
b xbj − xj (18)

where xj is the jth component of the global coordinates of the source point and xbj represents the jth component at a particular
control point.

To obtain improved values of ξi, we expand this equation using Taylor’s theorem:

rk+1
j = rkj +

∂rj
∂ξi

1ξi = rkj +

(p+1)(q+1)
b=1

∂Ne
b

∂ξi
xbj 1ξi (19)

where 1ξi are the changes in ξi. Setting rk+1
j = 0, we can obtain using the Newton–Raphson iterative scheme:

K k
{1ξ} = −


rk


(20)
where the coefficients of the matrix are:

KK
ij


=

(p+1)(q+1)
b=1

∂Ne
b

∂ξi
xbj .

Unless the calculations are being carried out for a volume cell, there will be one less intrinsic coordinate than global
coordinate. Hence Eq. (20) is over-prescribed. In that case, the least-squares approximation will suffice, i.e.

K kT K k
{1ξ} = −


K kT rk (21)

where the superscript T denotes the matrix transpose. Solving for {1ξ}, the current values of ξi can be updated, thus

ξ k+1
i = ξ k

i + 1ξi. (22)
We nowmake the assumption that the proximal point has the intrinsic coordinates defined by the following equations:

ξi = ξ k+1
i ,


if ξi ≤

ξ k+1
i

 ≤ ξi+1


ξi = ξi,

if
ξ k+1

i

 ≤ ξi


ξi = ξi+1,

if
ξ k+1

i

 ≥ ξi+1
 . (23)

The minimum distance can then be calculated from the Pythagoras theorem, that is:

R =

 3
j=1

R2
j

where Rj is the jth Cartesian component of the minimum distance and is determined from the intrinsic coordinates of the
proximal point.

3.3. Adaptive integration scheme

The adaptive integration scheme employs the element sub-division technique described above. In papers [33,34], the
authors have used the scheme to conventional boundary element method. Here, wewill expand themethod to 3D IGABEM.
(1) Compute the elements of the integral boundary which are defined in the parametric space as non-zero knots span

[ξi, ξi+1] ×

ηj, ηj+1


.

(2) Calculate element length Li and minimum distance R from the source point in integral equation to elements.
(3) Calculate the Gauss ordermi with specified precision.
(4) Ifmi ≤ mmax, using Gaussian quadrature evaluates the integral.
(5) ifmi > mmax, using mi = mmax calculates the permitted maximum length Lmax

i .
(6) Divide element into equal sub-elements. And calculate the length of each sub-element Lsi .
(7) Calculate the minimum distance Rn from the source point to the nth sub-element.
(8) Calculate the Gauss ordermn

i for the nth sub-element.
(9) Apply Gauss quadrature formulas to evaluate the integral over the sub-element.

(10) Repeat (7)–(9) for all sub-elements.
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3.4. Nearly singular integral in general IGABEM formulation

The nearly singular integrals arising in 3D potential problems can be generalized into the following form

I =


Γe

f (x, y)
r2α

dΓ =

 ηj+1

ηj

 ξi+1

ξi

f (ξ , η)

r2α
dξdη (24)

where Γ is, in general, an isogeometric element, α > 0 is a real constant and f (x, y) denotes a well-behaved function.
Note that in the integral representation (11), the kernel u∗(x, y) shows a near weak-singularity of order (1/r) when

x → y, while the kernels q∗(x, y) have a near strong-singularity of order

1/r2


. Here, these nearly singular integrals will

be computed by the adaptive integration method.

4. Evaluation of 3D singular boundary integrals

As is well-known in BEM, when the source point xP is located on the element under integration, the distance r may
approach zero and therefore the singularity appears. Now, consider the 3D boundary integral Ie(xP) on element e.

Ie(xP) =


Γe

f̄ (xP , x)
rβ(xP , x)

dΓ =

 ηj+1

ηj

 ξi+1

ξi

f̄ (xP , x)
rβ(xP , x)

dξdη (25)

where β is a constant and f̄ (xP , x) is bounded everywhere for the variable x. Using the radial integration method (RIM)
presented by Gao [57,58], the integral in Eq. (25) can be transformed into a contour (L =

4
i=1 Li) integral along the four

sides of the element, i.e.

Ie(xP) =


L

1
ρ(P,Q )

∂ρ(P,Q )

∂n′
F(xP , xQ )dL(Q ) (26)

where

F(xP , xQ ) = lim
ρα(ε)→0

 ρ(P,Q )

ρα(ε)

f̄ (xP , x)
rβ(xP , x)

Jξη

 ρdρ (27)

inwhichQ represents the field pointwhich takes on a value from the boundary L as shown in Fig. 5,n′(n′

ξ , n
′
η) is the outward

normal to the boundary L of the integration boundary, ρ is the local distance defined as

ρ =


(ξ − ξP)

2
+ (η − ηP)

2. (28)

Following the method in papers [55,56], Eq. (27) can be given as

F(xP , xQ ) =

K
k=0

Bk lim
ρα(ε)→0

 ρ(Q ,P)

ρα(ε)

ρk−β+1dρ =

K
k=0

BkEk (29)

where

Ek =


1

k − β + 2


1

ρβ−k−2(Q , P)
− Hβ−k−2


, 0 ≤ k ≤ β − 3

ln ρ(Q , P) − lnH0, k = β − 2
ρk−β+2(Q , P)

k − β + 2
, k > β − 2

(30)

and

H0 = 1/C0; H1 = C̄1; H2 = 2C̄2 − C̄2
1 ,

H3 = 3C̄3 − 3C̄1C̄2 + C̄3
1 ,

H4 = 4C̄4 + 4C̄2
1 C̄2 − 4C̄1C̄3 − 2C̄2

2 − C̄4
1

(31)

in which C̄i = Ci/C0. Coefficients Bk and Ci can be obtained by [55,56].

5. Numerical examples

To illustrate the accuracy and flexibility of 3D IGABEM, several 3D potential examples are now studied in which the
proposed method is compared with the analytical solutions. In order to carry out accuracy and convergence analysis, an
average relative error is given as

Relative Error (RE) =
Iknum − Ikexact

 / Ikexact  (32)

where Iknum and Ikexact denote the numerical and analytical solutions at the kth point, respectively.
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Fig. 5. Integration plane in intrinsic coordinate system.

Table 1
Polynomial orders and knot vectors for the isogeometric boundary element.

Direction Order Knot vector

ξ p = 2 U = {0, 0, 0, 1, 1, 1}
η q = 2 V = {0, 0, 0, 1, 1, 1}

Table 2
Control points for the element.

Control points Coordinates Weights

P1 (1,0,0) 1
P2 (1,1,0) 1
P3 (1,2,0) 1
P4 (1,0,1)

√
2/2

P5 (1,1,1)
√
2/2

P6 (1,2,1)
√
2/2

P7 (0,0,1) 1
P8 (0,1,1) 1
P9 (0,2,1) 1

5.1. Integral over 3D isogeometric cylindrical surface

To test our method and program, the following integral over an isogeometric cylindrical surface element is considered.
The surface element is a 90° cylindrical panel with r = 1, l = 2 as shown in Fig. 6. The corresponding polynomial orders
and knot vectors are given in Table 1 and control points are given in Table 2.

I(xp) =


S

1
4πr

dS. (33)

Three source points (a, b and c) are computed with coordinates

x = r cos θ, y = δ, z = r sin θ. (34)

Points a and b are gradually close to the real boundary along the radii direction, whereas point c whose projective point to
the boundary element is located outside the element (as shown in Fig. 1(b)) is moving along negative direction of y axis to
the boundary of the element. Tables 3–5 list the computed results and the parameters for points a, b and c . Analytical results
are easy to be obtained for this example and are also listed in the tables. From the three tables, it can be seen that the current
results are in excellent agreement with the analytical results.

In addition, the results also tell us that, even if the source point is very close to the boundary of the element, good results
can still be achieved. This is attributed to the use of subdivision technique to reduce the Li/R ratio.

5.2. Integral over 3D degenerated isogeometric surface element

As is shown in Fig. 7 at the poles of a sphere, the quadrilateral element degenerates into triangular one. Therefore, wewill
test our method and program in this example. The corresponding polynomial orders and knot vectors of the isogeometric
element are the same as Table 1 and control points are given in Table 6. The following integral over the degenerated
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Fig. 6. Isogeometric cylindrical surface element.

Table 3
Computed results for the source point a.

Parameter Adaptive solution Exact solution
r θ δ

0 π/4 1.0 0.22034340 0.22034340
0.2 π/4 1.0 0.25618639 0.25618639
0.4 π/4 1.0 0.30127012 0.30127012
0.6 π/4 1.0 0.35690961 0.35690961
0.8 π/4 1.0 0.42287711 0.42287722
0.9 π/4 1.0 0.45909425 0.45909405
0.99 π/4 1.0 0.49308607 0.49308609
0.999 π/4 1.0 0.49654503 0.49654503

Table 4
Computed results for the source point b.

Parameter Adaptive solution Exact solution
r θ δ

0 π/3 0.0 0.18045443 0.18045443
0.2 π/3 0.0 0.20156155 0.20156155
0.4 π/3 0.0 0.22630790 0.22630790
0.6 π/3 0.0 0.25511481 0.25511480
0.8 π/3 0.0 0.28815709 0.28815717
0.9 π/3 0.0 0.30611233 0.30611232
0.99 π/3 0.0 0.32288670 0.32288671
0.999 π/3 0.0 0.32458861 0.32458861

Table 5
Computed results for the source point c .

Parameter Adaptive solution Exact solution
r θ δ

1.0 π/4 3 0.13245723 0.13245704
1.0 π/4 2.8 0.14915621 0.14915423
1.0 π/4 2.6 0.17094257 0.17094272
1.0 π/4 2.4 0.20073741 0.20073774
1.0 π/4 2.2 0.24474818 0.24474870
1.0 π/4 2.1 0.27705734 0.27705794
1.0 π/4 2.01 0.32201384 0.32201384
1.0 π/4 2.001 0.32979372 0.32979372

isogeometric element is considered.

I(xp) =
1
4π


S

r,1
r2

dS

r,1 =

∂r
∂x


. (35)

In this example, source points e, f and g are considered. The coordinates of the points can be described as follows:

x = r cos θ sinφ; y = r cos θ sinφ; z = r cosφ (36)

where 0 ≤ θ ≤ 2π and 0 ≤ φ ≤ π . Fig. 8 plots the integral results of two source points e (θ, φ) = (π/4, π/4) and
f (θ, φ) = (π/4, π/2) as the calculation point gets increasingly closer to the boundary along the radii direction.We observe
that the current method can give very satisfactory results even when distance to the real boundary of the element is 0.001.
In addition, Table 7 gives the results at point g with parameter (r, φ) = (1.0, π/4) and θ close to the boundary of the
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Table 6
Control points for the integration element.

Control points Coordinates Weights

P1 (1,0,0) 1
P2 (1,1,0)

√
2/2

P3 (0,1,0) 1
P4 (1,0,1)

√
2/2

P5 (1,1,1) 0.5
P6 (0,1,1)

√
2/2

P7 (0,0,1) 1
P8 (0,0,1)

√
2/2

P9 (0,0,1) 1

Fig. 7. The degenerated element.

Fig. 8. Integral results of points e and f .

integration element. It is easy to see that the current results are very accurate and stable. This numerical example testifies
that the present method is effective to solve the integral over 3D degenerated isogeometric surface element.

5.3. Potential problem over an ellipsoid model

A3Dellipsoid surface is used for discussion,which is shown in Fig. 9. To describe thismodel the correspondingpolynomial
orders and knot vectors are given in Table 8 and control points are given in Fig. 11. Mesh of the isogeometric model is also
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Table 7
Computed results for the source point g .

Parameter Adaptive solution Exact solution
r θ φ

1.0 24π/32 π/4 0.11647795 0.11647795
1.0 23π/32 π/4 0.12947223 0.12947206
1.0 22π/32 π/4 0.14547478 0.14547517
1.0 21π/32 π/4 0.16567925 0.16567895
1.0 20π/32 π/4 0.19207403 0.19207504
1.0 19π/32 π/4 0.22839199 0.22839107
1.0 18π/32 π/4 0.28300264 0.28300340
1.0 17π/32 π/4 0.38274878 0.38274752

Table 8
Polynomial orders and knot vectors for the isogeometric
boundary element.

Direction Order Knot vector

ξ p = 2 U = {0, 0, 0, 1, 1, 2, 2, 3, 3, 4, 4, 4}
η q = 2 V = {0, 0, 0, 1, 1, 1}

(a) Front view. (b) Vertical view.

Fig. 9. The isogeometric model of the ellipsoid.

Fig. 10. The mesh of the model.

shown in Fig. 10. As shown in Fig. 10, the quadrilateral elements degenerate into triangular elements at the two poles of the
model. The potential on the boundary is given as u = 5x − 3y + z + 1.

Fig. 12(a) shows the numerical results of potential when the computed points are gradually close to the boundary along
the line x = R cos(π/4), y = R sin(π/4), z = 0 on the x–y plane and the exact solutions are given as comparison. It can
be observed that the results obtained by both the conventional IGABEM and present method are satisfactory when d ≥ 0.1.
As the interior point further approaches the outer boundary, the results obtained by the conventional IGABEM are totally
invalid. On the other hand, the present method can obtain accurate results even when the distance between the interior
point and the outer boundary is as small as 0.001. Fig. 12(b) gives the results when the source points are close to the poles
along positive direction of Z axis. Fig. 12(b) also tells us that when the distance is bigger than 0.07 the results obtained by
the two methods are consistent with the exact solution. However, with the decrease of distance the conventional method
becomes unstable and even invalid. On the contrary, the results obtained by the current method are still effective.
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Fig. 11. The control points of the model.

(a) Results close to the boundary on the x–y plane. (b) Results close to the poles.

Fig. 12. The potentials at the points being gradually close to the boundary.

(a) Results along the latitude with (ξ , η = 0.5). (b) Results along the longitude with (ξ = 0.625, η).

Fig. 13. The computed results of normal flux q on the surface.

In addition, the results of normal flux q on the surface along the latitude with parameter coordinate (ξ , η = 0.5) are
given in Fig. 13(a). Fig. 13(b) shows the numerical results of flux q on surface points along the longitude with parameter
coordinate (ξ = 0.625, η), from which it can be seen that the current results are in good agreement with the exact results.
This numerical example testifies again that the present method is effective to solve the potential problems.
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Fig. 14. The computed internal points along curve S1.

Fig. 15. The numerical results of potential on curve S1.

Fig. 16. The relative errors of the two sets of nodes.

In order to study the convergence rate, two sets of nodes, i.e. (a) 26 and (b) 114, have been used for discretization of the
body surface. The potential u inside the model along the following curve (Fig. 14) is considered.

S1 : x = a cos θ sinφ, y = b sin θ sinφ, z = c cosφ (37)

where a = b = 5, c = 10.
Fig. 15 gives the numerical results of potential on curve S1 and the exact solutions are also given as comparison. The

relative errors of the two sets of nodes are shown in Fig. 16. From Figs. 15 and 16, we can observe that the results converge
to the exact solution on the body surfaces very well and the relative error of the computed points is small and convergent
with the increase of nodes.
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Fig. 17. The isogeometric model of 3D complex surface.

(a) Points along curve S2. (b) Points along curve S3.

Fig. 18. The computed points model.

5.4. Potential problem over a complex isogeometric model

Finally, to illustrate the ability of presented method to handle arbitrary geometries which can be taken directly from
CAD, a problem with complex surface as shown in Fig. 17 is analyzed. The physical quantities on the boundary surface are
given as follows.

u = 5x + 6y + 7z + 7/5. (38)

For this example, two sets of nodes, i.e. (a) 192 nodes and (b) 768 nodes, are used for the discretization of the body
surfaces. Table 9 shows the numerical results of potential when the computed points are moving along the following curve
(S2, as is shown in Fig. 18(a)) and the exact solutions are given as comparison.

S2 : x = R cos θ, y = R sin θ, z = 0 (39)

where R = 15. From Table 9, we can clearly see that the current solutions are in good agreement with the exact results. For
interior points, the results obtained by 192 nodes are already very accurate. With the increase of the computed nodes, the
relative errors of the numerical results decrease significantly, which means the proposed method is convergent.

In addition, 8 boundary points (see Fig. 18(b)) on the surface of themodel are taken into account. Fig. 19 gives the relative
errors (Re) of numerical results of q along the curve S3. It is easy to see that the numerical results are convergent to the exact
solutions with the increase of nodes on the body surfaces. It can be seen that the proposed method is accurate and stable
for this potential problem over the complex isogeometric model.

6. Conclusions

In this paper, 3D IGABEM using adaptive integral method for potential problems has been presented. In the adaptive
integral method, a specified maximum of Gauss order is given beforehand. During the process of integration, if the required
Gauss integration order exceeds the maximum, the integration elements will be divided into sub-elements. This method
adaptively increases Gauss orders as the source point in integral equation approaches the boundary of isogeometric
element and subdivides the element into sub-elements to avoid using excessively high Gauss order according to Davies
and Bu’s criterion [60]. Thus, this method delivers high accuracy at optimal computational cost for 3D boundary integrals
on isogeometric element method. In addition, the adaptive integration method is based on element sub-division technique,
namely, reducing the distance ratio (Li/R). Thus, the nearly singular integrals appearing in the IGABEM can be computed
effectively by the presented method.
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Table 9
The numerical results of potential when the computed points are moving along the curve S2.

Points coordinates Exact solution 192 nodes 768 nodes
x y z Numerical results Error Numerical results Error

−0.100E+02 −0.200E+02 0.000E+00 −0.1686000E+03 −0.1686188E+03 0.1112660E−03 −0.1685995E+03 0.2801511E−05
−0.103E+02 −0.174E+02 0.000E+00 −0.1547746E+03 −0.1547661E+03 0.5492941E−04 −0.1547750E+03 0.2645754E−05
−0.113E+02 −0.150E+02 0.000E+00 −0.1452987E+03 −0.1452882E+03 0.7240593E−04 −0.1452994E+03 0.4516060E−05
−0.129E+02 −0.129E+02 0.000E+00 −0.1408183E+03 −0.1408074E+03 0.7704446E−04 −0.1408185E+03 0.1486882E−05
−0.150E+02 −0.113E+02 0.000E+00 −0.1416385E+03 −0.1416230E+03 0.1091073E−03 −0.1416390E+03 0.3352263E−05
−0.174E+02 −0.103E+02 0.000E+00 −0.1477035E+03 −0.1476925E+03 0.7432114E−04 −0.1477038E+03 0.1852870E−05
−0.200E+02 −0.100E+02 0.000E+00 −0.1586000E+03 −0.1586244E+03 0.1536316E−03 −0.1585997E+03 0.2179586E−05

Fig. 19. The relative errors (Re) of numerical results of q along the curve S3.

To accurately evaluate the singular integrals appearing in our method, the power series expansion method is employed,
inwhich the non-singular part of a singular integrand aswell as the global distance r is expressed as power series in the local
distance ρ of the intrinsic coordinate system. Contrast to the original power series expansion method, one of the features of
the present method is that the integration surface is on the real surface of the model, rather than the interpolation surface,
i.e. no geometrical errors. Thus, the value of integral is more accurate than the traditional boundary element method.

The proposed method offers great advantages in the numerical evaluation of nearly singular integrals that appear in the
thin-body/coating structures with uneven thickness. Some work along this line is already underway and will be reported in
a future paper.
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