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a b s t r a c t

We present a novel fast direct solver to simulate 3D large scale elastic inclusion
problems. The method combines the isogeometric analysis boundary element method
(IGABEM) and the hierarchical off-diagonal low-rank (HODLR) matrix based on non-
uniform rational B-splines (NURBS). Hence the 3D geometric surface can be accurately
described by the bivariate NURBS basis functions. In order to solve the large scale
problems, a stable accelerated algorithm is used to approximate the off-diagonal subma-
trices by low-rank matrices. Based on the accelerated algorithm, a hybrid approximation
algorithm consisting of singular value decomposition (SVD) and adaptive cross approx-
imation (ACA) is proposed to solve the 3D elastic inclusion problems. The validity and
accuracy of the method are verified by testing the four methods. Among the numerical
results obtained from the four methods, the method proposed in this paper uses less
CPU time and storage space to obtain accurate results.

© 2020 Elsevier B.V. All rights reserved.

1. Introduction

To understand the mechanical behavior of heterogeneous materials, we need to investigate the interaction between
different components such as inclusions and matrix. There are various methods to solve the inclusion problems, including
analytical methods [1,2] and numerical methods. Due to the limitation of analytical methods, numerical methods have
attracted extensive attention, such as finite element method (FEM) [3,4], volume integral equation method [5], boundary
element method (BEM) [6], etc. The FEM has been applied to analyze various inclusion problems, but its main disadvantage
is that when the geometric structure changes, the elements need to be reconstructed in matrix and inclusion. The BEM
is an alternative numerical method to deal with the inclusion problems, which has many advantages, such as (1) only
discretizes the boundary of the studied problems; (2) easy to solve the problems of infinite domain; (3) applicable to
solving crack problems, etc.

However, as a numerical method, the BEM, like the FEM, also has discretization error caused by geometric approx-
imation. Therefore, the precision of numerical solution in numerical calculation is affected by geometric discrete error.
The isogeometric analysis (IGA) [7] is an effective method to solve the above problem, in which the geometric shapes
are accurately described by NURBS basis functions. The IGABEM was developed by Simpson et al. [8], which combines
the advantages of IGA and BEM. Thus, the IGABEM is especially suitable for the numerical simulation of heterogeneous
materials containing inclusions of complex shapes. But the IGABEM also inherits the weaknesses of the conventional BEM,
such as dense and asymmetric coefficient matrix, which makes the IGABEM unsuitable for large scale problems. The reason
mainly lies in the storage of dense matrix and the solution of the system of linear equations. If the number of equations
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of the system of linear equations is N, N2 units of memory and O(N3) arithmetic operations are required to directly solve
the system of linear equations. Therefore, a very large number N will result in a dramatic decrease in the efficiency of
the solution.

Many methods have been developed to overcome the storage and CPU time problems caused by large dense matrices.
For example, in order to make full use of the tensor structure of the B-spline, a fast algorithm of 3D Galerkin matrix based
on the low-rank separable tensor decomposition of integral kernels was proposed [9]. There are too many fast algorithms
to list them all. If we consider the solution of the system of linear equations, these methods can be summarized into
two categories: fast algorithms of iterative methods and fast algorithms of direct solver methods. The fast algorithms of
iterative methods usually include fast multipole method (FMM) [10,11], panel clustering methods [12], wavelet based
methods [13] and hierarchical matrix (H-matrices) [14–16], etc. In these methods, the FMM significantly accelerates
the solution of the integral equations and makes the computational complexity of BEM close to O(N). However, in
the implementation of FMM, the difficulty is that the kernel functions of the boundary integral equations need to be
approximated by explicitly multipole expansion form. It is well known that the kernel functions of boundary integral
equations are different for different problems, and even for the same problem, the fundamental solutions of two and three
dimensional problems, such as Laplace’s equation and Helmholtz equation, are different. Hence, the multipole expansions
of the kernel functions are cumbersome. Another option is the adaptive cross approximation (ACA) algorithm proposed
in [17,18], which is a pure algebraic matrix compression method independent of the physical background. Therefore, the
H-matrix with ACA becomes popular, especially in the application of BEM. When the coefficient matrix of the problems
is ill-posed, the fast algorithm based on iteration methods has a poor convergence rate. In order to avoid dealing with
the iterative problems, some research groups [19–23] focus on the study of the fast direct solver. For example, some
studies [19–21,24] used the concept of hierarchical off-diagonal low-rank (HODLR) matrix recursively update the inverse
of the coefficient matrix using the Sherman–Morrison–Woodbury formula [25].

In this paper, based on the HODLR matrix, a novel fast direct solver for the 3D elastic inclusion problems with IGABEM
is proposed. As is well known, all the off-diagonal submatrices of the HODLR matrix are low-rank matrices, which can
be obtained by the ACA algorithm. However, when the ACA is directly applied to the decomposition of the large scale
off-diagonal submatrices, the efficiency is low due to the long CPU time and large rank. In order to solve this problem, we
use the accelerated algorithm of the low-rank approximation of large scale matrix to improve the compression efficiency.
Based on the accelerated algorithm, the accelerated hybrid algorithm is introduced to deal with the elastic problems. Since
the fundamental solution of the elastic problems is a tensor, we use singular value decomposition (SVD) to approximate
the bottom submatrices generated by the accelerated algorithm and ACA to recompress the obtained low-rank matrices.
When the IGABEM is used, there are also various singular integrals, such as weak singular integrals, strong singular
integrals and hyper-singular integrals. Many methods have been developed to deal with the above problem, such as
power series expansion method [26] and weighted quadrature method [27–29]. The power series expansion method,
which can be used to evaluate singular integrals of different orders, has been extended to the IGABEM in [30]. In [27,28],
the weighted quadrature method was proposed to deal with the singular integrals on the boundary of symmetric Galerkin
boundary element method and IGABEM, respectively.

The structure of the paper is organized as follows. Section 2 presents the boundary integral equation for elastic
inclusion problems. Section 3 introduces the matrix decomposition methods and the HODLR matrix. Section 4 outlines the
application of the fast direct solver based on the IGABEM and proposes the hybrid algorithm to raise the computational
efficiency. In Section 5, we use the adaptive integral method to deal with the nearly singular integrals of stress integral
equations. In Section 6, four examples are given to illustrate the distribution of local stress, and the accuracy and
effectiveness of the proposed method are verified. Finally, we conclude our work in Section 7.

2. Isogeometric boundary integral equation

2.1. The boundary integral equation for inclusion model

To illustrate the proposed numerical method, a simple infinite domain model with inclusions will be considered in
this work. As shown in Fig. 1, the matrix (Ω) containing some inclusions (Ω I , I = 1, 2,. . . , n) is subjected to a remote
stress field. The interface of the matrix and the Ith inclusion is denoted by ΓI . The boundary Γ is taken as the sum of the
interface boundaries (ΓI ), namely Γ =

∑n
I=1 ΓI . Here, a perfectly bonded interface between the matrix and each inclusion

is assumed.
For any point y ∈ Γ , the interface displacement boundary integral equation can be expressed as [6]

cij(y)uj(y) = u0
i (y) +

∫
Γ

tj(x)Uij(x, y)dΓ (x) −

∫
Γ

uj(x)Tij(x, y)dΓ (x) (1)

where i, j = 1, 2 and 3. x is the field point on the inclusion–matrix interface Γ . u0
i (y) is the ith displacement component

caused by remote stresses in an infinite homogeneous isotropic elastic matrix. uj and tj represent the displacement and
traction components, respectively. cij(y) = 1/2 on smooth surface. Uij(x, y) and Tij(x, y) are displacement and traction
fundamental solutions, respectively, which are given as

Uij(x, y) =
1

16πG(1 − v)r

[
(3 − 4v)δij + r,ir,j

]
(2a)
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Fig. 1. Inclusion model.

Tij(x, y) = −
1

8π (1 − v)r2

{
∂r
∂n

[
(1 − 2v)δij + 3r,ir,j

]
− (1 − 2v)(r,inj − r,jni)

}
(2b)

where G and v are shear modulus and Poisson’s ratio, respectively. r,i =
∂r(x,y)

∂xi(x)
in which r = ∥x − y∥. ∂r

∂n = r,ini in which
ni is the ith component of the unit outward normal vector n to the boundary surface at point x. δij is the Kronecker delta.

For the Ith isotropic inclusion, when the source point y is on the Ith inclusion–matrix interface ΓI , the corresponding
displacement boundary integral equation can be expressed as follows [31]

c Iij(y)u
I
j (y) =

∫
ΓI

t Ij (x)U
I
ij(x, y)dΓ (x) −

∫
ΓI

uI
j (x)T

I
ij(x, y)dΓ (x) (3)

Assume that the Poisson’s ratio of the matrix is the same as the Poisson’s ratio of inclusions. From Eqs. (2a) and (2b),
the following relationships can be found [6,32]

U I
ij =

G
GI Uij (4a)

T I
ij = Tij (4b)

Then, based on the interface conditions and Eqs. (4a) and (4b), we can obtain the following displacement boundary integral
equation for one inclusion [6]

cij(1 +
GI

G
)uj(y) = u0

i (y) −

∫
Γ

uj(x)(1 −
GI

G
)Tij(x, y)dΓ (x) (5)

2.2. NURBS discretization

In this section, we focus on the numerical implementation of IGABEM with NURBS basis functions in the 3D
heterogeneous elastic problems. Therefore, an overview of NURBS basis functions is given below. More details about
NURBS basis function can be found in [7,8].

Two non-decreasing knot vectors along the directions ξ and η are Ξ = {ξ1, ξ2,. . . , ξn+p+1} and H = {η1, η2, . . . , ηm+q+1},
respectively, where p and q are the orders of univariate basis functions, and n and m represent the total numbers of
control points along the directions ξ and η, respectively. The univariate NURBS basis functions in the ξ direction with the
positive weight ωi can be defined as

Ri,p(ξ ) = Ni,p(ξ )ωi

/⎛⎝ n∑
j=1

Nj,p(ξ )ωj

⎞⎠ (6)
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Then the bivariate NURBS basis functions can be constructed by the tensor product of two univariate NURBS basis
functions as follows

Rp,q
i,j (ξ, η) =

Ni,p(ξ )Mj,q(η)ωi,j∑n
î=1

∑m
ĵ=1 Nî,p(ξ )Mĵ,q(η)ωî,ĵ

(7)

where Ni,p and Mj,q are the pth and qth order B-spline basis functions defined in the ξ and η directions, respectively. ωi,j is
the weight value associated with bidirectional net of control point P i,j. So the NURBS geometric surface in the parametric
domain [ξ1, ξn+p+1]×[η1, ηm+q+1] can be defined as follows

x(ξ, η) =

n∑
i=1

m∑
j=1

Rp,q
i,j (ξ, η)P i,j (8)

In the implementation of IGABEM, the physical quantities are approximated by the same bivariate basis functions that
are used to model the boundary surface. Based on the knot vectors, the integrals over the entire boundary of the computed
model can be divided into elemental integrals over isogeometric elements. In fact, due to the adoption of NURBS, the
element in conventional BEM has been replaced by knot span. In the parametric space, the isogeometric elements are
defined as non-zero knot intervals [ξi, ξi+1] × [ηj, ηj+1], where ξi, ξi+1 ∈ Ξ and ηj, ηj+1 ∈ H. Using the isogeometric
elements, the geometry boundary, displacement and traction components on the Γe, which is an element of boundary Γ ,
are mapped to the corresponding knot intervals [ξi, ξi+1] × [ηj, ηj+1] as follows [30]

x(ξ, η) =

(p+1)(q+1)∑
b=1

Rb(ξ, η)xb (9a)

ui(ξ, η) =

(p+1)(q+1)∑
b=1

Rb(ξ, η)dbi (9b)

ti(ξ, η) =

(p+1)(q+1)∑
b=1

Rb(ξ, η)qbi (9c)

in which xb denotes the set of control point coordinates and x = (x, y, z) is the location of the physical surface
corresponding to the spatial coordinates ξ, η in parametric space. di and qi are the local displacement and traction
component parameters at the corresponding control points, respectively.

Then, the integral over the isogeometric boundary element can be computed by the standard Gauss–Legendre rule.
The conversion relationship is as follows

ξ = (1 − ξ̂ )ξi/2 + (1 + ξ̂ )ξi+1/2, ξ ∈ [ξi, ξi+1] (10a)

η = (1 − η̂)ηj/2 + (1 + η̂)ηj+1/2, η ∈
[
ηj, ηj+1

]
(10b)

where ξ̂ ∈ [−1, 1] and η̂ ∈ [−1, 1]. If there are NE elements, the boundary integral equation (5) at collocation point
s = (ξ̂s, η̂s) can be discretized as follows

cij(1 +
GI

G
)
(p+1)(q+1)∑

J=1

RJ (ξ̂s, η̂s)d
J
j = u0

i −

NE∑
e=1

(p+1)(q+1)∑
J=1

T̂ J
ijd

J
j (11)

and

T̂ J
ij =

∫ 1

−1

∫ 1

−1
(1 −

GI

G
)Tij(s, x(ξ̂ , η̂))RJ (ξ̂ , η̂)J(ξ̂ , η̂)dξ̂dη̂ (12)

where J(ξ̂ , η̂) = J1(ξ̂ , η̂)J2(ξ, η) is the Jacobian in which J1(ξ̂ , η̂) = (ξi+1 − ξi)(ηj+1 − ηj)/4 and J2(ξ, η) =√(
∂y
∂ξ

∂z
∂η

−
∂y
∂η

∂z
∂ξ

)2
+

(
∂z
∂ξ

∂x
∂η

−
∂z
∂η

∂x
∂ξ

)2
+

(
∂x
∂ξ

∂y
∂η

−
∂x
∂η

∂y
∂ξ

)2
.

The matrix form of Eq. (11) with respect to boundary condition can be written as

Ĥd = u0 (13)

where u0 is the known nodal vector composed of displacement components u0
i in Eq. (11). Ĥ is the related coefficient

matrix from Eq. (11). By solving Eq. (13), we can get the displacement d of the control points on the side of the
matrix at the inclusion–matrix interface. Once the interface displacements are obtained by Eq. (13), the tractions at
the corresponding control points can be computed by the integral equation in Eq. (1). The discretized form of Eq. (1)
is expressed as follows

cij
(p+1)(q+1)∑

J=1

RJ (ξ̂s, η̂s)d
J
j = u0

i +

NE∑
e=1

(p+1)(q+1)∑
J=1

U J
ijq

J
j −

NE∑
e=1

(p+1)(q+1)∑
J=1

T J
ijd

J
j (14)
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where

U J
ij =

∫ 1

−1

∫ 1

−1
Uij(s, x(ξ̂ , η̂))RJ (ξ̂ , η̂)J(ξ̂ , η̂)dξ̂dη̂ (15a)

T J
ij =

∫ 1

−1

∫ 1

−1
Tij(s, x(ξ̂ , η̂))RJ (ξ̂ , η̂)J(ξ̂ , η̂)dξ̂dη̂ (15b)

Introducing the obtained displacement d into Eq. (14), the following matrix form is obtained

Uq = u0
+ Hd (16)

where d is the obtained displacement vector. Then, Eq. (16) can be rewritten as

Ax = b (17)

where A = U .x is the unknown traction q of the control points. b = u0
+ Hd is the known quantity.

In numerical implementation, the power series expansion method [26] is utilized to calculate both the weakly singular
integrals and strongly singular integrals existing in Eqs. (11) and (14). In IGA, if we use the initial control parameters to
solve the problem under consideration, the accuracy of the displacements and tractions may not meet our requirement.
Therefore, this paper adopts the h-refinement scheme proposed in [7] to refine the isogeometric elements. The collocation
points are generated by the Greville abscissae definition [33].

3. Matrices decomposition and HODLR matrices

3.1. Low-rank matrices decomposition

Given a matrix O ∈ Rm×n, a low-rank approximation matrix Ok whose rank is k < min(m,n) is built by a factorization
form, namely Ok = UV , in which the matrices U and V are of dimensions m×k and k×n, respectively. Then O = Ok + Rk
where Rk is the residual matrix. There are many techniques which can decompose the matrix O to compute the factored
matrices U and V . In the course of this section, SVD and ACA will be introduced. The details are as follows.

3.1.1. The singular value decomposition
Assume matrix O is decomposed by using the SVD [34], the positive and non-increasing singular values of matrix O

are located on the diagonal of matrix W r ∈ Rr×r , namely, W r = diag (w1, w2, . . . , wr). U r ∈ Rm×r and V r ∈ Rn×r are
orthonormal matrices. In the current numerical computation, the truncated SVD is used to obtain a low-rank matrix Ok.
Given a threshold εsvd and traversing the singular values, we truncate it when wk+1 < εsvd. Then the low rank matrix
Ok = U kW kV ∗

k is obtained. Finally, the factored matrices U and V are given as

U = U k

√
W k and V =

√
W kV ∗

k (18)

where
√
W k = diag(

√
w1,

√
w2, . . . ,

√
wk).

It is well known that the truncated SVD is optimal for any given rank, which will result in the minimum residual matrix
Rk in the Frobenius norm ∥·∥F . In other words, for a given accuracy, the truncated SVD can find the lowest rank. However,
the drawbacks of the SVD are the storage requirement and the computational complexity. In the SVD implementation,
whether O is dense or not, the orthonormal matrices U k and V k are usually dense. And the cost of SVD for matrix O ∈ Rm×n

is 14mn2
+ 8n3 complex operations [35]. This means the computational cost is cubic, which prevents the application of

large scale problems. But for low-rank matrix, the complex operations are reduced to k2(m + n).

3.1.2. The adaptive cross approximation algorithm
As an alternative to the SVD, the ACA is an efficient technique to factor the low-rank matrix. Instead of building the

whole matrix beforehand, we choose some rows and columns from the original matrix to form the following formula [18]

Ok =

k∑
i=1

uiv
∗

i = UV (19)

where ui ∈ Rm and vi ∈ Rn. So, for any matrix O ∈ Rm×n, we only need k × (m + n) terms to store the size of the matrix.
The εACA > 0 is a given parameter which controls the number of required rows and columns of the original matrix.

There are two different ACA algorithms: fully pivoted ACA and partially pivoted ACA. The detailed description of these
two algorithms is given in [18]. For the fully pivoted ACA algorithm, in order to generate the low-rank matrix, the number
of operations is O(kmn) and the storage requirement is O(nm). That is, the fully pivoted ACA algorithm is not a satisfying
method for large scale matrices. But we can see that the fully pivoted ACA algorithm is simple and the stop criterion can
be given explicitly. Compared with the fully pivoted ACA algorithm, the partially pivoted ACA algorithm is called a true
fast algorithm in practice. But the algorithm is complex and only an appropriate stopping criterion is given.
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Fig. 2. A binary tree of 2D sketch.

Fig. 3. HODLR matrices for three levels.

3.2. The HODLR matrix

As mentioned in the introduction, the HODLR matrix whose all off-diagonal submatrices can be approximated by
low-rank matrices is a kind of H-matrix. Some details about the HODLR matrix are presented in this section.

For a matrix O ∈ Rm×n, the one-level HODLR matrix is defined as follows [19,20]

O =

[
D11 U11V 11

U12V 12 D12

]
(20)

where D11 ∈ Rm1×n1 and D12 ∈ Rm2×n2 are the diagonal submatrices. The multiplication form of two matrices U1iV 1i (i =

1, 2) is the low-rank approximation of two off-diagonal submatrices, respectively, where U1i ∈ Rmi×ki and V 1i ∈ Rki×(n−ni).
The first subscript is the number of level. To generate a two-level HODLR matrix, two diagonal submatrices D11 and D12
in Eq. (20) should be divided into four submatrices, respectively. A two-level HODLR matrix is shown as

O =

⎡⎢⎢⎢⎢⎣
[

D21 U21V 21

U22V 22 D22

]
U11V 11

U12V 12

[
D23 U23V 23

U24V 24 D24

]
⎤⎥⎥⎥⎥⎦ (21)

Construct recursively until the required l-level is reached. Therefore, the kth diagonal block of l-level HODLR matrix can
be written as[

Dl(2k−1) U l(2k−1)V l(2k−1)

U l(2k)V l(2k) Dl(2k)

]
(22)

Assume that the inverse of all diagonal matrices exists and off-diagonal matrices can be well approximated by low-
rank matrices. To calculate the inverse of HODLR matrix using the Sherman–Morrison–Woodbury formula [25], the HODLR
matrix should be factored into the multiplication of several diagonal block matrices. The readers can refer to the Refs. [21]
and [24] for the algorithms of the one-level and multi-level schemes. We focus on the fast algorithm with the IGABEM.
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Fig. 4. The accelerated algorithm for three levels.

4. The application of fast algorithm with IGABEM

We can now relate the IGABEM in Section 2 to the HODLR matrix. In order to use the above HODLR matrix to solve the
system of linear equations, the hierarchical scheme will be obtained by using the geometric structure. In this work, the
HODLR matrix is constructed through a binary tree. In order to better describe the process, a 2D circle model is used and
its knot vector is defined as Ξ = {0,0,0,1,1,2,2,3,3,4,4,4}. For the circle, after one refinement, eight isogeometric elements
will be produced, as shown in Fig. 2. Firstly, TL0 is the root including all boundary elements (eight isogeometric elements).
Secondly, the eight isogeometric elements in TL0 are split into TL1-1 and TL1-2 which contain four isogeometric elements,
respectively. Then, the TL1-1 and TL1-2 generated in second step are again separated into TL2-1 and TL2-2 as well as TL2-3
and TL2-4, respectively. This procedure is applied recursively until the number of tree levels reaches the user-given value
R.

After constructing the binary tree, we will traverse it. Firstly, the whole boundary elements in the root (TL0) of the
binary tree are separated into two parts. As shown in Fig. 3(a), since the elements are divided into two parts, four
submatrices are generated, including two new off-diagonal submatrices (O11 and O12) and two new diagonal submatrices
(D11 and D12). Then, the two off-diagonal submatrices (O11 and O12) will be approximated by the ACA algorithm,
respectively. Diagonal submatrices do not need to be dealt with. Secondly, visit the next level (L = 1) of the binary tree.
The boundary elements in the tree nodes (TL1-1 and TL1-2) are also separated into two parts, respectively. As shown
in Fig. 3(b), the procedure for the binary tree (L = 1) will produce four new off-diagonal submatrices (O21, O22, O23
and O24) and four new diagonal submatrices (D21, D22, D23 and D24). As in the first step, the ACA algorithm is used
to decompose the four off-diagonal submatrices. Repeat the above operation until r = R − 1. In this level, the boundary
elements in each tree node are also divided into two parts, respectively. Different from the above process, the 2r new
diagonal matrices produced in this level should be evaluated directly. Up to now, the HODLR matrix has been constructed.
Then, the inverse of the coefficient matrix is calculated by using the Sherman–Morrison–Woodbury formula.

As mentioned above, all the off-diagonal submatrices in the HODLR matrix are approximated by the ACA algorithm
whose speed is related to the value of k in Eq. (19). When k ≪ min(m, n), the storage space can be saved effectively, and
the efficiency of the Sherman–Morrison–Woodbury formula can be improved substantially. However, if the ACA algorithm
is used to decompose the off-diagonal submatrices such as O11 and O12 directly, the value k in Eq. (19) may be large and
the implementation process may be slow, especially for large scale elastic problems [15]. In next section, we utilize an
accelerated algorithm to decompose the off-diagonal submatrices into some small blocks and use the blocked scheme to
accelerate the decomposition of off-diagonal submatrices.

4.1. The accelerated algorithm

According to the Ref. [24], considering an off-diagonal submatrix B ∈ Rm×n, for the one-level accelerated algorithm,
the matrix B is split into four parts given as (see Fig. 4, Level = 1)

B =

[
B11 B12

B13 B14

]
(23)

where Bli ∈ Rmli×nli (l = 1; i = 1, . . . , 4). Then, the ACA algorithm is utilized to decompose the Bli, thus B can be written
as

B =

[
U11V 11 U12V 12

U13V 13 U14V 14

]
=

[
U11 U12

U13 U14

]⎡⎢⎣V 11
V 13

V 12
V 14

⎤⎥⎦ (24)
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Fig. 5. Quadtree structure.

where U ij ∈ Rmij×kij and V ij ∈ Rkij×nij (i = 1; j = 1, . . . , 4). On the right side of Eq. (24), the dimension of first matrix
is m ×

∑4
j=1 k1j, and the dimension of second matrix is

∑4
j=1 k1j × n. The sum

∑4
j=1 k1j may be too large to use the

Sherman–Morrison–Woodbury formula effectively [20]. Therefore,
[
V 11
V 13

]
and

[
V 12
V 14

]
need to be recompressed by ACA to

obtain a satisfactory low-rank approximation as

B = U1V 1 (25)

This idea can be implemented recursively. In the two-level scheme, we can deal with the submatrices Bli as the original
matrix B. The multi-level scheme and the corresponding algorithm can be found in [24].

4.2. The accelerated hybrid algorithm

The implementation of the accelerated algorithm described in Section 4.1 is shown in Fig. 4. As can be seen from Fig. 4,
the algorithm adopts the quadtree structure as shown in Fig. 5. It is well known that the fundamental solutions shown in
Eq. (2) are in tensor form, so the coefficient matrix of the elastic problems is not suitable for ACA decomposition [35]. Even
if the ACA does not fail, the value k in Eq. (19) and the computation time will increase [15]. As mentioned in Section 3.1.1,
for a given accuracy, the SVD can give a lowest rank. Hence, in the numerical implementation, the SVD is applied in
the lowest level of the quadtree, namely the nth level in Fig. 5. The ACA is still used for the accelerated algorithm’s
recompression. The implementation of the accelerated hybrid algorithm is described as follows.

We need to build a quadtree. Firstly, one may choose any off-diagonal submatrix as the root node. Secondly, for
simplicity, we divide the matrix into four blocks and use equal division, as shown in Fig. 4 (Level = 1). The four blocks
are four tree nodes (Fig. 5 (Level = 1)), respectively. Then, the matrices 11, 12, 13 and 14 in Fig. 4 are also divided into
four blocks, respectively, forming the tree nodes (Fig. 5 (Level = 2)). Divide recursively until the level reaches the given
value n. The nodes which have no children are leaves.

After the quadtree is constructed, we will traverse it. Firstly, find the first leaf node, e.g. 3111 in Fig. 4, and decompose
it with SVD. Then, other leaf nodes (3112, 3113, 3114) that share a common parent with 3111 are also decomposed by
SVD. Secondly, use the recompression technique in Section 4.1 to form one low-rank matrix. This process continues until
the Level = 0.

5. Postprocessing

5.1. Internal point stresses

The stress integral equation at the point P in the matrix is expressed as [6]

σij(P) = σ 0
ij (P) +

∫
Γ

Dijk(x, P)tk(x)dΓ (x) −

∫
Γ

Sijk(x, P)uk(x)dΓ (x) (26)

where Dijk and Sijk are the fundamental solutions of an isotropic elastic medium, which are defined as

Dijk =
1

8π (1 − v)r2
[
(1 − 2v)(δikr,j + δjkr,i + δijr,k) + 3r,ir,jr,k

]
(27a)
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Sijk =
G

4π (1 − v)r3
{3

∂r
∂n

[
(1 − 2v)δijr,k + v(δikr,j + δjkr,i) − 5r,ir,jr,k

]
+3v(r,ir,knj + r,jr,kni) + (1 − 2v)(δiknj + δjkni + 3r,ir,jnk)
−(1 − 4v)δijnk}

(27b)

For the Ith isotropic inclusion ΩI , the corresponding stress integral equation at the point P ∈ Ω I is written as [6]

σ I
ij(P) =

∫
ΓI

DI
ijk(x, P)t

I
k(x)dΓ (x) −

∫
ΓI

S Iijk(x, P)u
I
k(x)dΓ (x) (28)

where DI
ijk = Dijk and S Iijk =

GI
G Sijk.

Based on Section 2, we can obtain the isogeometric discretization forms of Eqs. (26) and (28), respectively, as follows

σij(P) = σ 0
ij (P) +

NE∑
e=1

(p+1)(q+1)∑
J=1

[∫ 1

−1

∫ 1

−1
Dijk(P, x(ξ̂ , η̂))RJ (ξ̂ , η̂)J(ξ̂ , η̂)dξ̂dη̂

]
qk

−

NE∑
e=1

(p+1)(q+1)∑
J=1

[∫ 1

−1

∫ 1

−1
Sijk(P, x(ξ̂ , η̂))RJ (ξ̂ , η̂)J(ξ̂ , η̂)dξ̂dη̂

]
dk

(29)

and

σ I
ij(P) =

NE∑
e=1

(p+1)(q+1)∑
J=1

[∫ 1

−1

∫ 1

−1
DI
ijk(P, x(ξ̂ , η̂))RJ (ξ̂ , η̂)J(ξ̂ , η̂)dξ̂dη̂

]
qIk

−

NE∑
e=1

(p+1)(q+1)∑
J=1

[∫ 1

−1

∫ 1

−1
S Iijk(P, x(ξ̂ , η̂))RJ (ξ̂ , η̂)J(ξ̂ , η̂)dξ̂dη̂

]
dIk

(30)

Using Eqs. (29) and (30), one can obtain the internal point stress components in matrix and inclusions, respectively.
However, when the computed point is very close to the inclusion–matrix interface, the nearly singular integrals will arise.
The numerical results may be wrong if we do not deal with the nearly singular integrals of the integral equation. In this
paper, we use the adaptive integration method [36] to deal with the nearly singular integrals in elastic problems, which
has been used to calculate the nearly singular integrals in IGABEM [37].

5.2. Adaptive integral method

The standard Gauss quadrature formula in 3D can be given as [36]

I =

∫ 1

−1

∫ 1

−1
f (ξ, η)dξdη =

m1∑
i=1

m2∑
j=1

wi
1w

j
2f (ξ

i, ηj) + E1 + E2 (31)

where m1 and m2 are the number of Gauss points in the ξ and η directions, respectively. wi
1 and w

j
2 are the corresponding

weights. E1 and E2 are the integration errors in two directions ξ and η, respectively. The upper bound of relative error ei
in the ith direction is written as [38]

Ei
I

≤ 2
(

Li
4d

)2mi (2mi + β − 1)!
(2mi)!(β − 1)!

≤ ei (32)

where β = 2 is the order of integral singularity. The length of the element is Li in the ith direction. d is the minimum
distance between the source point and the element. The number of Gauss point mi in the ith direction can be obtained
as [36]

mi =

√
2
3
β +

2
5
[−0.1 ln(ei/2)][(8Li/3d)3/4 + 1] (33)

Then, rearrange Eq. (33) to yield

Li =
3
8
d
(

−10mi
√
2q/3 + 2/4 ln(ei/2)

− 1
)4/3

(34)

For the adaptive integral method, in order to avoid using a large number of Gauss points, the element considered is
repeatedly divided into sub-elements, thereby reducing the computational error. Through the adaptive integral method,
the nearly singular integrals existing in IGABEM can be accurately computed by moderate Gauss orders. The details of
derivation in IGABEM can be found in [37].
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Fig. 6. The initial geometry for the spherical inclusion in which the control points are shown in the green dots.

6. Numerical examples

In this paper, the default tolerance εACA and εSVD are set to be 10−5, and the upper bound of relative error ei(i = 1,
2) in Eq. (32) is 10−6. Both the SVD and inverse of the diagonal matrices are solved by Intel R⃝ Math Kernel Library
(https://software.intel.com/en-us/mkl). To illustrate the efficiency and accuracy of the present algorithm, the following
methods will be compared in this section.

• Method 1: The conventional IGABEM;
• Method 2: The HODLR scheme without the accelerated algorithm; and the approximation of off-diagonal submatri-

ces using ACA for IGABEM;
• Method 3: The HODLR scheme using the accelerated algorithm; and the approximation of off-diagonal submatrices

using ACA for IGABEM;
• Method 4: The HODLR scheme using the accelerated algorithm; and the approximation of off-diagonal submatrices

using hybrid scheme for IGABEM.

In this section, there are four numerical examples with different models. In the examples, the polynomial degree of
the NURBS is two, namely p = 2 and q = 2, unless otherwise specified. N denotes the degree of freedom. E = 1 is the
Young’s modulus of the matrix and EI the Young’s modulus of the inclusion. v represents the Poisson’s ratio of the matrix
which is equal to that of inclusions, and its value is 0.3. Ttotal represents the total CPU time of solving the system of linear
equations, and Tapprox is the CPU time of low-rank approximation for the upper right corner submatrix of HODLR matrix. k
is the rank of low-rank matrix as mentioned in Section 3.1. The relative error in L2 norm of the displacements and stresses
with respect to the exact results is computed as

L2 norm error =

√f num − f exact
2

/
f exact2

where fnum denotes the numerical result vector of the displacement or stress, and the fexact is the corresponding exact
result vector.

6.1. One spherical inclusion

One unit spherical inclusion embedded in an infinite domain is considered, as shown in Fig. 6, under the uniform
remote tri-axial tension σ0. Fig. 6 shows the initial elements described with the knot vectors Ξ = {0,0,0,0.25,0.25,0.5,0.5,
0.75,0.75,1,1,1} and H = {0,0,0,0.5,0.5,1,1,1} as well as the polynomial orders p = 2 and q = 2. In this example, we
investigate the effect of different Young’s modulus ratios EI/E on the stress distribution. The exact analytical solution can
be found in [5].

For the sake of simplicity, we use the soft inclusion (EI/E = 0.5) to test the accuracy and convergence of the present
algorithm unless otherwise specified. For the convergence plot, the element size is calculated as h =

√
Ae
max/A in which

Ae
max is the maximal area of the elements and A the surface area of Γ . Figs. 7 and 8 display the convergence curves in

the L2 normal error of the stresses and displacements, respectively, by four methods, i.e. Method 1, Method 2, Method 3

https://software.intel.com/en-us/mkl
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Fig. 7. The convergence of the stresses σzz : (a) Calculated points along S1 in the matrix part and (b) Calculated points along S2 in the inclusion
part.

Fig. 8. The convergence of the displacements ur : (a) Calculated points along S1 in the matrix part and (b) Calculated points along S2 in the inclusion
part.

and Method 4. In Figs. 7 and 8, the calculated points in matrix part are distributed uniformly along the curve S1 and the
calculated points in inclusion part are distributed uniformly along the curve S2, as follows

S1: x = Rmat cos θ, y = Rmat sin θ, z = 0;

S2: x = Rinc cos θ, y = Rinc sin θ, z = 0.
where Rmat = 1.1, Rinc = 0.9 and θ ∈ [0, 2π ]. From Figs. 7 and 8, it can be seen that the four methods are convergence and
very close to each other. That is to say, we have improved the computing efficiency and kept the accuracy unchanged.
With respect to method 4, both quadratic and cubic NURBS basis functions are investigated. By comparing the curves
between quadratic and cubic NURBS basis functions in Figs. 7 and 8, it can be seen that when considering the higher-
order NURBS basis functions, the L2 normal errors are not improved. For this phenomenon, the problem may lie in the
method of solving singular integrals. When the power series expansion method is used in 3D problems, a system of linear
equations should be solved, in which condition number of the coefficient matrix is related to the parametric M (M = 2*(p
+ q)−2). Therefore, when considering the higher-order NURBS basis functions, the parametric M will increase, resulting
in larger condition number and no improvement in error. As the main purpose of this paper is to investigate the fast direct
solver, this phenomenon will be discussed in depth in the further research. Table 1 shows the numerical results of the
normalized stress σzz/σ0 obtained by four methods. The exact results at the internal points along x axis are also given in
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Table 1
The normalized stresses σzz/σ0 along x axis with respect to N for four methods.
N x Method 1 Method 2 Method 3 Method 4 Exact

3456

0.5 0.72393 0.72393 0.72393 0.72393 0.72414
0.99 0.79561 0.79561 0.79561 0.79562 0.72414
0.999 17.2780 17.2780 17.2780 17.2781 0.72414
1.001 31.4219 31.4219 31.4219 31.4218 1.13752
1.01 0.98829 0.98829 0.98829 0.98829 1.13387
1.1 1.10363 1.10363 1.10363 1.10363 1.10363
3.0 1.00566 1.00566 1.00566 1.00566 1.00566
5.0 1.00110 1.00110 1.00110 1.00110 1.00110

13824

0.5 0.72405 0.72405 0.72405 0.72405 0.72414
0.99 0.72297 0.72297 0.72297 0.72298 0.72414
0.999 21.0260 21.0260 21.0260 21.0261 0.72414
1.001 39.4940 39.4940 39.4940 39.4940 1.13752
1.01 1.13659 1.13659 1.13660 1.13660 1.13387
1.1 1.10363 1.10363 1.10363 1.10363 1.10363
3.0 1.00566 1.00566 1.00566 1.00566 1.00566
5.0 1.00110 1.00110 1.00110 1.00110 1.00110

Fig. 9. The results of the normalized stress σzz/σ0 along x axis for Method 4.

Table 1 for comparison. From Table 1, we can see that when the computed point is far from inclusion–matrix surface, the
numerical results obtained by four methods are well consistent with the exact results. Even though the numerical results
are convergence, with the computed point closer to the inclusion–matrix surface, nearly singular integrals will appear
and the numerical results obtained by the standard Gauss quadrature method become unsatisfactory (such as x = 0.999
or x = 1.001). To evaluate nearly singular integrals, the adaptive integral method mentioned in Section 5 will be used
in the program code. When N = 3456, the results of the normalized stress σzz/σ0 obtained by Method 4 which uses the
adaptive integral method and the exact results are displayed in Fig. 9, respectively. The numerical results at the calculated
points (−1.01, −1.001, 0.99 and 0999) are shown in the small square frames (1, 2, 3 and 4 points) in Fig. 9, respectively.
Fig. 10 shows the distribution of normalized stress σzz/σ0 on the xy cross section by Method 4 for the soft inclusion and
hard inclusion, respectively. From Fig. 10, we can see that the numerical results match the exact results very well. We also
can find that for the soft inclusion the local normalized stress σzz/σ0of matrix increases, whereas for the hard inclusion
the local normalized stress σzz/σ0 of matrix decreases. In order to see the error distribution more clearly, the relative
error distribution of σzz for the soft inclusion on the xy cross section is plotted in Fig. 11 with Method 4. The red lines
in the matrix and inclusion in Fig. 11 are curves S1 and S2, respectively. From Fig. 11, we can see that the larger relative
error values appear near the inclusion–matrix interface and distribute between curves S1 and S2, which are computed by
the adaptive integral method. Although the relative error value increases near the inclusion–matrix interface, the order
of the magnitude of maximum relative error is 10−4. Therefore, the present method can effectively deal with the elastic
inclusion problems.
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Fig. 10. The normalized stresses σzz/σ0 on the xy cross section: (a) Numerical solution of one soft inclusion; (b) Exact solution of one soft inclusion;
(c) Numerical solution of one hard inclusion; (d) Exact solution of one hard inclusion.

Table 2
The CPU time and rank k for four methods with respect to one spherical inclusion.
N k Tapprox (s) Ttotal (s)

3456

Method 1 – – 247.91
Method 2 472 81.084 170.22
Method 3 727 35.009 78.249
Method 4 407 4.4290 16.298

13824

Method 1 – – 14627.1
Method 2 1070 4236.0 8994.4
Method 3 1326 1042.0 2221.1
Method 4 713 153.60 436.62

In order to investigate the CPU time of solving the system of linear equations, Table 2 gives the CPU time of four
methods for solving Eq. (13). As we can see from Table 2, Method 4 takes the least time and storage space of all the
methods. Hence, for the same tolerance εACA = εSVD = 10−5, Method 4 requires the least memory and CPU time. As
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Fig. 11. The relative errors of the soft inclusion on the xy cross section.

Fig. 12. (a) The initial geometry for the two spherical inclusions in which the control points are shown in the green dots. (b) The vertical view of
two spherical inclusions.
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Fig. 13. The normalized stress σzz/σ0 of two soft inclusions on the xy cross section: (a) Distance d = 0.2; (b) Distance d = 0.5; (c) Distance d = 1.

mentioned in Section 2, we need to solve two systems of linear equations for the considered problem. Therefore, with
the increase of matrix size, the accelerated hybrid algorithm is more effective.

6.2. Two spherical inclusions

In the second example, we consider two unit spherical inclusions in an infinite matrix with the remote uniaxial loading
σ0 = 1 in z-direction, as shown in Fig. 12 which displays the initial elements and control points. (−1.5,0,0) and (1.5,0,0)
are, respectively, the center coordinates of two spherical inclusions and d = 1 is the distance from A to B (see Fig. 12(b)).

In numerical implementation, 27 648 DOFs are applied to gain the numerical results. Fig. 13 shows the distribution
of normalized stress σzz/σ0 for soft inclusions on the xy cross section by Method 4. From Fig. 13, due to the existence
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Fig. 14. The normalized stress σzz/σ0 of two hard inclusions on the xy cross section: (a) Distance d = 0.2; (b) Distance d = 0.5; (c) Distance d = 1.

of the soft inclusions, we can clearly see that the local normalized stress σzz/σ0 of matrix increases gradually near the
inclusions and decreases from the boundary of inclusions to infinity until σzz/σ0 = 1. In Fig. 13(a), (b) and (c), the distance
d between two inclusions is 0.2, 0.5 and 1, respectively. In the upper right corner of Fig. 13(a), (b) and (c), the interaction
of two inclusions is displayed, respectively. With the increase of the distance d between two inclusions, the interaction of
two inclusions and the effect of two inclusions on the stress distribution become weak. When d = 1, we can find that the
interaction of two inclusions almost disappeared, and the stress values vary between 0.68 and 0.688. Fig. 14 describes the
normalized stress distribution σzz/σ0 for hard inclusions in the same way as Fig. 13. Since the inclusions are hard, which
is different from Fig. 13, the local normalized stress σzz/σ0 of matrix in Fig. 14 decreases gradually near the inclusions
and increases from the boundary of inclusions to infinity until σzz/σ0 = 1. However, when the distance d between two
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Fig. 15. (a) The geometric model of the 100 spherical inclusions in infinite space; (b) The vertical view of the 100 spherical inclusions in which the
distance d between two spherical inclusions is represented by the black lines.

Table 3
The CPU time and rank k for three methods with respect to two spherical inclusions.

Matrix approximation Solving matrix

Method 2 Method 3 Method 4 Method 2 Method 3 Method 4

Tapprox (s) k Tapprox (s) k Tapprox (s) k Ttotal (s) Ttotal (s) Ttotal (s)

d = 0.2 21569.2 1083 3070.7 2439 657.6 847 43476.3 6575.4 1700.6
d = 0.5 11514.9 761 1956.1 1742 474.6 587 23357.3 4333.6 1404.5
d = 1.0 5868.1 492 1274.0 1222 399.1 420 12139.2 2963.8 1206.6

Table 4
The CPU time and rank k for three methods with respect to 100 spherical inclusions.

Tapprox (s) k Ttotal (s)

Method 2 449506.2 2662 928311.4
Method 3 121343.3 8102 251683.2
Method 4 8986.0 2046 24616.3

inclusions increases, the interaction of two inclusions and the effect of two inclusions on the stress distribution become
weak, which is consistent with the case of soft inclusions.

Table 3 shows the CPU time and the rank k for solving Eq. (13) by three methods, i.e. Method 2, Method 3 and Method
4. The numerical computation is implemented on soft inclusions (E I/E = 0.5). In Table 3, with the increase of distance
d between two inclusions, the CPU time and storage space decrease for three methods. Method 4 uses the accelerated
hybrid algorithm, which uses the least CPU time and memory space compared with Methods 2 and 3.

6.3. 100 spherical inclusions

In this example, 100 unit spherical inclusions are considered in an infinite matrix with the remote uniaxial loading
σ0 = 1 in z-direction, as shown in Fig. 15.

In Fig. 16, the distribution of normalized stress σzz/σ0 for 100 soft inclusions on the xy cross section is described by
Method 4. In order to investigate the effect of different distances on the distribution of stresses, the distances d between
two inclusions are taken as 0.2, 0.5 and 1, respectively, as shown in Fig. 16(a), (b) and (c). As can be seen from Fig. 16,
at different distances d, the stress distribution around the spherical inclusions is basically the same, but due to the soft
inclusions, the stress around the spherical inclusions is relatively larger. The normalized stress σzz/σ0 decreases from the
boundary of inclusions to infinity until σzz/σ0 = 1. However, as the distance d increases, the effect of the inclusions on the
stress distribution becomes weak, and the interaction of inclusions also becomes weak. Compared with soft inclusions,
Fig. 17 shows the distribution of normalized stress σzz/σ0 for 100 hard inclusions. Different from the soft inclusions, as
shown in Fig. 17, the normalized stress σzz/σ0 of matrix becomes smaller around the hard inclusions, which increases
from the boundary of inclusions to infinity until σzz/σ0 = 1.

Numerical calculations are performed with 86,400 DOFs. The CPU time and the rank k for solving Eq. (13) are displayed
in Table 4 by Methods 2, 3 and 4 on soft inclusion (EI/E = 0.5). In Table 4, we only investigate one case where d is equal
to 0.5. For large scale problems, CPU time and memory space in Method 4 are also minimal compared to Methods 2
and 3.
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Fig. 16. The normalized stress σzz/σ0 of 100 soft inclusions on the xy cross section: (a) Distance d = 0.2; (b) Distance d = 0.5; (c) Distance d = 1.

6.4. An inclusion of a complex shape

In the last example, an inclusion of complex shape in an infinite matrix subjected to the remote loading as in the
example 6.3 is considered. The geometric model is showed in Fig. 18(a). Ξ = {0,0,0,0.25,0.25,0.5,0.5,0.75,0.75,1,1,1} and H
= {0,0,0,1/6,1/6,1/3,1/3,1/2,1/2,2/3,2/3,5/6,5/6,1, 1,1} are taken as the knot vectors in ξ and η directions and the polynomial
orders are p = 2 and q = 2, respectively. Fig. 18(b) and (c) display the vertical view (xy cross section) and front view (xz
cross section) of the inclusion, respectively, with the right view (yz cross section) identical to the front view.
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Fig. 17. The normalized stress σzz/σ0 of 100 hard inclusions on the xy cross section: (a) Distance d = 0.2; (b) Distance d = 0.5; (c) Distance d = 1.

Fig. 19 presents the ABAQUS mesh of the inclusion with complex shape. As the reference solution, the calculated
points are shown in Fig. 19(a) (xy cross section) and (b) (yz cross section), respectively. In Figs. 20 and 21, we investigate
the Method 4 and use 10368 DOFs to obtain the numerical results. Fig. 20 depicts the numerical results of normalized
stress σzz/σ0 at the calculated points with Method 4 and the FEM(ABAQUS) for soft inclusion (EI/E = 0.5). The numerical
results of xy and yz cross sections are shown in Fig. 20(a) and (b), respectively. Fig. 21 shows the numerical results of the
normalized stress σzz/σ0 for the hard inclusion (EI/E = 2). Fig. 21(a) and (b) describe the numerical results on the xy and
yz cross sections, respectively. From Figs. 20 and 21, it can be found that the numerical results of the present method are
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Fig. 18. (a) The initial geometry for the inclusion in which the control points are shown in the green dots. (b) The vertical view of the inclusion
(xy cross section). (c) The front view of the inclusion (xz cross section).

Table 5
The CPU time and rank k for four methods about the inclusion with complex shape.

Tapprox (s) k Ttotal (s)

Method 1 – – 6807.9
Method 2 1158.0 1011 2583.9
Method 3 761.4 1353 1697.3
Method 4 99.8 645 302.7

in agreement with the Abaqus results. Table 5 shows the CPU time and the rank k for solving Eq. (13) on soft inclusion
(EI/E = 0.5) by four methods.

7. Conclusions

Since the coefficient matrix of the IGABEM is dense and asymmetric, which limits the IGABEM to effectively solve
large scale problems, this paper proposes a novel fast direct solver combining HODLR matrix and IGABEM to solve the
3D elastic inclusion problems. The concept of HODLR is that all off-diagonal submatrices are low-rank matrices. For large
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Fig. 19. The ABAQUS mesh for the inclusion: (a) The xy cross section and (b) The yz cross section in which the red dots are the calculated points
on the matrix and the blue dots are the calculated points on the inclusion. (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)

scale problems, we adopt the accelerated algorithm based on the divide-and-conquer method to avoid the direct use of
ACA to decompose the off-diagonal submatrices. Thus, we can save the CPU time of ACA and reduce the value of rank
for the obtained low-rank matrix. However, for the tensor fundamental solution of elastic problems, the SVD is utilized
to approximate the bottom submatrices generated by the accelerated algorithm. In this paper, we have tried to study the
interaction between multiple inclusions, including hard and soft inclusions. From the examples 2 and 3, we can find the
distribution and variation of local stress. Numerical results also show that the proposed fast direct method can achieve
satisfactory results with less CPU time and storage space.
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Fig. 20. The normalized stresses σzz/σ0 of the calculated points for the soft inclusion: (a) The xy cross section and (b) The yz cross section.

Fig. 21. The normalized stresses σzz/σ0 of the calculated points for the hard inclusion: (a) The xy cross section and (b) The yz cross section.
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