
Contents lists available at ScienceDirect

Advances in Engineering Software

journal homepage: www.elsevier.com/locate/advengsoft

Research paper

An adaptive isogeometric boundary element method for predicting the
effective thermal conductivity of steady state heterogeneity

Y.P. Gong, C.Y. Dong⁎, X.Y. Qu
Department of Mechanics, School of Aerospace Engineering, Beijing Institute of Technology, Beijing 100081, China

A R T I C L E I N F O

Keywords:
IGBEM
GSCS
Effective thermal conductivity
Adaptive integration method

A B S T R A C T

This work presents an adaptive isogeometric boundary element method (IGBEM) for the calculation of effective
thermal conductivity of steady state heterogeneities. Based on the generalized self-consistent scheme (GSCS),
some integral equation formulations which only contain the unknown temperatures on the interface are used to
calculate the effective thermal conductivity of steady state composites. In our approach, the geometries of the
inclusion and original matrix are described using NURBS basis functions. The advantage over currently used
methods is that no geometrical errors exist in the analysis process. And the geometry data in the isogeometric
GSCS model can be taken directly from CAD programs. In addition, based on the upper bound of the relative
error of the Gaussian quadrature formula, an adaptive integration method is used to compute the boundary
integrals, which makes the computation of the integrals easier and more efficient at optimal computational cost.
The comparisons between the results obtained by the present method and the existing counterparts are carried
out and the good agreement can be observed.

1. Introduction

Composite materials are being used increasingly in a variety of
modern engineering applications and this trend is likely to continue.
The reason is that many composite materials possess a number of highly
desirable engineering properties that can be exploited to design struc-
tures with high demand on their performance. Therefore, analysis of the
effective properties of composite materials has received considerable
attention in scientific community [1]. Many theoretical models, such as
differential scheme [2], modified Eshelby's model (MEM) [3], self-
consistent method (SCM) [4] and the generalized self-consistent scheme
(GSCS) [5], for predicting the effective properties of composites have
been presented. In [6,7], the SCM was applied to a composite reinforced
with spherical fillers, which determines the elastic constants of the
composite by embedding only one filler into an infinite domain with the
composite property determined. The GSCS, closely related with the
SCM, has been proposed by Christen and Lo [5]. Main idea of the GSCS
is in the assumption that the particle surrounded by the matrix material
is embedded in an effective medium of unknown properties. This
method can yield better results than the SCM [8].

The finite element analysis of the GSCS for solving the elastic-plastic
heterogeneous problems, inverse problems and mechanical degradation
of fibrous composites was carried out by Lefik et al. [9] and Boso et al.
[10,11]. This method is based on two separated finite element models,

i.e. a fine heterogeneous model and a coarse homogeneous model. The
effective material properties of a coarse homogeneous model are
iteratively computed enough to close the response of the fine hetero-
geneous. The disadvantage of this method is that it requires to dis-
cretize the whole computation domain and more fine meshes near the
interfaces, i.e. the inclusion and the original matrix as well as the ori-
ginal matrix and the effective matrix, are needed. Therefore, a huge
computer memory is needed to store the related finite element in-
formation. And lots of computer execution time is required to calculate
the effective properties of composited material. Due to the merits of
high accuracy and only the boundary description of the problem, the
boundary element method (BEM) has been widely used to deal with the
thermal conduction problems [12–13]. In [12], each region with dif-
ferent heat transfer properties was taken as a piecewise homogeneous
in a heterogeneous medium. The resulting non-square global system
matrix was solved by the singular value decomposition method. In [13],
some new integral equation formulations suitable for steady state
thermal conduction were presented to calculate the effective thermal
conductivity of steady state problems. These equations only contain the
unknown temperatures on the interface. Boundary face method was
used to deal with thermal conduction problems in [14]. And a large
number of open-ended tubular shaped holes of small diameters were
studied. In numerical process, a new meshing scheme was adopted to
discretize the holes of which the exact geometry remained.
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In 2005, Hughes et al. proposed the ``Isogeometric Analysis'' (IGA)
paradigm [15] as a means to perform finite element analysis directly
from computer aided design data, for three-dimensional regions. The
first paper known to the authors to propose isogeometric approxima-
tions dates back to 1982 [16], although the approach was significantly
different from the 2005 paper of Hughes et al. Several methods were
later devised in order to alleviate the difficulties existed in the original
version of IGA. Particularly the lack of an automatic parameterisation
to build the approximation within the domain was addressed through
(a) special parameterisation techniques, for example based on varia-
tional harmonic methods [17]. Xu et al. proposed a method to para-
meterize the computational domains [18]. Xu et al. also devised ana-
lysis-aware parameterisation methods for single [19] and multi-domain
geometries [20]. The stability issues associated with parameterization
was studied in [21]. (b) geometry independent field approximation
(GIFT) where the spline spaces used for the geometry and the field
variables can be chosen and adapted independently while preserving
geometric exactness and tight CAD integration [22]. (c) isogeometric
boundary element methods (IGBEM), proposed in [23,24] and was later
generalized to 3D T-spline geometries in [25]. IGBEM allows stress
analysis directly from CAD, without any mesh generation or regenera-
tion [26] and was recently used for damage tolerance assessment of
complex structures, directly from CAD [27,28]. IGBEM was also used
for 2D and 3D shape optimizations in [29,30].

A review of IGA was proposed in paper by Nguyen et al. [31] and a
review of recent efforts to streamline the CAD-analysis transition pi-
peline was provided in [32,33]. Note that a wide range of other
methods, relying also directly on CAD are also aiming at CAD-analysis
integration. One should, in particular, refer to the work of Sevilla et al.
[34], Moumnassi et al. [35] and Legrain et al. [36–38]. But significantly
complicated adaptive h-refinement since tensor product approxima-
tions are still common place. This means that the approximation must
be refined everywhere at once in the domain. Alternatives to this were
proposed by [22,39], where the geometry and the field approximations
are independent. Similar ideas were proposed earlier by Sevilla et al.
[34] and allowed to obtain exact boundary representation, as in IGA,
but without requiring the interior discretisation to be tied to the geo-
metry representation, offering more flexibility. A second difficulty en-
countered by IGA is the need for an interior parameterisation to be
constructed from the CAD data, which only provides boundary in-
formation. Significant work was already performed to achieve this,
notably [40] where collocation methods/meshfree approximations are
constructed within the domain whilst preserving geometry exactness.
Finally, isogeometric boundary element methods [23,24] are probably
the best suited candidates to overcome this interior discretisation ob-
stacle, since only boundary data is required for analysis, which enables,
for example, stress analysis [23,25], acoustic problems [41], potential
problems [42,43] and damage tolerance/crack propagation analysis
[27] to be performed without any mesh generation step, directly from
CAD.

In this paper, the adaptive integration scheme based on sub-division
technique presented in [44] is coupled with the IGBEM to control the
numerical error of the integration. Adaptive scheme accounts for nearly
singular and singular integrals existing in BEM problems [25,43]. In
[45,46], an adaptive scheme was introduced for fracture problems.
Cirak et al. proposed in 2000 a method based on subdivision surfaces
for thin-shell finite element analysis [47]. In 2002, Cirak et al. [48] also
proposed an integrated modeling FEA and engineering design approach
for thin-shell structures using subdivision surfaces. This work is con-
cerned with the calculation of the effective thermal conductivity of
steady state heterogeneities using an adaptive IGBEM.

The composite considered in this work is assumed to be misoriented
in space, namely, statistically homogeneous [49,50]. Following the
method in [13], the integral equation formulations which only contain
the unknown temperatures on the interface are used in the im-
plementation of the IGBEM. And a heat energy computation

formulation which only contains the interface integrals is adopted to
calculate the system heat energy. Based on the GSCS model, some nu-
merical examples are solved. The present results are compared with the
exact solutions or upper and lower bounds of solutions. The results
show the accuracy and effectiveness of the present method.

A short description of the contents of this paper is as follows.
Section 2 introduces necessary background concepts about GSCS and
the differential formulations of the physical problem. Section 3 presents
the formulations for isogeometric GSCS model. Section 4 gives the
adaptive integration scheme for boundary integrals on isogeometric
element. In Section 5, the computation process of the isogeometric
GSCS is described. Several numerical examples are given in Section 6 to
verify the efficiency and accuracy of the present method. Finally, we
present the conclusions for our work.

2. Problem statement

GSCS takes into account the interaction between matrix and inclu-
sions by considering a representative unit cell inclusion, i.e., an inclu-
sion and a surrounding matrix, which is itself embedded in the infinite
effective matrix. Owing to considering the full range of the volume
fraction of inclusion, it gives a physically realistic model of inclusion to
inclusion interaction for two-phase system. The generalized self-con-
sistent model of the presented problem is shown in Fig. 1, where the
geometry of the model is described by NURBS. More details about
principles of GSCS model can be found in [5,9–11,13].

As shown in Fig. 1, assume that Γ1 and Γ2 represent the inclusion-
original matrix interface and the original matrix-effective matrix in-
terface, respectively. The heat fluxes along x, y and z axes are indicated
by qx,qy and qz, respectively. Here, we focus our attention on the nu-
merical implementation of the adaptive IGBEM for calculation of ef-
fective heat conductivity of steady state heterogeneity. Thus, only some
conclusions are given, more details about basic idea and derivation
process of boundary integral equation can be found in [13].

According to several boundary integral equations obtained by the
location of the source points and continuity condition [13], the fol-
lowing formulas which only contain the unknown temperatures on the
interface can be obtained. When the source point P is on Γ2, we have the
following integral equation:
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where kI, kM and kE are the thermal conduction coefficients of the

Fig. 1. The GSCS model with single inclusion.
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inclusion, original matrix and effective matrix, respectively. cE and cM
are coefficients to be evaluated at the boundary point. In the case of 2D,
it is easy to visualize cE(P) as the ratio of the external angle θ and 2π
[51], i.e. = −c P( ) 1E

θ
π2 , where θ is shown in Fig. 2. u0(P) is the tem-

perature on the source point P for the whole body composed of the
effective material under the far field heat fluxes [52]. uE and uM are the
temperatures over the interfaces Γ1 and Γ2, respectively. The funda-
mental solutions TE and TM for 3D steady state systems [53] are of the
following forms:

= = ∂
∂

T T
πr

r
n

1
4E M 2 (2)

where r is the distance between the source point P and the field point q.
n is the outward unit normal on the interface. ∂ ∂ = ∂ ∂r n r xn( / ) ( / )i i in
which Einstein sum convention is adopted throughout the paper.

And when the source point is on Γ1, the corresponding integral
equation can be written as follows:
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Eqs. (1) and (3) which only contain the unknown temperatures uE
and uM on the interface, can be used to investigate the steady state
heterogeneous medium under the various remote thermal loading, i.e.
temperature, heat flux and their combinations.

In the GSCS, the effective thermal conductivity kE is an unknown
value which needs to be iteratively solved. Therefore, the derivatives of
Eqs. (1) and (3) with respect to the unknown effective thermal con-
ductivity kE give us the following integral equations:

and
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where the dot above the temperature u denotes derivative with respect

to kE, i.e. = ∂ ∂u u k˙ / E.
In this section, the basic idea and formulas for the present work are

given. For the GSCS model, the u0 and u̇0 are known quantities which
can be obtained by the given heat fluxes qx, qy and qz. The effective
thermal conductivity kE existing in Eqs. (1), (3), (4) and (5) is the un-
known quantity. And the detailed calculation process is given in
Section 5.

3. Formulations for isogeometric GSCS model

Different from the GSCS model based on conventional BEM, the
present GSCS model can exactly capture the geometry due to the basis
function of the IGBEM. When the procedure of refinement is acquired
for the model, the exact geometry will be maintained at all stages of
analysis.

In the implementation of the GSCS, we use two knot vectors
U={ξ1,ξ2,…, ξn+ p+1} and V= {η1,η2,...,ηm+ q+1}, m× n control
points {Pi,j}, i=1, 2, ..., n, j=1, 2, ..., m, and curve orders p and q to
build the interface shapes and the basis functions. As shown in Fig. 3,
“elements” of the integral boundary are defined in the parametric space
as non-zero knots span [ξi, ξi+1]× [ηj, ηj+1], where ξi, ξi+1 ∈ U and
ηj, ηj+1 ∈ V.

In order to carry out the numerical integration using
Gauss–Legendre quadrature, local coordinates ξ and η must be in the
range [-1, 1]× [-1, 1]. Therefore, there should be a transformation
from the parameter space (ξ, η) ∈ [ξi, ξi+1]× [ηj, ηj+1] (ξi is the ith
knot in U and ηj is the jth knot in V, i and j are respectively the knot
indexes in directions ξ and η) to the Gauss–Legendre range [-1, 1]× [-
1, 1]. Fig. 3 gives some illustration for physical domain Ω, parametric
domain Ω and parent element.

The transformation from the physical domain to a parametric do-
main is given by

=d J dξdηΩ ξη( ) (6)
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and the transformation from the parent domain to a parametric domain
is given by

= − + +
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where ξ and η represent intrinsic coordinates at a Gauss point.

Therefore, the determinant of the Jacobian of this transformation reads

= − −+ +J ξ ξ η η1
4

( )( )ξ η i i j j( ) 1 1 (9)

To approximate the geometry and unknown fields, the non-zero
basis functions must be determined for a particular element. After this
is done, a set of local basis functions that are related to the global basis
functions are given as

≡N ξ η R ξ ξ η η( , ) ( ( ), ( ))b
e

a
p q, (10)

where the local basis function number b, element number e and global
basis function number a are related by a=conn(e, b), where conn() is a

Fig. 2. 2D boundary.
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connectivity function. As shown in Fig. 4, a 2D example is given to
describe the way to build up the connectivity function, where a=1, …,
9, b= 1,…,3 and e=1,…,4.

Up to now, the geometry and temperature can be easily interpolated
as

= ∑
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+ +
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where xb and ub represent the coordinate, temperature coefficients at a
particular control point, respectively.

For the purpose of numerical computation, the boundary surface
should be discretized into a non-overlapping set of N elements giving
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Fig. 3. Definition of domains used for integration in the present method.

Fig. 4. Illustration of the construction of the connectivity function.
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where l is a local node number, on element e, that varies from 1 to
m=2, 3, ... for linear, quadratic elements etc. Nl

e is the local shape
function for node l. J is the Jacobian of transformation. ∈ −ξ [ 1, 1] and
∈ −η [ 1, 1] are respectively local coordinates. ule represents tempera-

ture at local node l on element e. x′ indicates the collocation point and ′ξ
and ′η represent the local coordinates of the collocation point on ele-
ment e .

4. Adaptive integration scheme for boundary integrals on
isogeometric element

For standard Gauss quadrature the integral of a function f(x) be-
tween arbitrary limits (a, b) can be approximated by the weighted sum
of a discrete number of function values, normally evaluated at certain
sampling points (ordinates) between the two limits. In general, the
Gaussian quadrature formula for a surface in three dimensions can be
expressed in the intrinsic coordinate system by the equation

∫ ∫ ∑∑= = + +
− −

= =

I f ξ η dξdη w w f ξ η E E( , ) ( , )
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j
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i j i j
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where ξi,ηj are the Gauss ordinates, w w,i j
1 2 are the weights, m1,m2 are

the Gauss orders, and E1,E2 are the integration errors in the two di-
rections. In 1984, Mustoe [54] proposed the following approximate
formula for the upper bound of the relative error =e E I/i i in the ith
direction.
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where β > 1 is the order of singularity of the integrand r− β, Li is the
length of the element in the ith direction, and R is the minimum dis-
tance from the source point to the element, as shown in Fig. 5.

In order to avoid using excessively high Gauss order mi, the ele-
ments should be further divided into sub-elements to reduce the Li/R
ratio. It should be pointed out that, for this method, the nearly singular
integrals can be accurately computed by using normal Gauss orders
when the ratio Li/R will not be too large.

Based on [44,55,56], Eq. (17) can be approximated by the expres-
sion

= + − +m β e L R2
3

2
5

[ 0.1 ln( /2)][(8 /3 ) 1]i i i
3/4

(18)

which can be rearranged to yield:
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where ei is the given relative error and ei=10− 9. Using this approx-
imation, the required Gauss order is obtained explicitly, rather than

through iteration. Alternatively, given a maximal Gauss order, the
corresponding sub-element dimensions can be obtained explicitly. Now,
in order to implement an adaptive integration scheme based on these
criteria, it is necessary to devise efficient methods for determining the
geometric parameters R and L for each collocation point and for each
element, or sub-element. Details of derivation and implementation can
be found in [44,56].

4.1. Calculation of sub-element length

In any isogeometric element, Cartesian coordinates can be de-
termined from the control points, i.e.
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b
1
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(20)

where xb represents the coordinates at a particular control point.
In this paper, the length of a boundary element, in the ith intrinsic

direction ([ξl,ξl+1]or [ηl,ηl+1]) is defined by the length of the curve
through the center of the element along the integration direction (as
shown in Fig. 5). For three dimension case, the length of a boundary
element can be accurately calculated using
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4.2. Calculation of minimum distance r

To determine the minimum distance R from source point to an
element, Gao and Davies [44,56] proposed a Newton–Raphson iterative
scheme for traditional BEM. Here, the method is also used to the
IGBEM.

First, we begin with some starting guess (ξ0) of the intrinsic co-
ordinates of the source point and we let rj

0 be the resulting error in the
computation of the jth component of the global coordinates of the
source point. Now, the notation rj

k is used to denote the value after the
kth iteration in the Newton–Raphson iterative scheme, that is:

∑= −
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+ +
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p q
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e

j
b

j
1

( 1)( 1)

(22)

where xj is the jth component of the global coordinates of the source
point and xj

b represents the jth component at a particular control point.
To obtain improved values of ξi, we expand this equation using

Taylor's theorem:
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Fig. 5. Element sub-division technique.
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Fig. 6. The adaptive integration scheme for the present method.

Fig. 7. The process of the isogeometric GSCS.
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where Δξi is the change in ξi. Setting =+r 0j
k 1 , we can obtain using the

Newton–Raphson iterative scheme:

= −K ξ r[ ]{Δ } { }k k (24)

where the coefficients of the matrix are:
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Unless the calculations are being carried out for a volume cell, there
will be one less intrinsic coordinate than global coordinate. Hence
Eq. (24) is over-prescribed. In that case, the least-squares approxima-
tion will suffice, i.e.

= −K K ξ K r[ ] [ ]{Δ } [ ] { }k k k kT T (25)

where the superscript T denotes the matrix transpose. Solving for {Δξ},
the current value of ξi can be updated, thus

= ++ξ ξ ξΔi
k

i
k

i
1 (26)

We now make the assumption that the proximal point has the in-
trinsic coordinates defined by the following equations:
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The minimum distance can then be calculated by the following
formula:

∑=
=

R R
j

j
1

3
2

(28)

where Rj is the jth Cartesian component of the minimum distance and is
determined from the intrinsic coordinates of the proximal point.

Fig. 8. Isogeometric GSCS spherical model.

Table 1
Polynomial orders and knot vectors for both the matrix and inclusion.

Direction Order Knot vector

ξ p=2 U={0, 0, 0, 1, 1, 2, 2, 3, 3, 4, 4, 4}
η q=2 V={0, 0, 0, 1, 1, 2, 2, 3, 3, 4, 4, 4}

Fig. 9. Varieties of effective thermal conductivity with inclusion volume fraction for
isogeometric GSCS spheroidal model (case 1: =k k/ 0I M ; case 2: =k k/ 0.5I M ; case 3:

=k k/ 2I M ; case 4: =k k/ 150I M ).
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4.3. Adaptive integration scheme

The adaptive integration scheme employs the element sub-division
technique described above. In [44,56], the authors have used the
scheme to conventional boundary element method. Here, we will ex-
pand the method to 3D IGBEM. The implementation process is sum-
marized in Fig. 6.

5. The process of the isogeometric GSCS

For the isogeometric element ([ξi, ξi+1]× [ηj, ηj+1], shown in
Fig. 3) used in this paper, 9 collocation points are collocated at the
element. And the geometry of the element is described by NURBS basis

functions. Here, we used the Greville abscissae definition [23,24] to
define the position of collocation points in parameter space. In [42,43],
the method has been used to produce collocation points for 3D pro-
blems.

In calculation, isogeometric element ([ξi, ξi+1]× [ηj, ηj+1], shown

Table 2
Values of ΔkE for different cycles, run time, numerical results obtained by the present method and exact results for varying values of α.

α ΔkE kE Run time

1st 2nd 3rd 4th 5th 6th 7th Present Exact

1/(1.08)3 1.67E-05 4.34E-06 1.13E-06 2.93E-07 7.63E-08 1.98E-08 5.16E-09 0.58897 0.58896 35″499
1/(1.4)3 6.27E-05 6.32E-06 6.38E-07 6.43E-08 6.49E-09 0.79625 0.79620 14″679
1/(2.0)3 2.87E-05 9.28E-07 3.01E-08 9.74E-10 0.92686 0.92683 7″949
1/(2.6)3 1.33E-05 1.93E-07 2.79E-09 4.05E-11 0.96626 0.96625 5″534
1/(3.2)3 7.12E-06 5.51E-08 4.26E-10 0.98181 0.98180 4″63
1/(3.8)3 4.25E-06 1.95E-08 9.00E-11 0.98911 0.98911 4″39
1/(4.4)3 2.73E-06 8.09E-09 2.40E-11 0.99298 0.99297 4″397
1/(5.0)3 1.86E-06 3.75E-09 7.56E-12 0.99521 0.99521 4″96

Fig. 10. Parametric space for collocation points that lie at the top and bottom poles
moving to dashed places.

Fig. 11. Varieties of effective thermal conductivity with inclusion volume fraction when
λ=0.1, 0.3, 0.5 or 0.7.

Fig. 12. Isogeometric GSCS ellipsoidal model.

Fig. 13. Varieties of effective thermal conductivity with inclusion volume fraction when
kI=2.
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in Fig. 3) is used to discretize the above integral Eqs. (12)–(15) for the
analysis. Accordingly, the corresponding matrix equations can be ob-
tained:

=Hu u0 (29)

and

= −H uu u H˙ ˙ ˙0 (30)

where u and u0 are the unknown and known nodal values of the tem-
perature u, respectively. u̇ and u̇0 are the corresponding derivatives
with respect to the effective thermal conductivity. H and Ḣ are the
related coefficient matrix from Eqs. (14) and (15). Once the interface
temperature is obtained using Eq. (29), the heat energy of the steady
state thermal conduction problem can be computed using the following
equation [57]:

∫ ∫= + ⎧
⎨⎩

− + − ⎫
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E E
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where ∫=E q T dVV i i
0 1

2
0

,
0 which is the heat energy in the homogeneous

medium composed of the effective material. The superscript 0 denotes
those values from the homogeneous medium subject to remote heat
loadings.

The generalized self-consistent scheme demands the following
condition [58]:

=E E0 (32)

Thus, using Eqs. (32) and (31) becomes
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Iterative method for Eqs. (29), (30) and (33) is used to obtain the
effective thermal conductivity of the studied problem.

The computational process is shown in Fig. 7, i.e.
As is well-known when the collocation point belongs to the com-

puted element and the corresponding integral is defined as a Cauchy
Principal Value (CPV) integral which plays a key role in the im-
plementation of any such method. In this work, CPV integral is calcu-
lated by the power series expansion method [59]. In [42,43], the
method was used to compute the CPV integrals appearing in the 3D
isogeometric boundary element method and detailed computational
process was given.

6. Numerical examples

6.1. Concentric spherical GSCS model

As shown in Fig. 8(a) and (b), the problem consists of a spherical
inclusion with radius a enclosed by a spherical matrix with radius b
embedded in an effective thermal conduction matrix subject to remote
heat flux q0. To describe this model, the corresponding polynomial
orders and knot vectors are given in Table 1. In this paper, same
polynomials and knot vectors are used for both matrix and inclusion.
The control points of the isogeometric model are shown in Fig. 8(c). The
volume fraction of the inclusion is taken as =α a b/3 3. The thermal
conduction coefficients of the inclusion and the matrix are expressed as
kI and kM, respectively. In numerical implementation, a=1, kM=1
and q0= 1 in z direction, four values of kI are chosen as 0, 0.5, 2 and
150, respectively. All units are assumed to be consistent.

This problem was defined by quadratic NURBS surface for two in-
terfaces of the inclusion-matrix and the matrix-effective matrix, re-
spectively. The analytical solution for this problem has been presented
in [60], i.e.

⎜ ⎟= ⎛
⎝

+
+ −

⎞
⎠

k k v
v k k k

1 3
3 /( )E M

I

M M I M (34)

where vI and vM are the volume fraction of inclusion and matrix,

Fig. 14. Varieties of effective thermal conductivity with inclusion volume fraction when
kI=20.

Fig. 15. Mesh of the computed model for the method in [13].
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respectively.
In this example, h-refinement scheme presented in [15] is used to

obtain accurate results. As shown in [15], the mechanism for im-
plementing h-refinement is knot insertion. Knots may be inserted
without changing a curve geometrically or parametrically. Given a knot
vector U={ξ1,ξ2,…, ξn+ p+1}, let = = … =+ + + + +ξ ξ ξ ξ ξU { , , , }n s p n p1 1 2 1 1
be an extended knot vector such that ⊂U U. Then the new knot vector
U, which can produce a finer mesh, will be applied to the computation.
Here, refine=0 indicates the original surface corresponding to initial
control points and refine=1 represents the refined surfaces corre-
sponding to more control points. The present results are compared with

the analytical solutions as shown in Fig. 9. It can be observed that the
present results are in excellent agreement with the analytical solutions.
The convergence studies for this problem are performed in both Fig. 9
and Table 2. From Fig. 9, we can observe that the results keep stable

Table 3
Comparisons between the present method and the BEM presented in [13] for varying values of α.

α Cycle number Run time Results

Present BEM [13] Present BEM [13] Lower bound Present BEM [13] Upper bound

1/(1.04)3 13 6 3′ 44″ 93 34″ 951 2.2633749 2.288018 2.358702 2.2974881
1/(1.08)3 13 7 2′ 4″ 116 32″ 267 2.0794722 2.118073 2.236495 2.1323831
1/(1.20)3 12 7 1′21″213 26″ 960 1.7170172 1.768705 1.954430 1.7853403
1/(1.40)3 10 8 1′ 0″ 166 31″ 509 1.4148230 1.460697 1.659448 1.4716981
1/(1.60)3 9 9 49″ 599 30″ 188 1.2657690 1.301500 1.481759 1.3080082
1/(1.80)3 8 9 42″ 502 29″ 233 1.1818623 1.209134 1.366138 1.2130682
1/(2.00)3 8 8 39″ 386 29″ 378 1.1304348 1.151359 1.286496 1.1538462
1/(2.20)3 7 8 35″ 645 29″ 352 1.0969493 1.113207 1.229281 1.1148545
1/(2.40)3 7 8 33″ 382 28″ 40 1.0741253 1.086941 1.186761 1.0880799
1/(2.80)3 6 7 28″ 295 25″ 552 1.0462563 1.054562 1.129030 1.0551673
1/(3.20)3 6 6 28″ 993 21″ 957 1.0308312 1.036486 1.092812 1.0368460
1/(3.60)3 5 5 24″ 672 20″ 999 1.0215877 1.025599 1.068860 1.0258309
1/(4.00)3 5 5 24″ 485 19″ 497 1.0157068 1.018649 1.052340 1.0188088

Fig. 16. The cross-sections of isogeometric GSCS ellipsoidal model (a1 ≠ a2 < a3).

Fig. 17. Varieties of effective thermal conductivity with inclusion volume fraction when
kI=2.

Fig. 18. Varieties of effective thermal conductivity with inclusion volume fraction when
kI= 100.

Fig. 19. Meridional cross-section.

Table 4
Polynomial orders and knot vectors for both the matrix and inclusion.

Direction Order Knot vector

ξ p=2 U={0, 0, 0, 1, 1, 2, 2, 3, 3, 4, 4, 4}
η q=2 V={0, 0, 0, 1, 1, 2, 2, 3, 3, 4, 4, 5, 5, 6, 6, 6}
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when the mesh is refined.
To give a clear convergence studies for the algorithm shown in

Fig. 7, the values of ΔkE for different cycles (steps 4–10 shown in Fig. 7),
run time, numerical results obtained by the present method and exact
results are given in Table 2. From Table 2, we can see that with the
increase of volume fraction of the inclusion (α), more computation time
and cycle number are needed due to the adaptive integral method being
adopted to compute the nearly singular integrals. When α < 1/(3.2)3,
both the computation time and cycle number almost keep stable.

Here, a study about the influence of collocation point locations is

given for kI= 2. For the degenerated elements (shown in Fig. 8), col-
location points that lie at the top and bottom poles of the sphere are
shifted by Eq. (35) to satisfy the smoothness requirement [41,45]. And
the BIEs from these moved collocation points are merged into one
equation. As shown in Fig. 10, the collocation points that lie at the top
and bottom poles are moved to dashed places which are determined by
the values of λ. From Fig. 11, we can see that location of the moved
collocation points has little influence on the results of present method.

= + −

= − −

+

−

η η λ η η

η η λ η η

( ), or

( )

i i i i

i i i i

1

1 (35)

where 0 < λ < 1 and ηi− 1, ηi, ηi+1 ∈ V, ηi is the parametric of col-
location point that lies at the top or bottom pole of the sphere.

6.2. Isogeometric GSCS confocal ellipsoidal model

As shown in Fig. 12, this example studies the problem of an ellip-
soidal inclusion with semiaxes a1,a2 and a3 (a1= a2 < a3) enclosed by
an ellipsoidal matrix with semiaxes b1,b2 and b3 (b1= b2 < b3) em-
bedded in an effective thermal conduction matrix subject to remote
heat flux q0. The corresponding polynomial orders and knot vectors for
this model are the same as that in Table 1 and the control points are
given in Fig. 12(b). The volume fraction of the inclusion is taken as
=α a a a b b b/( )1 2 3 1 2 3 . Similar to the above example, the thermal con-

duction coefficients of the inclusion and the matrix are expressed as kI
and kM, respectively. In numerical calculation,
a1= 10,a2= 10,a3= 20, bi= βai (i = 1,2,3; β depends on the volume
fraction of the inclusion α), kM=1 and q0= 1 in z direction, two va-
lues of kI are chosen as 2 and 20, respectively.

This problem was solved using two different methods, i.e. present
IGBEM (present solution) and conventional IGBEM (the IGBEM using
the standard Gauss quadrature rather than the adaptive integral
method; conventional solution). The results from two methods are
shown in Figs. 13 and 14. To illustrate the effectiveness of the results,
the following bounds presented by Hashin [61,62] for the effective
thermal conductivity of a two-phase composite are also given in
Figs. 13 and 14.
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where kmax=max (kI,kM), kmin=min (kI,kM), vI and vM (vI+ vM=1)
are the volume fractions of inclusion and matrix, respectively.

It follows from Figs. 13 and 14 that when the volume fraction of
inclusion is not too big, both the conventional method and the present
method are efficient and can yield reasonable results. However, with
the increase of the volume fraction, the conventional method performs
less satisfactorily which is caused by the nearly singular integral. In
contrast, the present method can obtain more reasonable solutions by
improving the accuracy of the numerical evaluation of the nearly sin-
gular integral.

To examine the superior characteristics of the proposed method, the
present method is compared with the boundary element method pre-
sented in [13] for kI=2.5 when the values of α decrease from 1/(1.04)3

to 1/(4.00)3. For the method in [13], the problem is solved using 124 8-
node quadrilateral elements with 374 nodes for two interfaces of the
inclusion - matrix and the matrix - effective matrix, respectively (See
Fig. 15). The cycle number, run time and results for the two methods
are listed in Table 3. The upper and lower bounds of the solution pre-
sented in [61,62] are also given in Table 3, from which it can be seen
that the results obtained by the method in [13] are a little bigger than
the upper bound of the solution. The reason of this phenomenon is that
no special method is adopted to deal with the nearly singular integrals
and geometrical errors caused by inaccurate geometric approximation

Fig. 20. Isogeometric GSCS complex model.

Fig. 21. The cross-sections of isogeometric GSCS model.

Fig. 22. Varieties of effective thermal conductivity with inclusion volume fraction when
kI=0.5, 2 and 20.
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are produced in the analysis process. However, the present results are
located between the upper and lower bounds of the solution even when
the volume fraction of the inclusion α is very big. Owing to the adaptive
integral method which is used to dealing with the nearly singular in-
tegrals, more cycle number and run time are needed in the present
method when α is becoming bigger and bigger. And with the decrease
of α, the needed cycle number and run time are reduced for the present
method.

Furthermore, as shown in Fig. 16, another ellipsoidal inclusion with
semiaxes a1,a2 and a3 (a1 ≠ a2 < a3) enclosed by an ellipsoidal matrix
with semiaxes b1,b2 and b3 (b1 ≠ b2 < b3) embedded in an effective
thermal conduction matrix is considered. The present and upper and
lower bounds of the solution for kI=2 and kI= 100 are given in Figs. 17
and 18, respectively. It can be seen from the two figures that the present
model can yield a reasonable prediction to the effective thermal con-
ductivity.

6.3. Isogeometric GSCS complex model

The meridional cross-section of the problem is shown in Fig. 19 in
which geometrical information is contained. The complex model in this
example is obtained by the meridional cross-section rotating 180 along
z-axis. To describe this model the corresponding polynomial order and
knot vectors are given in Table 4. The 90 initial control points of the
model are shown in Fig. 20. This model is embedded in an effective
thermal conduction matrix subject to remote heat flux qz= q0.
Fig. 21(a) and (b) give the cross-sections of the isogeometric GSCS
model. The area of the cross-section in Fig. 19 can be computed by

+r πr4·(4 /4)2 2 , i.e., a multiple of r2. Therefore, the volume fraction of
the inclusion is taken as α3 when αr is the radius of each circular arc for

inclusion, α is the scaled coefficient of the radius. The thermal con-
duction coefficients of the inclusion and the matrix are also expressed
as kI and kM= 1, respectively.

Here, refine=0 also indicates the original surface corresponding to
initial control points and refine=1 or 2 represents the refined surfaces
corresponding to more control points, i.e. 370 and 1506, respectively.

The present results with kI= 0.5, kI=2 and kI= 20 are given in
Fig. 22. It can be seen that the results are stable when we refine the
mesh for kI= 0.5 and kI=2. However, with the increase of kI, a finer
mesh should be constructed. The results will be stable when refine=2
for the complex model with kI= 20.

In this example, the present method is also compared with the
method presented in [13] when kI= 1.5. For the method in [13], the
problem is solved using 256 8-node quadrilateral elements with 770
nodes for two interfaces of the inclusion - matrix and the matrix - ef-
fective matrix, respectively (see Fig. 23). The results of kE/kM obtained
by the two methods and the upper and lower bounds of the solutions
are given in Fig. 24. From Fig. 24, it can be seen that the current results
are in good agreement with the upper and lower bounds of the solu-
tions, even for the volume fraction of the inclusion α being very close to
1.0. In contrast, since the existing of geometrical errors, the results
obtained by the method in [13] are a little bigger than the upper
bounds of the solutions.

7. Conclusions

Based on the GSCS, this work presented an adaptive IGBEM for the
calculation of the effective thermal conductivity of steady state het-
erogeneities. The proposed method has several advantages in compar-
ison with the conventional methods. By adopting the integral equation
formulations which only contain the unknown temperatures on the
interface, the numerical implementation of the current method become
simple and clear. The boundary integrations are calculated easily and
effectively at optimal computational cost by introducing the adaptive
integral method. Then, the nearly singular integrals appearing in the
BEM when the volume ratio of inclusions is getting bigger and bigger
can also be computed precisely by the present method. Numerical ex-
amples show that the effective thermal conductivity can be effectively
obtained by the present method.

Moreover, the geometry data in the present isogeometric GSCS
model can be taken directly from CAD programs. The models for ana-
lysis are exact geometrical representation no matter how coarse the
discretization of the studied bodies are so that no geometrical errors
exist in the analysis process. These features can lead to the additional
advantages: some practical problems with complex geometry shapes
can be easily handled and more accurate effective thermal con-
ductivities can be given. Besides, the meshing process is no longer re-
quired because the control points defining the body play the role of

Fig. 23. Mesh of the computed model for the method in [13].

Fig. 24. Varieties of effective thermal conductivity with inclusion volume fraction when
kI= 1.5 for two methods.
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nodes in the isogeometric GSCS.
The method presented can be further used to investigate the shape

optimization of steady state thermal conduction problems in the future.
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