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Abstract
A novel regularized interface integral equation for three-dimensional steady state heat conduction problems with non-
homogeneous inclusions is developed. The proposed formulation only contains the fundamental solution of isotropic matrix.
As a result, the fundamental solution of non-homogeneous inclusion, usually very difficult to obtain, is avoided. Domain
integrals caused by the contrast of heat conductivities between the inclusions and the matrix are converted into equivalent
interface integrals using the radial integration method by expressing the temperature gradient as a series of radial basis
functions. Therefore, a pure interface integral equation is obtained and there is no need to discretize the inclusion into finite
elements to evaluate the domain integral. For the determination of the flux and temperature, collocation points are distributed
inside the inclusion to form a system of linear equations. To eliminate the geometrical errors and study the inclusions with arbi-
trary geometry, bivariate Non-Uniform Rational B-Splines basis functions are used to depict the boundaries of the inclusions.
Numerical results are compared with available analytical solutions or finite element solutions.

Keywords Heat conduction · Inclusion problems · Regularized interface integral equation · NURBS · Radial integration
method

1 Introduction

The numerical computation of inclusion problems is of con-
siderable technical importance, and significant progress in
this field has beenmade since the pioneeringwork of Eshelby
[1]. The methods used to study the inclusion problems usu-
ally include but are not limited to, complex function methods
[2–4], finite elementmethod [5–9],Green’s functionsmethod
[10,11], finite difference method [11] and equivalent inclu-
sion method [12]. Although great progresses have been
achieved for each of the above methods, these methods exist
some drawbacks, e.g. (1) somemethods [2–4,10,11] are only
suitable for some special problems with simple inclusion
shapes; (2) some methods [5–9,12] need a finite element
mesh discretization of the matrix and inclusions. Bound-
ary element method (BEM) [13–20] has been proved to be
an effective method in the analysis of inclusion problems,
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since it only requires the discretization of the model bound-
ary into elements, rather than the whole body, thus being
able to reduce the dimensionality of the problem by one. In
[21–23], indirect boundary element method is used to study
2D elasticity problems, plane orthotropic elastic media and
thermal stress analysis, respectively.

However, the BEM also faces a serious challenge when
solving inclusion problems. One of the major problems is to
adopt the fundamental solutionof anisotropicmediumwhich,
in itself, is very complicated relative to isotropic medium
when the BEM is used for the analysis of anisotropic inclu-
sionproblems, especially for 3Dproblems [24]. Furthermore,
computation of domain integrals in the resulting integral
equations will be time consuming [25–27]. To evaluate these
domain integrals, the problem parts with domain integrals
usually needs to be discretized into internal cells [27,28].
Although this integral method can give perfect results, the
discretization of the domain into cells eliminates the dis-
tinct merit of the BEM in which only the boundary of the
problem needs to be discretized into elements. Therefore,
some scholars prefer to propose some schemes to transform
domain integrals into boundary integrals rather than compute
the domain integrals by the cell integration scheme.
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Up to now, tremendous effort has been devoted to trans-
form domain integrals into boundary integrals and many
extensively utilized transformation methods have been pro-
posed, e.g. dual reciprocitymethod [29], multiple reciprocity
method [30] and analytical integration method [31]. Both the
dual reciprocity method and the multiple reciprocity method
are powerful methods for domain integrals and widely used
for practical problems. But the dual reciprocity method
requires particular solutions, which may be very challenging
to be obtained for some complicated basis functions. And
for the numerical implementation of the multiple reciprocity
method, a constant contained in the fundamental solutions
should be defined which makes the results instable. The ana-
lytical integration method is only restricted to straight-line
elements because it is hard to obtain analytical expression for
curved line elements or surface elements. In 2002, an effec-
tive transformationmethod, called radial integrationmethod,
was developed by Gao [32] to tackle the elastoplastic prob-
lems. As shown in [20,32–35], for the domain integrals with
unknown variables, the transformation will be accomplished
with the use of the radial basis functions augmented by poly-
nomials to approximate the unknown quantities as in the dual
reciprocity method.

In 2005, a promising method called isogeometric analysis
was established byHughes et al. [36] as a way of bridging the
gap between CAD and computer aided engineering (CAE).
In the implementation of isogeometric analysis, geometries
are usually represented by Non-Uniform Rational B-Splines
(NURBS), which has been used in industrial CAD systems
for decades due to the flexibility and precision for the rep-
resentation of arbitrary geometry. The geometry described
by NURBS can be enriched and refined easily by using the
standard knot-insertion and/or degree-elevation procedures
[36,37] without communicating with the CAD system, once
the initial mesh is completed. This is an excellent property
for interpolation of fields that requires high-order continuity,
and leads to resultswith higher accuracy [38]. In [39], amate-
rial interface modeling has been discussed by isogeometric
enriched quasi-convex meshfree method.

In addition, large scale problems are often encountered in
engineering applications. In [40,41], the authors presented
the 3D multiresolution theory and a stable micro-damage
algorithm to solve some large-scale problems. Boundary
element method is also powerful to solve large scale prob-
lem [42,43]. In this work, a novel interface-domain integral
equation for large-scale 3D steady state heat conduction
problems with non-homogeneous inclusions is developed.
A similar derivation for steady-state elastoplastic problems
can be found in [44]. Different from the traditional bound-
ary element method for the analysis of anisotropic inclusion
problems, only the fundamental solution of isotropic matrix
is needed in the present formulation so that the funda-
mental solution of non-homogeneous inclusion is avoided.

2q

1q

3q

Inclusion 

Matrix 

Ω

Ω

Γ

0Γ

n

Fig. 1 Inclusion model

That is to say, the thermal conduction problem with non-
homogeneous inclusions can be solved without computing
the fundamental solution of anisotropic medium. The estab-
lished interface-domain integral equation is regularized by
using the add-subtraction technique. The domain integrals
appearing in the regularized integral equation are converted
into the equivalent interface integrals using the radial inte-
gration method by expressing the temperature gradient as
a series of basis functions, which results in a pure interface
integral equation and requires no internal cells to evaluate the
domain integrals. In the numerical computation, the geome-
tries of the inclusions are depicted by bivariate NURBS basis
functions, which ensure the presentmethod remarkablemerit
due to its integration of CAD, exact geometrical representa-
tion and high precision.

A brief outline of this paper is as follows. A regularized
interface-domain integral equation for heat conduction prob-
lems with anisotropic inclusion is developed in Section 2.
In Section 3, the domain integrals existing in the regularized
integral equation are transformed into the equivalent interface
integrals. Section 4 introduces isogeometric implementation
of the regularized interface-domain integral equations. Sev-
eral numerical examples are given in Section 5 to verify the
accuracy of the present method. Finally, we present the con-
clusions for our work.

2 Regularized interface-domain integral
equations for heat conduction problems

The inclusion problem considered in this paper is shown in
Fig. 1. Let � be the inclusion domain made of material with
heat conductivity ki j embedded in the matrix (�̄) made of
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isotropic material with heat conductivity k. The perfectly
bonded interface � between the inclusion and the matrix is
assumed. Remote heat fluxes (q1, q2 and q3) are applied to
the matrix containing the inclusion of various shapes.

According to Fourier law [45], the heat fluxes ti in � can
be obtained by the following equation:

ti = −ki j
∂u

∂x j
(1)

where i = 1, 2, 3. x j is the j-th component of the spatial
coordinates at point x and u represents the temperature. The
repeated subscript j represents the summation through its
range which is 3 for 3D problems.

General material is assumed in the inclusion, so that the
conductivity ki j can be expressed as:

ki j = kδi j − �ki j (2)

where δi j is the Kronecker delta symbol and �ki j denotes
the contrast of heat conductivities between the inclusion and
the matrix.

Using the principle of virtual work and Eq. (1), we have

∫
�

−ki j
∂u

∂x j

∂U

∂xi
d� =

∫
�

ti niUd� (3)

whereU is the virtual temperature,� is the interface between
the domains � and �̄ as shown in Fig. 1, and ni is the i-th
component of outward normal vector n to the interface �.

Substituting Eq. (2) into Eq. (3) and according to Green
formula, it follows that

∫
�
Tj n j ud� −

∫
�
u

∂Tj

∂x j
d� +

∫
�

�ki j
∂u

∂x j

∂U

∂xi
d� =

∫
�
tUd�

(4)

where Tj = −kδi j
∂U
∂xi

and t = ti ni .
To derive the interface integral equation, the following

equation is introduced to Eq. (4)

∂Tj

∂x j
+δ(p, q) = 0 (5)

where p and q are source point and field point, respectively.
The Dirac delta function δ at point p = q has an infinite
value, but its integral gives unity, i.e.

∫
�

δ (p, q)d� = 1 (6)

Hence, for any point p ∈ �, the interface-domain integral
equation can be expressed as

u(p) =
∫

�

U (p, Q)t(Q)d� −
∫

�

T (p, Q)u(Q)d�

−
∫

�

�ki j (q)
∂U (p, q)

∂xi (q)

∂u(q)

∂x j (q)
d� (7)

where T is the virtual flux. In the present work, p represents
the source point. q is the field point within the computational
domain and Q is the field point on the boundary.

For the point p ∈ �̄, i.e. being outside the inclusion, the
corresponding integral equation is of the following form:

∫
�

U−(p, Q)t−(Q)d� −
∫

�

T−(p, Q)u−(Q)d�

+
∫

�0

U (p, Q)t(Q)d� −
∫

�0

T (p, Q)u(Q)d� = 0 (8)

where �0 is the outer boundary of matrix as shown in Fig. 1.
The symbols with the superscript ‘−’ in Eq. (8) represent the
physical quantities being integrated along the inner boundary
� of the matrix, whereas physical quantities without super-
script in Eq. (8) will be integrated along the outer boundary
�0.

Along the interface � between the inclusion and matrix,
the continuity condition requires that temperature calculated
for the inclusion must equal the temperature calculated for
thematrix. A similar relationship remains for the equilibrium
condition along the interface between two domains, except
that a negative sign must be given to account for the oppo-
site directions of the outward boundary normal in the two
domains. These conditions produce the following relation-
ships along the interface of inclusion and matrix

U (p, Q) = U−(p, Q)

T (p, Q) = −T−(p, Q)

u = u−

t = −t− (9)

Adding Eq. (7) and Eq. (8), and using relationships in Eq.
(9), one can obtain the following equation:

u(p) =
∫

�0

U (p, Q)t(Q)d� −
∫

�0

T (p, Q)u(Q)d�

−
∫

�

�ki j (q)
∂U (p, q)

∂xi (q)

∂u(q)

∂x j (q)
d� (10)

In order to obtain the unknown quantities, the derivatives of
Eq. (10) with respect to the coordinates xk at the source point
p give us the following integral equation:
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∂u(p)

∂xk(p)
=

∫
�0

∂U (p, Q)

∂xk(p)
t(Q)d� −

∫
�0

∂T (p, Q)

∂xk(p)
u(Q)d�

−
∫

�

�ki j (q)
∂2U (p, q)

∂xi (q)∂xk(p)

∂u(q)

∂x j (q)
d� (11)

where k = 1, 2, 3.U (p, Q) and T (p, Q) represent the fun-
damental solutions expressed as:

U (p, Q) = 1

4πrk
(12)

and

T (p, Q) = −k
∂U

∂n
= 1

4πr2
∂r

∂n
(13)

where r denotes the distance between the source and the
field points. Now, the unknowns u and ∂u

∂x j
can be obtained

by solving system of equations constructed by Eqs. (10) and
(11).

In practical engineering problems, the size of inclusion is
often relatively small compared to the dimension of matrix.
Therefore, the infinite problems (�0 → ∞) tend to attract
more attention from engineers. In this paper, we focus our
attention on the computation of the infinite problems. For an
infinite isotropic matrix containing one inclusion, the above
Eqs. (10) and (11) can be simplified as

u(p) = u0(p) −
∫

�

�ki j (q)
∂U (p, q)

∂xi (q)

∂u(q)

∂x j (q)
d� (14)

∂u(p)

∂xk(p)
= ∂u0(p)

∂xk(p)
−

∫
�

�ki j (q)
∂2U (p, q)

∂xi (q)∂xk(p)

∂u(q)

∂x j (q)
d�

(15)

where u0 and ∂u0
∂xk

represent temperature and gradient at col-
location point p ∈ � due to the remote heat flux in thematrix
not containing inclusions.

Eqs. (14) and (15) are the domain integral equations
for the steady state heat conduction problems with non-
homogeneous inclusion embedded in an infinite matrix. In
contrast to the conventionalBEMformulations, Eqs. (14) and
(15) include domain integrals. Clearly, the domain integrals
are singular when the source point is located in the inclu-
sion domain�. In this paper, we will use the add-subtraction
technique to regularize the singularity involved in kernels.

Take the domain integral in Eq. (14) as an example.
Extracting the singular term in the integral representation
of temperature gradients, we obtain regularized integral rep-
resentation of the singular domain integral

∫
�

�ki j (q)
∂U (p, q)

∂xi (q)

∂u(q)

∂x j (q)
d�

=
∫
�

∂U (p, q)

∂xi (q)

(
�ki j (q)

∂u(q)

∂x j (q)
− �ki j (p)

∂u(p)

∂x j (p)

)
d�

+
∫
�

�ki j (p)
∂u(p)

∂x j (p)

∂U (p, q)

∂xi (q)
d�

=
∫
�

∂U (p, q)

∂xi (q)

(
�ki j (q)

∂u(q)

∂x j (q)
− �ki j (p)

∂u(p)

∂x j (p)

)
d�

+�ki j (p)
∂u(p)

∂x j (p)

∫
��

U (p, Q)ni d� (16)

where �� is the boundary of domain �.
And similar procedure can be repeated also for the domain

integral in Eq. (15), i.e.

∫
�

�ki j (q)
∂2U (p, q)

∂xi (q)∂xk(p)

∂u(q)

∂x j (q)
d�

=
∫

�

∂2U (p, q)

∂xi (q)∂xk(p)

(
�ki j (q)

∂u(q)

∂x j (q)
− �ki j (p)

∂u(p)

∂x j (p)

)
d�

+�ki j (p)
∂u(p)

∂x j (p)

∫
��

U (p, Q)ni d� (17)

Therefore, substituting Eqs. (16) and (17) into Eqs. (14) and
(15), respectively, we obtain the regularized integral repre-
sentation of temperature and gradient

u(p) = u0(p) −
∫

�

∂U (p, q)

∂xi (q)

×
(

�ki j (q)
∂u(q)

∂x j (q)
− �ki j (p)

∂u(p)

∂x j (p)

)
d�

−�ki j (p)
∂u(p)

∂x j (p)

∫
��

U (p, Q)nid� (18)

and

∂u(p)

∂xk(p)
= ∂u0(p)

∂xk(p)
−

∫
�

∂2U (p, q)

∂xi (q)∂xk(p)

(
�ki j (q)

∂u(q)

∂x j (q)

−�ki j (p)
∂u(p)

∂x j (p)

)
d�

−�ki j (p)
∂u(p)

∂x j (p)

∫
��

U (p, Q)nid� (19)

For multiple inclusions (�i , i = 1, 2, · · · ,NI, NI is the
number of inclusions) as shown in Fig. 2, the extensions of
Eqs. (18–19) are as follows:

u(p) = u0(p) − �kbi j (p)
∂u(p)

∂x j (p)

∫
�

�b

U (p, Q)ni d�

−
∫

�b

∂U (p, q)

∂xi (q)

(
�kbi j (q)

∂u(q)

∂x j (q)
− �kbi j (p)

∂u(p)

∂x j (p)

)
d�

−
NI∑

s=1, �=b

∫
�s

�ksi j (q)
∂U (p, q)

∂xi (q)

∂u(q)

∂x j (q)
d� (20)

∂u(p)

∂xk(p)
= ∂u0(p)

∂xk(p)
− �kbi j (p)

∂u(p)

∂x j (p)

∫
�

�b

U (p, Q)ni d�
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Fig. 2 Multiple inclusions model

−
∫

�b

∂2U (p, q)

∂xi (q)∂xk(p)

(
�kbi j (q)

∂u(q)

∂x j (q)
− �kbi j (p)

∂u(p)

∂x j (p)

)
d�

−
NI∑

s=1, �=b

∫
�s

�ksi j (q)
∂2U (p, q)

∂xi (q)∂xk(p)

∂u(q)

∂x j (q)
d� (21)

where�b denotes the b-th inclusion with boundary ��b and
contains source point p as an interior point. �ksi j (�kbi j ) is
the contrast of heat conductivities between the s-th (b-th)
inclusion and the matrix

3 Transformation of domain integral to the
interface integral

In this section, the two domain integrals involved in Eqs. (20)
and (21) are transformed into equivalent interface integrals
by using the radial integrationmethod. Since the domain inte-
grals of Eqs. (20) and (21) contain unknowngradient ∂u/∂x j ,
the volume integrals cannot be transformed into contour inte-
grals directly. To solve this problem, the method proposed
by Gao [32] is adopted. The unknown gradient ∂u/∂x j is
expressed as a combination of radial basis functions andpoly-
nomials in global coordinates, i.e.

∂u(q)

∂x j (q)
=

N∑
A=1

aA
j φA

j (R) + C0
j +

m∑
μ=1

Cμ
j xμ (22)

and

N∑
A=1

aA
j =

N∑
A=1

aA
j x

A
μ =0

where N is the number of the given collocation points in
all the inclusions. aA

j , C
0
j , and Cμ

j represent coefficients to

be determined. x A
μ is the μ-th coordinate component at the

application point A. m indicates the dimension of the con-
sidered problems (2 for 2D and 3 for 3D). φA

j is the radial
basis function. In Eq. (22), the number of terms required in
the computation depends on the character of the computed
model, such as the boundary geometry of the model, proper-
ties of inclusions and the heat flux in the domain.

Substituting Eq. (22) into Eqs. (20) and (21), the domain
integrals can be transformed into contour integrals, for exam-
ple

∫
�b

∂2U (p, q)

∂xi (q)∂xk(p)

(
�kbi j (q)

∂u(q)

∂x j (q)
− �kbi j (p)

∂u(p)

∂x j (p)

)
d�

= αA
j

∫
�b

1

rβ(Q, p)

∂r

∂n
F A
j (Q, p)d�

+C0
j

∫
�b

1

rβ(Q, p)

∂r

∂n
F0
j (Q, p)d�

+Cμ
j

∫
�b

1

rβ(Q, p)

∂r

∂n
Fμ
j (Q, p)d� (23)

where r(Q, p) is the distance between the field point Q (on
the interface �b) and the source point p, and

F A
j (Q, p) =

∫ r

0

∂2U (p, q)

∂xi (q)∂xk(p)

(
�kbi j (q)φA

j (R)

−�kbi j (p)φ
A
j (R)

)
rβdr

F0
j (Q, p) =

∫ r

0

∂2U (p, q)

∂xi (q)∂xk(p)
rβdr

Fμ
j (Q, p) =

∫ r

0

∂2U (p, q)

∂xi (q)∂xk(p)
(xμ(q) − xμ(p))rβdr

(24)

It is noted that since rβ (β = 1for 2D and β = 2 for 3D)
is included in Eq. (24), there are no singularity problems in
Eqs. (23) and (24). Therefore, the integrals can be evaluated
numerically using Gaussian quadrature method. It should be
pointed out that the distance R used in the Eq. (24) is from
the application point A to the field point q, but the distance
r existing in the fundamental solutions of Eqs. (23) and (24)
is from the source point p to the field point q. Figure 3a, b
gives some illustration for their relations.

To our knowledge, the case when the computed point p
is inside the domain (Fig. 3a) has been studied and applied
to investigate practical problems [32–35]. Here we will pay
more attention on the casewhen the computed point is outside
of the domain, which will be important for us to calculate
the physical quantities of points in the matrix. As shown in
Fig. 3b, a point p̄ in the domain is defined to transform the
domain integral to the boundary integral. The reference point
p̄ is used to obtain the field point (q) along radial direction.
From Fig. 3b, we can see that vector ( p̄ can be
any point in the domain). When the computed point is inside
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Fig. 3 Relationship among
source point p, field point q,
application point A and
distances R and r . a Source
point is within the domain, b
source point is outside the
domain
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the domain (Fig. 3a), we usually make the computed point
p = p̄. That is to say, Fig. 3b is a general case of Fig. 3a (p
and p̄ are the same points in Fig. 3a).

Following the method above, all the volume integrals
appearing in the regularized interface-domain integral equa-
tion (Eqs. 20, 21) can be converted to the interface integrals.
Then, a strictly regularized interface integral equation is
formed, and only the interface between the inclusion and
matrix needs to be discretized into boundary elements as
shown in Eqs. (23) and (24). The resulting system of equa-
tions containing unknown coefficients of Eq. (22) can be
formed through a collocation procedure. Once these coef-
ficients are determined, the temperature and flux at general
points in the matrix and inclusions can be obtained.

4 Isogeometric implementation of the
regularized interface integral equations

In this work, the isogeometric boundary element method is
adopted to study the present problems, that is, the NURBS
basis functions are used to describe the geometry of the prob-
lem and to approximate physical quantities appearing in the
regularized interface integral equations for steady state heat
conduction problems. For completeness, the simple intro-
duction about NURBS bases is shown below, whereas more
details about the isogeometric boundary element method can
be found in [36,46–50].

NURBS bases are built up from B-splines, which are
defined recursively with piecewise constants. A B-spline
basis (Ni,p) of degree p is generated based on knot vector
U {= ξ1, ξ2, . . . , ξn+p+1}, where ξ1 ≤ ξ2 ≤ · · · ≤ ξn+p+1,
each ξi ∈ R is a knot, and n is the associated number of
control points. Then the basis functions are denoted by Ni,p

with 1 ≤ i ≤ n and are defined as follows [36]:
for p = 0

Ni,0 =
{
1 if ξi ≤ ξ < ξi+1,

0 otherwise.
(25)

and for p = 1, 2, 3, · · · :

Ni,p = ξ − ξi

ξi+p − ξi
Ni,p−1(ξ)

+ ξi+p+1 − ξ

ξi+p+1 − ξi+1
Ni+1,p−1(ξ) (26)

For NURBS bases Ri,p(ξ), a weight ωi is assigned to every
B-spline function Ni,p(ξ). And NURBS basis functions are
defined as [36]

Ri,p(ξ) = Ni,p(ξ)ωi∑ n
j=1N j,p(ξ)ω j

(27)

NURBS surface can be represented as follows [36]:

S(ξ, η) =
n∑

i=1

m∑
j=1

Rp,q
i, j (ξ, η)Pi, j (28)

where S(ξ, η) is the vector with Cartesian coordinates of the
point described by the parametric point ξ1 ≤ ξ ≤ ξn+p+1

and η1 ≤ η ≤ ηm+q+1. The bivariate basis functions Rp,q
i, j

are given by

Rp,q
i, j (ξ, η) = Ni (ξ)Mj (η)ωi, j∑n

î=1

∑m
ĵ=1

Nî (ξ)Mĵ (η)ωî, ĵ

(29)

where Ni,p is the i th B-spline basis function of order p and
Mj,q is the j th B-spline basis function of order q. ωi, j is the
weight corresponding to the control point Pi, j .

In the present work, the isogeometric analysis relies on
the use of the bivariate NURBS basis functions given above.
In the implementation of computation, two knot vectors
U and V, m × n control points Pi, j and curve orders p
and q are used to build the boundary shape and the basis
functions. Isogeometric elements of the integral boundary
are defined in the parametric space as non-zero knots span[
ξi , ξi+1

]×[
η j , η j+1

]
, where ξi , ξi+1 ∈ U andη j , η j+1 ∈

V. In this paper, Gauss–Legendre quadrature is used for the
nonsingular integrals. Therefore, a transformation from the
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parameter space (ξ, η) ∈ [
ξi , ξi+1

] × [
η j , η j+1

]
to the

Gauss–Legendre range [−1, 1]×[−1, 1] should be adopted.
The Jacobian of transformation from the physical domain to
a parametric domain is given by [45]

∣∣J(ξ,η)

∣∣ =
[(

∂x2
∂ξ

∂x3
∂η

− ∂x3
∂ξ

∂x2
∂η

)2
+

(
∂x3
∂ξ

∂x1
∂η

− ∂x1
∂ξ

∂x3
∂η

)2

+
(

∂x1
∂ξ

∂x2
∂η

− ∂x2
∂ξ

∂x1
∂η

)2
]1/2

(30)

and Jacobian of the transformation from the parent domain
to a parametric domain reads [50]

∣∣∣J(ξ̄ ,η̄)

∣∣∣ = 1

4
(ξi+1 − ξi )

(
η j+1 − η j

)
(31)

Local basis functions that are related to the global basis
functions are defined as [46,50]

Ne
l (ξ̄ , η̄) ≡ Rp,q

a (ξ(ξ̄ ), η(η̄)) (32)

where the local basis function number l, element number
e and global basis function number are related by a =
conn(e, l), where conn() is a connectivity function. The
geometry of the problem can be easily interpolated as

xe(ξ̄ , η̄) =
(p+1)(q+1)∑

l=1

Ne
l (ξ̄ , η̄)xl (33)

where xl represents the coordinate at a particular control
point.

Then, we can obtain the isogeometric boundary integral
equations for Eqs. (20) and (21) as follows

u(p) = u0(p) − �kbi j (p)
∂u(p)

∂x j (p)

N�b∑
e=1

(p+1)(q+1)∑
l=1

∫ 1

−1

∫ 1

−1
U (p, Q)ni J (ξ̄ , η̄)d ξ̄dη̄

−
⎛
⎝α

Ab
j

N�b∑
e=1

(p+1)(q+1)∑
l=1

∫ 1

−1

∫ 1

−1

1

rβ(Q, p)

∂r

∂n

F Ab
j (Q, p)J (ξ̄ , η̄)d ξ̄dη̄

+C0b
j

N�b∑
e=1

(p+1)(q+1)∑
l=1

∫ 1

−1

∫ 1

−1

1

rβ(Q, p)

∂r

∂n

F0b
j (Q, p)J (ξ̄ , η̄)d ξ̄dη̄

+Cμb
j

N�b∑
e=1

(p+1)(q+1)∑
l=1

∫ 1

−1

∫ 1

−1

1

rβ(Q, p)

∂r

∂n

Fμb
j (Q, p)J (ξ̄ , η̄)d ξ̄dη̄

)

−
NI∑

s=1,�=b

⎛
⎝α

As
j

N�s∑
e=1

(p+1)(q+1)∑
l=1

∫ 1

−1

∫ 1

−1

1

rβ(Q, p)

∂r

∂n

F As
j (Q, p)J (ξ̄ , η̄)d ξ̄dη̄

+C0s
j

N�s∑
e=1

(p+1)(q+1)∑
l=1

∫ 1

−1

∫ 1

−1

1

rβ(Q, p)

∂r

∂n

F0s
j (Q, p)J (ξ̄ , η̄)d ξ̄dη̄

+Cμs
j

N�s∑
e=1

(p+1)(q+1)∑
l=1

∫ 1

−1

∫ 1

−1

1

rβ(Q, p)

∂r

∂n

Fμs
j (Q, p)J (ξ̄ , η̄)d ξ̄dη̄

)
(34)

and

∂u(p)

∂xk(p)
= ∂u0(p)

∂xk(p)
− �kbi j (p)

∂u(p)

∂x j (p)

N�b∑
e=1

(p+1)(q+1)∑
l=1∫ 1

−1

∫ 1

−1
U (p, Q)ni J (ξ̄ , η̄)d ξ̄dη̄

−
⎛
⎝α

Ab
j

N�b∑
e=1

(p+1)(q+1)∑
l=1

∫ 1

−1

∫ 1

−1

1

rβ(Q, p)

∂r

∂n

F Ab
j (Q, p)J (ξ̄ , η̄)d ξ̄dη̄

+C0b
j

N�b∑
e=1

(p+1)(q+1)∑
l=1

∫ 1

−1

∫ 1

−1

1

rβ(Q, p)

∂r

∂n

F0b
j (Q, p)J (ξ̄ , η̄)d ξ̄dη̄

+Cμb
j

N�b∑
e=1

(p+1)(q+1)∑
l=1

∫ 1

−1

∫ 1

−1

1

rβ(Q, p)

∂r

∂n

Fμb
j (Q, p)J (ξ̄ , η̄)d ξ̄dη̄

)

−
NI∑

s=1,�=b

⎛
⎝α

As
j

N�s∑
e=1

(p+1)(q+1)∑
l=1

∫ 1

−1

∫ 1

−1

1

rβ(Q, p)

∂r

∂n

F As
j (Q, p)J (ξ̄ , η̄)d ξ̄dη̄

+C0s
j

N�s∑
e=1

(p+1)(q+1)∑
l=1

∫ 1

−1

∫ 1

−1

1

rβ(Q, p)

∂r

∂n

F0s
j (Q, p)J (ξ̄ , η̄)d ξ̄dη̄

+Cμs
j

N�s∑
e=1

(p+1)(q+1)∑
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∫ 1
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1
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Fμs
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)
(35)
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where J (ξ̄ , η̄) = J(ξ,η) · J(ξ̄ ,η̄). N�b(N�s) is the total bound-

ary elements for the b-th (s-th) inclusion. ∂u(p)
∂x j (p)

and ∂u(p)
∂xk (p)

can be computed by Eq. (22) for the case p = q. F
Ag
j (Q, p),

F
0g
j (Q, p) and F

μg
j (Q, p) (g = b or s) are the radial inte-

grals for the g-th inclusion as shown in Eq. (24). It should

be noted that the kernels of radial integrals (F
Ag
j (Q, p),

F
0g
j (Q, p) and F

μg
j (Q, p)) for Eqs. (34) and (35) are dif-

ferent. α
Ag
j , C

0g
j and C

μg
j are the coefficients need to be

computed inEq. (23) for the g-th inclusion. u0(p) and ∂u0
∂xk

are
the temperature and gradient at collocation point p ∈ � due
to the remote heat flux in the matrix not containing inclu-
sions. For Eqs. (34) and (35), we use the Gauss-Legendre
quadrature to deal with the regular boundary integrals. And
both the strongly and weakly singular integrals are computed
by the power series expansion method.

5 Results and discussions

Through several numerical examples, the accuracy and effec-
tiveness of the present method for the three-dimensional
heat transfer problems with inclusions are demonstrated in
this section. In all the examples, we compare our results
with those obtained by the analytical method or the FEM
(Abaqus). The geometry of the inclusion is described by
bivariate NURBS basis functions. In this paper, the isoge-
ometric models of inclusions are built by Rhinoceros 5.0,
and the following radial basis function is used

√
R2 + 1 (36)

where R is the distance from the application point to the field
point as shown in Fig. 3a, b.

As introduced above, collocation points play an important
role in the present method. Here, we will give the collocation
procedure for the radial basis function method. Collocation
points inside the spherical inclusions studied in examples 5.1-
5.3 can be obtained by the following parameter equations:

x1 = (k · �L1) cos θi sin φ j

x2 = (k · �L2) sin θi sin φ j

x3 = (k · �L3) cosφ j (37)

where �L1 = �L2 = �L3 = a/L for spherical inclusion.
a is the radius of the inclusion and L (= 4) is an integer. k is
an integer associated with L and 0 < k ≤ L − 1. θi and φ j

are the i-th and j-th values of θ and φ, respectively, i.e.

θ = {π/4, 3π/4, 5π/4, 7π/4} , φ = {π/4, 3π/4} (38)

Similarly, collocations for prolate spherical inclusion inves-
tigated in example 5.4 can be obtained according to Eqs. (37)
and (38) with �L1 = a/L , �L2 = b/L and �L3 = c/L ,
where a, b, c are semi-axes.

The collocations of the two prolate spherical inclusions
investigated in example 5.5 will be computed by the follow-
ing parameter equations. For the right inclusion,

⎧⎨
⎩
x1 = (k · �L1) cos θi sin φ j

x2 = (k · �L2) sin θi sin φ j + 1.5
x3 = (k · �L3) cosφ j

(39)

and the left inclusion
⎧⎨
⎩
x1 = (k · �L1) cos θi sin φ j

x2 = (k · �L2) sin θi sin φ j − 1.5
x3 = (k · �L3) cosφ j

(40)

The values of parameters in Eqs. (39) and (40) are the same
as above.

5.1 A single spherical inclusion embedded in an
infinite matrix for the case kI < kM

As shown in Fig. 4, a single spherical air void (0 ≤ r <

a, a = 1) embedded in an infinite isotropic borosilicate glass
is investigated. The temperature T tends to x3 ·q3/kM at great
distances. The heat conductivities of the inclusion (air) and
matrix (borosilicate glass) are taken as kI = 0.03 W/m K
[51] and kM = 1.13 W/m K[52], respectively. Here, a
constant heat flux field along x3 axis negative direction
(q3 = 1.13 W/m2) is applied on the matrix, such that a
steady-state heat flux field is produced but the local heat flux
field is disturbed by thematerialmismatch between the inclu-
sion and the matrix.

The corresponding polynomial orders and knot vectors are
given in Table 1 and the control points, which can be obtained

2x

3x

1x

3q

Fig. 4 The model of matrix and inclusion
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Table 1 Polynomial orders and knot vectors for the inclusion

Direction Order Knot vector

ξ p = 2 U = {0,0,0,1,1,2,2,3,3,4,4,4}

η q = 2 V = {0,0,0,1,1,1}

Fig. 5 Isogeometric model of the inclusion and its control points

from Rhinoceros, are given in Fig. 5. ξ and η correspond to
two parametric directions in parameter space, respectively.

Based on the results in [53], the analytical solutions of
gradient for this problem inside the inclusion can be obtained
as:

∂T

∂x3
= 3kM

2kM + kI
(41)

and the exact results of gradient outside the inclusion are

∂T

∂x3
= 1 + a3(kM − kI )

r3(2kM + kI )
(1 − 3 cos2 θ) (42)

where r and θ are spherical polar coordinates.
Figure 6 compares the heat flux distribution along the x2

and x3 for the present results and analytical solutions. It is
interesting to note that along the axis x2, the magnitude of
heat flux field keeps nearly 1.13 W/m2 far away from the
inclusion, but highly discontinuous across the interface. The
heat flux reaches a peak at the outer surface of the inclu-
sion and then gradually decreases to q3 in the far field of the
matrix material. Different from the values in Fig. 6a, along
the axis x3, there is no jumping for the distribution of heat flux
field near the inclusion domain. And the distribution of heat
flux field is continuous even across the interface. As shown
in Fig. 6b, the heat flux is also convergent to 1.13 W/m2,
which is the far field constant loading q3. From Fig. 6a, b,
we can see that the present results are in excellent agreement
with the analytical solutions. For this problem, similar con-
clusion as [51] can be obtained: the heat flux field is almost

Fig. 7 The numerical results of heat flux q at the points along S1

Fig. 6 Comparison of heat flux q distribution for the present results and the analysis solutions for the case kI < kM : a along x2 axis and b along
x3 axis
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Fig. 8 The heat flux q
distribution at x2 − x3 surface
for the case kI < kM : a present
results, b analytical results

Fig. 9 Comparison of heat flux q distribution for the present results and the analytical solutions for the case kI > kM : a along x2 axis, b along x3
axis

convergent to constant loading q3 at the distance of four or
five times of the inclusion’s radius (4a ∼ 5a), namely, the
effect of inclusion will disappear when the distance between
the computed points and the center of the inclusion is over 5a.
The conclusion will be of great importance for the computa-
tion of infinite problems using FEM and some commercial
software.

Figure 7 shows the numerical results of heat flux when
the computed points are moving along the curve (S1), i.e.
S1: x1 = 0, x2 = a cos θ, x3 = a sin θ (a = 1.1), and the
exact solutions are given as comparison. From Fig. 7, we can
clearly see that the current solutions are in good agreement
with the exact results.

In Fig. 8a, the present numerical result of flux q for this
problem is shown. For comparison, the contour plot of the

analytic flux is also given in Fig. 8b. From Fig. 8a, b, it can
be seen that the computational results are in good agreement
with the analytic results. Figure 8a, b also tell us that the
values of heat flux along x2 axis are much bigger than those
along x3 axis. However, the influence range of inclusion on
heat flux along x3 axis is much larger than that along x2 axis.

5.2 A single spherical inclusion embedded in an
infinite matrix for the case (kI > kM)

To study the effect of thermal conductivity of the inclu-
sion on the disturbance of heat flux, another single spherical
inclusion composed of quartz is used for discussion and its
geometry is shown in Figs. 4 and 5. The thermal conductivity
of the inclusion is kI = 7.69 W/m K[54]. Different from the
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Fig. 10 The temperature T
distribution at x2 − x3 surface
for the case kI > kM : a present
results, b analytical results

Fig. 11 FE model for an inclusion embedded in an infinite matrix: a mesh of the model, and b mesh near the inclusion

case in example 5.1, the thermal conductivity of the inclusion
is bigger than that of the matrix (kM = 1.13 W/m K).

Figure 9 compares the heat flux distribution along the x2
and x3 for the present results and analytical solutions. From
Fig. 9, it canbe seen that themagnitudeof heat fluxfield keeps
constant among the inclusion domain, but greater than the
surrounding values. Along the axis x2 the heat flux reaches

its minimum at the outer surface of the particle and then
gradually increases toq3 in the far field of thematrixmaterial.
Along the axis x3, some similar conclusions as example 5.1
can be obtained: the distribution of heat flux field is nearly
linear in the inclusion domain and continuous even across
the interface.
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Fig. 12 Comparison of heat flux q distribution for the present results
and the reference (FEM) solutions: a along x3 axis, b along x3 axis

To further study the influence of inclusion thermal con-
ductivity on temperature, Fig. 10a, b respectively give the
contour plots of temperature distribution obtained by the
present and analytical methods. As shown in Fig. 10, there is
an excellent agreement between the contours from thepresent
technique and analytical method.

5.3 An orthotropic spherical inclusion embedded in
an infinite matrix

The previous examples have investigated the accuracy of the
proposed algorithmswith respect to the heat conduction of an
isotropic inclusion embedded in an infinite borosilicate glass.
Here, the focus is to investigate the effect of orthotropic inclu-
sion on the distribution of heat flux. The thermal conductivity
of the inclusion is taken as [55]

kI =
⎡
⎣6.1135 0 0

0 0.4829 0
0 0 4.4036

⎤
⎦ (43)

Similar to the above example, the spherical orthotropic
inclusion (0 ≤ r < a, a = 1) is embedded in an infi-
nite borosilicate glass subject to a remote uniform flux
along x3.

Here, a finite element model is constructed with the FEM
software Abaqus to offer a reference solution. Based on the
geometry, an axisymmetric problem is considered as shown
in Fig. 11a. The size of the matrix is 2β × 2β × β, and the
radius of the inclusion is a. According to the above conclu-
sions, the matrix size β = 10a is used, which was found to
provide a convergent solution for the local heat flux field in
this problem. Structured hexahedral elements are employed,
where the edge length of the elements in the inclusion is 0.05,
whereas those for the matrix are mostly 0.5. However, in the
neighborhood of the inclusion, a transition zone is meshed
with the same element size as the inclusion area. Figure 11a,
b illustrates the finite element mesh. The mesh consists of
210,624 elements and 221,993 nodes.

Figure 12a, b shows some results at points along the
axis x2 and x3 from present method and FEM (Abaqus),
respectively, for heat fluxes. One can find that the results
are in good agreement with the FEM solutions for the
two directions. Since a remote uniform flux along x3 is
applied to the model, the curve of heat flux disturbed by the
orthotropic inclusion looks very similar to the results shown
in Fig. 9.

Fig. 13 Isogeometric model of
the prolate spherical inclusion
and its control points
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Fig. 14 FE model for a prolate
spherical inclusion embedded in
an infinite matrix: a mesh of the
model, and b mesh near the
inclusion

5.4 A prolate spherical inclusion embedded in an
infinite matrix

In the mechanical industry, prolate spherical inclusion has
been one of the most critical models and has been studied
widely in a variety of problems. The analysis of heat con-
duction for prolate spherical inclusion is of great importance
in many practical transmission systems. In the fourth exam-
ple, a single prolate spherical air void (kI = 0.03 W/m K)

embedded in an infinite isotropic borosilicate glass (kM =
1.13 W/m K) which is subjected to heat flux field with
q3 = 1, is investigated. Here, we will consider the influence
of inclusion shape on the distribution of heat flux. Suppose
the geometry of the ellipsoidal particle is

x21
a2

+ x22
b2

+ x23
c2

= 1 (44)

where a = c = 1 and b varies from 2 to 6. In the numerical
computation, the geometry of the inclusion is also described
by bivariate NURBS basis functions and control points of the
inclusion (a = c = 1, b = 6) are shown in Fig. 13.

Finite element models are constructed with the FEM
softwareAbaqus to offer reference solutions. Tetrahedral ele-
ments are employed, where the edge length of the elements in
the inclusion and the matrix are mostly 0.25. However, in the
neighborhood of the inclusion, a transition zone is meshed
with the 0.05 element size. Figure 14a, b illustrates the finite
element mesh for b = 6. As shown in Fig. 14a, b, the tip of
the ellipsoid is locally refined to obtain more accurate results
for the data in Fig. 15a. The mesh for the case b = 6 consists
of 1,273,637 elements and 1,746,517 nodes. The mesh for
b = 2(b = 4) consists of 1,319,488 (1,321,819) elements
and 1,807,529 (1,810,414) nodes.
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Fig. 15 Comparison of heat flux q distribution for the present results
and the reference solutions: a along x2 axis and b along x3 axis

Figure 15a, b compares the heat flux distribution along
the axes x2 and x3 for the present numerical results and FEM
solutions when b varies from 2 to 6. From Fig. 15a, b, one
can find that the magnitude of heat flux field is nearly uni-
form in the particle domain. Along x2 axis, the heat flux is
highly discontinuous across the contact surface of inclusion

3q

2x

3x

O 

Fig. 16 The model of matrix and two prolate spherical inclusions

and matrix and the heat flux reaches the maximum at the
interface. With the increase of b, the heat flux of the contact
surface is smaller, but gradually decreases and converges to
1.0W/m2, which is the uniform far field loading. As shown
in Fig. 15b, when b is increasing, the heat flux near the inclu-
sion has a decreasing trend. However, when b is greater than
4, the heat flux nearly keeps stable.

5.5 Two prolate spherical inclusions embedded in an
infinite matrix

As shown in Fig. 16, two prolate spherical air void inclusions
(kI = 0.03 W/m K) are embedded in an infinite isotropic
borosilicate glass (kM = 1.13 W/m K) which is subjected
to heat flux field with q3 = 1. In the numerical computation,
the geometry of the inclusions are also depicted by bivariate
NURBS basis functions. The control points of the inclusions
are shown in Fig. 17a. Cutting surface of the model is given
in Fig. 17b, in which the hollow circles denote the colloca-
tion points for radial basis function method and red points
represent the control points.

Here, a finite element model is constructed with the FEM
software Abaqus to offer a reference solution. Tetrahedral

Fig. 17 Isogeometric model of
the two inclusions. a The
control points of the inclusions,
b cutting surface of the model

2x

3x

O 

2 1.5x =
2 1.5x = −

(b)(a)
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Fig. 18 FE model for two spheroid inclusions embedded in an infinite matrix: a mesh of the model, and b FE mesh near the inclusions

Fig. 19 Comparison of heat flux q distribution along x2 obtained by
using present method and FEM

elements are employed,where the edge length of the elements
in the inclusion and the matrix are mostly 0.25, whereas the
mesh size between the two inclusions is 0.05. Figure 18a, b
illustrates the finite element mesh. As shown in Fig. 18a,
b, the middle part of the two inclusions along x2 axis is
locally refined, which makes the FEM results more accu-
rate in Fig. 19. The mesh consists of 1,402,552 elements and
1,917,907 nodes.

The comparison of heat flux distribution along x2 obtained
by using present method and FEM are shown in Fig. 19, in
which the results obtained by the twomethods are excellently
consistent with each other. And the numerical accuracy of

proposed technique is also tested by evaluating the heat flux
distribution along the lines x2 = ±1.5 indicated in Fig. 17b.
Also, good agreement is shown in Fig. 20a, b. Apparently,
owing to the symmetry of the two inclusions in terms of the
x3 axis, the curves of heat flux along the two lines are similar.

Figure 21a, b shows the heat flux contours computed by
the present method and FEM, from which the influence of
two prolate spherical air void inclusions on the whole field
can be seen clearly. Figure 21a, b also imply that the accuracy
of the present method is satisfactory in the whole field of the
problem.

5.6 100 spherical inclusions embedded in an infinite
matrix

As shown in Eqs. (20) and (21), the present method can
handle larger scale 3D problems. In this part, a model with
100 unit spherical inclusions is considered. Figure 22 gives
the inclusion distribution in the computational model. The
heat conductivities of the inclusions and matrix are taken
as kI = 0.5 W/m K and kM = 1.0W/m K, respectively.
Heat flux q along the negative direction of the x3 axis
(q3 = 1.0W/m2) is applied on the matrix. Figure 23 shows
the flux distribution with matrix and inclusions. The influ-
ence of inclusions on heat fluxes disappear (heat flux equal
to q3) when the points are far away from the inclusions. And
due to the large distance (a = 4) between inclusions and
small heat conductivity, the flux inside the inclusion keeps
same color (seems no effect on each inclusion).
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Fig. 20 Heat flux q distribution along the lines: a x2 = 1.5 and b x2 = −1.5

Fig. 21 Heat flux q contours
computed by the present method
and FEM. a Contour of present
results, b contour of FEM
results

To study the interaction between inclusions and the heat
flux distribution inside the inclusions, distances a in Fig. 22c
are reduced to 3. The heat conductivities of the inclusions
kI are increase to 10 W/m K and heat conductivities of the
matrix kM keeps 1.0W/m K. Figure 24 shows the heat flux
distribution within the inclusions and the matrix. We can see
that the heat flux distribution around the inclusions is very
similar to the heat flux distribution in Fig. 23. However, the
heat flux distribution inside the inclusion is very different
from that in Fig. 23. From Fig. 24 we can clearly see the heat
flux distribution inside the inclusions.

6 Conclusions

In this paper, a new regularized interface-domain integral
equation is firstly developed for solving 3D heat conduc-
tion problems with inclusions. The proposed formulations
only contain the fundamental solution of isotropic matrix
so that the fundamental solution of non-homogeneous inclu-
sion is avoided. Then, radial integration method is used to
deal with the domain integral due to the contrast of conduc-
tivities between the inclusion and the matrix, and the radial
basis functions are employed to approximate the unknowns
appearing in the domain integral. Finally, the domain inte-
grals appearing in the regularized interface-domain integral
equation is transformed to interface integrals using the radial
integration method. As a result, finite elements are not
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}

Fig. 22 Position relationship of inclusions in the computational model. a 100 inclusions embedded in an infinite domain model, b 100 inclusions
cut by x1 − x2 plane, c relationship between the inclusions in the red dashed box

required in the numerical implementation of the domain inte-
gral equation for inclusion problems any more.

In the numerical computation, the geometry of the inclu-
sions is depicted by bivariate NURBS basis functions.
Compared with traditional BEM, the inclusions for analysis
in the proposed method has exact geometrical representation
no matter how coarse the discretization of the studied parti-
cles are. That is to say, themethod ensures that no geometrical
errors appear in the analysis process. This is a distinct advan-

tage over traditional BEM, in which the geometrical errors
will greatly influence the accuracy of the numerical result,
especially for complex models.

To offer a reference solution, several finite element mod-
els are constructed by means of the FEM software Abaqus.
In all the examples, we compared the present results with
those obtained by the analytical method or FEM. The given
numerical examples have demonstrated the correctness and
effectiveness of the developed method.
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Fig. 23 Heat flux q distribution
within the inclusions and the
matrix at the x1 − x2 surface for
distance a = 4

Fig. 24 Heat flux q distribution within the inclusions and the matrix at
x1 − x2 surface when distance a = 3
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