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a b s t r a c t 

The purpose of this paper is to carry out heat transfer analysis of integrated circuit (IC) packaging structures by 
the isogemoetric boundary element method (IGABEM). In service time, chips of electronic packaging structure 
produce lots of heat, which leads to resultant equations including domain integrals. In this work, the radial 
integration method is used to deal with domain integrals caused by the heat source. Since material properties of 
electronic packaging structure are piecewise continuous, the subregion isogemoetric boundary element method is 
introduced in the present IGABEM. In addition, the multi-scale property of structure leads to challenge of IGABEM 

analysis in electronic packaging problems. This largely results from the difficulty of integrating nearly singular 
integrals in an accurate and efficient manner. To deal with this problem, a hybrid nearly singular integration 
scheme, which delivers results of engineering accuracy in an optimal time is used in this work. Finally, a set of 
numerical examples demonstrate the ability of the present IGABEM to produce accurate temperature distributions. 
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. Introduction 

With integrated circuits (ICs) entering the age of More Moore, char-
cteristics of electronic device are toward the trend of multi-material,
ulti-interface and high-density. Heat transfer problems with internal
eat source have important applications in these problems, thus it is
f great significance to find a precise and effective modeling method
o solve these problems. Actually, many methods have been used to
tudy heat transfer problems, such as analytical method [1] , finite el-
ment method [2,3] and finite difference method [4] . Although great
rogresses have been achieved for each of above methods, these meth-
ds exist some drawbacks, e.g. (i) some methods are only suitable for
pecial problems; (ii) some methods need a very refined mesh near the
eat source or area with complex geometries. Since advantages of reduc-
ion dimensionality of the problem by one, only boundary discretization
equired and high accurate stress analysis, boundary element method
BEM) seems to be a promising method in heat transfer problems for
lectronic devices [5] . 

In 2002, Mera et al. [6] studied the anisotropic heat transfer prob-
ems by boundary element method and focused on the singularities in
he method. Khatir and Lefebvre [7] investigated the thermal behavior
f high power semiconductor packages subjected to power cycling loads
y using boundary element method. And found that the accuracy of BEM
as been satisfactorily evaluated by means of comparisons with exper-
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mental measurements in steady-state and transient operations. Shiah
t al. [8] investigated the heat conduction in anisotropic composites
ith thin adhesive media by the boundary element method. Š kerget

t al. [9] studied the heat transport in multilayered composite pipe by
oundary element method. In [10] the boundary element method was
uccessfully used to study the thermomechanical contact problem in 3D
icroelectronic packaging. Based on boundary element method, Ma-

chrzak and Turchan [11] studied laser heating problems for bi-layered
icrodomain. Recently, Gu and Zhang [12] presented a special crack-tip

lement to study interface crack by boundary element method. 
In 2005, Hughes et al. [13] established a promising method called

sogeometric analysis as a way of bridging the gap between Computer
ided Design (CAD) and Computer Aided Engineering (CAE). It was

ound that there are lots of benefits existing in this technology. Then this
ethod has attracted a large research community and the isogeomet-

ic concept was used to many problems including functionally graded
orous plates [14] , shape optimization [15] , anisotropic brittle fracture
16] , heat transfer [17] , etc. 

Although it is possible to obtain geometrical data directly from the
AD program for Isogeometric Analysis (IGA), the implementation of

GA in solid models is not easy due to the requirement of volumetric
on-Uniform Rational B-Spline (NURBS). Then researches found that
oth the BEM and CAD define domains by bounding surfaces, which
akes the integration of BEM and CAD much more natural. In 2012,
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impson et al. [18] successfully applied the isogeometric concept in
 BEM framework for elastic problems and formed the isogeometric
oundary element method (IGABEM). Since IGABEM integrated the ad-
antages of conventional BEM and IGA, this method was widely used for
any applications, such as heat conduction problems [19,20] , acoustic-

tructural interaction [21] , potential flow [22,23] , inclusions problems
24] , coating structures [25] , shape optimization [26] , etc. 

In this paper, we will apply the isogemoetric boundary element
ethod to heat transfer problems with heat source. Since the introduc-

ion of heat source in the IGABEM, domain integral term will appear
nd cause the IGABEM to lose its advantage of having only boundary
ntegrals. Up to now, there are several methods available to transform
omain integrals into equivalent boundary integrals [27–30] . Here, we
ill adopt the radial integration method (RIM) (proposed by Gao [30] )

o solve the domain integrals existing in the IGABEM. In the analysis
f electronic devices, near-singular integral caused by the multi-scale
tructures exists in the present method. To improve the computation
ccuracy and efficiency, the hybrid nearly singular integration method
roposed in [31] is used in this work. In addition, the method of sub-
omains is applied on problems of heat conduction in a body having
ifferent coefficients of thermal conductivity in two or more subregions.

The content of this paper is outlined as follows. In Section 2 , a brief
ntroduction of boundary element method for heat transfer problems
ith heat source is given. Section 3 introduces how the domain integrals

an be transformed into boundary integral in IGABEM. The implemen-
ation of isogeometric boundary element method is given in Section 4 .
n Section 5 , the method of subdomains is introduced to simulate mul-
ilayered problems in electronic packaging problems. Then, several nu-
erical examples are discussed in Section 6 , and we close with some

oncluding remarks in Section 7 . 

. Introduction of the boundary integral equation with heat 

ource 

The governing equation of steady-state heat conduction in isotropic
edium with internal heat source can be expressed as 

 

𝜕 

𝜕 𝑥 𝑖 
[ 𝜕𝑇 ( 𝐱) 

𝜕 𝑥 𝑖 
] + 𝑏 ( 𝐱) = 0 , 𝐱 = ( 𝑥 1 , 𝑥 2 ) ∈ Ω (1)

here 𝑖 = 1 , 2 , 𝑇 ( 𝐱) represents the temperature at the point 𝐱; 𝑘 the ther-
al conductivity. 𝑏 ( 𝐱) is the heat source and can be a constant or func-

ion of spatial coordinate 𝐱; Ω the considered domain. 
To solve these kinds of problems, the following boundary conditions

hould be given 

 ( 𝐱) = 𝑇̄ ( 𝐱) , ( 𝐱 ∈ Γ1 ) (2)

( 𝐱) = − 𝑘 
𝜕𝑇 ( 𝐱) 
𝜕𝐧 

= 𝑞 ( 𝐱) , ( 𝐱 ∈ Γ2 ) (3)

n which 𝑞 is the heat flux, 𝑇̄ the known temperature on the boundary Γ1 ,
the known heat flux on the boundary Γ2 . Γ = Γ1 + Γ2 is the boundary
f considered domain Ω; 𝐧 = ( 𝑛 1 , 𝑛 2 ) the unit outward normal vector of
oundary Γ. 

For heat transfer problems with heat source in domian Ω, the
oundary-domain integral equation can be derived as 

( 𝐲 ) 𝑢 ( 𝐲 ) = − ∫Γ 𝑢 ∗ ( 𝐱 , 𝐲 ) 𝑞( 𝐱 ) 𝑑Γ( 𝐱 ) − ∫Γ 𝑞 ∗ ( 𝐱 , 𝐲 ) 𝑢 ( 𝐱 ) 𝑑Γ( 𝐱 ) 

+ ∫Ω 𝑢 ∗ ( 𝐱 ′, 𝐲 ) 𝑏 ( 𝐱 ′) 𝑑Ω( 𝐱 ′) (4) 

here 𝐲 = ( 𝑦 1 , 𝑦 2 ) ∈ Γ is the source point; 𝐱 ∈ Γ denotes the field point;
 

′ ∈ Ω represents the point inside the considered domain. 𝑐( 𝐲) is the
eometric coefficient at the source point 𝐲, which can be computed by
( 𝐲) = 1 − 

𝜃

2 𝜋 , where 𝜃 is the external angle of the boundary at point 𝐲
32] . 𝑢 ( 𝐲) is the product of heat conduction coefficient and temperature
t the source point 𝐲, i.e. 𝑢 = 𝑘𝑇 ; 𝑞( 𝐱) is the heat flux at the field point
196 
 ; 𝑏 ( 𝐱 ) is the heat source at the field point 𝐱 . 𝑢 ∗ ( 𝐱 , 𝐲 ) and 𝑞 ∗ ( 𝐱 , 𝐲 ) are the
undamental solutions and can be expressed as 

 

∗ ( 𝐱 , 𝐲 ) = − 

1 
2 𝜋

ln 𝑟 (5)

 

∗ ( 𝐱 , 𝐲 ) = 

𝜕 𝑢 ∗ 

𝜕𝐧 
= 

𝜕 𝑢 ∗ 

𝜕𝑟 

𝜕𝑟 

𝜕𝐧 
= − 

1 
2 𝜋𝑟 

𝜕𝑟 

𝜕𝐧 
(6)

here 𝑟 = 𝑟 ( 𝐲 , 𝐱 ) = ||𝐲 − 𝐱|| denotes the distance between the source
oint 𝐲 and field point 𝐱. 

It can be seen that the solution of the integral equation in Eq. (4) only
rovides values of temperature ( 𝑢 ) and flux ( 𝑞) on the boundary Γ of the
omain. Actually, after boundary quantities are obtained, the results at
ny point inside the computed domain can be readily computed by using
 post-processing exercise, which is different from the finite element
ethod. For the heat transfer problems in this work, the temperature at

n interior point 𝑃 𝑎 can be simply computed by Eq. (7) . 

 ( 𝑃 𝑎 ) = − ∫Γ 𝑢 ∗ ( 𝑃 𝑎 , 𝐱 ) 𝑞( 𝐱 ) 𝑑Γ( 𝐱 ) − ∫Γ 𝑞 ∗ ( 𝑃 𝑎 , 𝐱 ) 𝑡 ( 𝐱 ) 𝑑Γ( 𝐱 ) 

+ ∫Ω 𝑢 ∗ ( 𝐱 ′, 𝑃 𝑎 ) 𝑏 ( 𝐱 ′) 𝑑Ω( 𝐱 ′) (7) 

. Transform domain integral into boundary integral in IGABEM 

In the process of solving heat transfer problems with heat source
y IGABEM, domain integrals appear in the integral representation
f Eqs. (4) and (7) , which spoils the pure boundary character of the
ethod. In this section, we will give a brief introduction how a domain

ntegral can be transformed into boundary integral by radial integration
ethod [33] . 

For a general function 𝑓 ( 𝐱) , its domain integral in Ω (bounded by Γ)
an be described as [33] 

Ω
𝑓 ( 𝐱) 𝑑Ω = ∫Γ

1 
𝑟 𝛼( 𝑄 ) 

𝜕𝑟 

𝜕𝐧 
𝐹 ( 𝑄 ) 𝑑Γ ( 𝑄 ∈ Γ) (8)

n which 

 ( 𝑄 ) = ∫
𝑟 ( 𝑄 ) 

0 
𝑓 ( 𝐱) 𝑟 𝛼( 𝑄 ) 𝑑𝑟 (9)

here 𝛼 = 1 for 2D problems and 𝛼 = 2 for 3D problems. 
For the boundary-domain integral equation shown in Eqs. (4) and

7) , 𝑓 ( 𝑥 ) = 𝑢 ∗ ( 𝐲 , 𝐱 ′) 𝑏 ( 𝐱 ′) , then the domain integral can be transformed
nto boundary integrals as 

Ω
𝑢 ∗ ( 𝐲 , 𝐱 ′) 𝑏 ( 𝐱 ′) 𝑑Ω( 𝐱 ′) = ∫Γ

1 
𝑟 𝛼( 𝐲 , 𝐱 𝑄 ) 

𝜕r 
𝜕𝐧 

𝐹 ( 𝐲 , 𝐱 𝑄 ) 𝑑Γ( 𝐱 ) (10)

here 

 ( 𝐲 , 𝐱 𝑄 ) = ∫
𝑟 ( 𝐲 , 𝐱 𝑄 ) 

0 
𝑢 ∗ ( 𝐲 , 𝐱 ′) 𝑏 ( 𝐱 ′) 𝑟 𝛼𝑑𝑟 (11)

n which 𝑟 ( 𝐲 , 𝐱 𝑄 ) is the distance from source point 𝐲 to boundary point
 

𝑄 and 𝑟 represents the distance from source point 𝐲 to field point 𝐱 ′
nside the domain, as shown in Fig. 1 . It should be noted that the degree
f the NURBS basis functions for the geometry in Fig. 1 is 𝑝 = 2 . And
here are four knot spans (or elements) in the figure. The control points
hich defines control mesh can be used to describe the boundary of

onsidered curve. In the present work, control points are multiplied by
asis functions and summed to construct geometrical objects. The coor-
inate 𝑥 𝑖 ( 𝑖 = 1 , 2) of any point can be expressed in terms of the distance
 as follows: 

 

′
𝑖 
= 𝑦 𝑖 + 𝑟 ,𝑖 𝑟 ( 𝐲 , 𝐱 ′) (12)

 ,𝑖 = 

𝜕𝑟 

𝜕𝑥 𝑖 
= 

𝑥 ′
𝑖 
− 𝑦 𝑖 

𝑟 ( 𝐲 , 𝐱 ′) 
(13)

t should be pointed out that quantities 𝑟 ,𝑖 and 𝑦 𝑖 are constants for the
adial integral in Eq. (11) . And the boundary integral in Eq. (10) can be
valuated by the regular Gauss integration formula. 
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Fig. 1. Relationships among source point, field point and boundary point. 
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By substituting Eq. (10) into the boundary-domain integral Eq. (8) ,
nd we obtain a pure boundary integral equation 

( 𝐲 ) 𝑢 ( 𝐲 ) = − ∫Γ 𝑢 ∗ ( 𝐲 , 𝐱 ) 𝑞( 𝐱 ) 𝑑Γ( 𝐱 ) − ∫Γ 𝑞 ∗ ( 𝐲 , 𝐱 ) 𝑡 ( 𝐱 ) 𝑑Γ( 𝐱 ) 

+ ∫Γ
1 

𝑟 𝛼( 𝐲 , 𝐱 𝑄 ) 
𝜕𝑟 

𝜕𝐧 
𝐹 ( 𝐲 , 𝐱 𝑄 ) 𝑑Γ( 𝐱 𝑄 ) (14) 

It should be noted that 𝑡 and 𝑞 are the coefficients at control points
n Eq. (14) . For the treatment of boundary conditions, the coefficients 𝑡
or 𝑞) can be expressed in terms of quantities 𝑡 (or 𝑞 ) at real boundary
collocation point) by pre-multiplying with inverse of 𝐑 

 = 𝐑 

−1 𝑡 or 𝑞 = 𝐑 

−1 𝑞 (15)

here 𝑡 = [ 𝑡 1 , 𝑡 2 , 𝑡 3 ] 𝑇 , 𝑞 = [ 𝑞 1 , 𝑞 2 , 𝑞 3 ] 𝑇 , 𝑡 = [ ̄𝑡 1 , ̄𝑡 2 , ̄𝑡 3 ] 𝑇 , 𝑞 = [ ̄𝑞 1 , ̄𝑞 2 , ̄𝑞 3 ] 𝑇 and
 is assembled from element contributions 

 = 

⎡ ⎢ ⎢ ⎣ 
𝑅 1 ( 𝜉1 ) 𝑅 2 ( 𝜉1 ) 𝑅 3 ( 𝜉1 ) 
𝑅 1 ( 𝜉2 ) 𝑅 2 ( 𝜉2 ) 𝑅 3 ( 𝜉2 ) 
𝑅 1 ( 𝜉3 ) 𝑅 2 ( 𝜉3 ) 𝑅 3 ( 𝜉3 ) 

⎤ ⎥ ⎥ ⎦ (16)

n which 𝜉𝑖 ( 𝑖 = 1 , 2 , 3 ) is the 𝑖 th parameter value of collocation point
nd 𝑅 𝑗 ( 𝜉𝑖 ) ( 𝑖 = 1 , 2 , 3 ; 𝑗 = 1 , 2 , 3 ) represents the basis functions for a knot
pan. 

. Implementation of isogeometric boundary element method 

Unlike the conventional boundary element method, in which the
urves/surfaces and solution variables are defined using Lagrange poly-
omials, the IGABEM uses spline basises to describe them. In this work,
he IGABEM based on NURBS basis function is used. 

In this paper, we focus our attention on the application of IGABEM
n heat transfer problems with heat source. Therefore, only a brief in-
roduction of NURBS is given here. More details about NURBS can be
ound in literature [34] . 

A 𝑝 th degree NURBS basis function 𝑅 𝑎,𝑝 ( 𝜉) can be defined by a set of
-splines as 

 𝑎,𝑝 ( 𝜉) = 

𝑁 𝑎,𝑝 ( 𝜉) 𝑤 𝑎 ∑𝑝 +1 
𝑖 =1 𝑁 𝑖,𝑝 ( 𝜉) 𝑤 𝑖 

(17)

here 𝑤 𝑖 is a weight associated with control point 𝐏 𝑖 . B-splines 𝑁 𝑎,𝑝 is
 group of polynomials and defined by the following ‘knot vector’ 

= { 𝜉0 , 𝜉1 , 𝜉2 , … , 𝜉𝑚 } (18)

n which 𝑚 + 1 is the number of knots. The B-spline basis functions of
egree 𝑝 = 0 are defined as 

 𝑎, 0 ( 𝜉) = 

{ 

1 , if 𝜉𝑎 ≤ 𝜉 < 𝜉𝑎 +1 
0 , otherwise , 

(19)

nd, for 𝑝 = 1 , 2 , 3 , …

 𝑎,𝑝 ( 𝜉) = 

𝜉 − 𝜉𝑎 

𝜉𝑎 + 𝑝 − 𝜉𝑎 
𝑁 𝑎,𝑝 −1 ( 𝜉) + 

𝜉𝑎 + 𝑝 +1 − 𝜉

𝜉𝑎 + 𝑝 +1 − 𝜉𝑎 +1 
𝑁 𝑎 +1 ,𝑝 −1 ( 𝜉) (20)
197 
here 𝜉 is a value in parameter space; 𝑎 denotes the knot index. Let 𝑛 + 1
e the number of basis functions or control points. Then the degree, 𝑝,
umber of control points, 𝑛 + 1 , and number of knots, 𝑚 + 1 , are related
y 𝑚 = 𝑛 + 𝑝 + 1 . 

In the implementation of IGABEM, the boundary Γ of consid-
red model will be discretized into 𝑁 𝑒 isogeometric elements Γ𝑒 , 𝑒 =
 , 2 , … , 𝑁 𝑒 which can be described by knot spans 

[
𝜉𝑖 , 𝜉𝑖 +1 

]
, 𝜉𝑖 , 𝜉𝑖 +1 ∈ Ξ.

ased on the description of NURBS curve/surface in [34] , the coordinate
 𝐱( 𝜉) ) of any point in the 𝑒 th isogeometric element can be expressed as

( 𝜉) = 

𝑝 +1 ∑
𝑎 =1 

𝑅 𝑎,𝑝 ( 𝜉) P 𝑎 (21)

here P a is the control point; 𝑅 𝑎,𝑝 is the 𝑎 th NURBS basis functions
elated to P a . 

Similarly, the temperature and flux density fields at an element can
e expressed using a NURBS expansion, i.e. 

 ( 𝜉) = 

𝑝 +1 ∑
𝑎 =1 

𝑅 𝑎,𝑝 ( 𝜉) ̃𝑡 𝑎 (22)

( 𝜉) = 

𝑝 +1 ∑
𝑎 =1 

𝑅 𝑎,𝑝 ( 𝜉) ̃𝑞 𝑎 (23)

here 𝑡 𝑎 and 𝑞 𝑎 are the local temperature and flux parameters asso-
iated with the control point with index 𝑎, respectively. For IGABEM,
URBS basis functions are used to replace the classical polynomial for-
ulations. Due to the non-interpolatory property of the NURBS (control
oint might not lie on the real boundary), ̃𝑡 𝑎 and 𝑞 𝑎 are just coefficients
f temperature and flux and not nodal values, which is different from
he classical BEM techniques. It should be noted that when all of the
eights are of equal value for NURBS, the 𝑡 𝑎 and 𝑞 𝑎 will be the real

emperature and flux. 
Substituting the temperature and flux density fields at an element

n Eqs. (22) and (23) into Eq. (14) results in the following discretised
oundary integral equation: 

𝑐( 𝜁𝑐 ) 
𝑝 +1 ∑
𝑙=1 

𝑁 

e 0 
𝑙 
( 𝜁𝑐 ) ̃𝑡 𝑙 e 0 = − 

𝑁 e ∑
𝑒 = 1 

𝑝 +1 ∑
𝑙 = 1 

[ 

∫
1 

− 1 
𝑢 ∗ ( 𝜁𝑐 , ̂𝜉) 𝑁 

𝑒 
𝑙 
( ̂𝜉) 𝐽 ( ̂𝜉) 𝑑 ̂𝜉

] 

𝑞 𝑙𝑒 

− 

𝑁 e ∑
𝑒 = 1 

𝑝 +1 ∑
𝑙 = 1 

[ 

∫
1 

− 1 
𝑞 ∗ ( 𝜁𝑐 , ̂𝜉) 𝑁 

𝑒 
𝑙 
( ̂𝜉) 𝐽 ( ̂𝜉) 𝑑 ̂𝜉

] 

𝑡 𝑙𝑒 

+ 

𝑁 e ∑
𝑒 = 1 

[ 

∫
1 

− 1 

1 
𝑟 𝛼( 𝜁𝑐 , ̂𝜉) 

𝜕𝑟 

𝜕𝐧 
𝐹 ( 𝜁𝑐 , ̂𝜉) 𝐽 ( ̂𝜉) 𝑑 ̂𝜉

] 

(24) 

here 𝑐 represents the collocation point index; 𝜁𝑐 is the parameter co-
rdinate of the collocation point 𝑐; 𝜉 is the Gaussian integral space,
̂ ∈ [−1 , 1] ; ̃𝑡 𝑙𝑒 and 𝑞 𝑙𝑒 are the physical quantity coefficients of tempera-
ure and heat flow on element 𝑒, respectively. 𝐽 is the Jacobian of trans-
ormation from the isogeometric element ( [ 𝜉𝑖 , 𝜉𝑖 +1 ] ) to parent element:

( ̂𝜉) = 

𝑑Γ
𝑑 ̂𝜉

= 

𝑑Γ
𝑑𝜉

𝑑𝜉

𝑑 ̂𝜉
(25)

If the boundary integral equation is applied for all the collocation
oints produced by Greville abscissae [35] , Eq. (24) can form the matrix
orm as follows: 

𝐭 = 𝐆𝐪 + 𝐲 𝑏 (26)

here 𝐇 = [ 𝐻 𝑖𝑗 ] and 𝐆 = [ 𝐺 𝑖𝑗 ] are coefficient matrix with 

 

𝑖𝑗 = ∫
1 

− 1 
𝑞 ∗ ( 𝜁𝑐 , ̂𝜉) 𝑁 

𝑒 
𝑙 
( ̂𝜉) 𝐽 ( ̂𝜉) 𝑑 ̂𝜉 (27)

 

𝑖𝑗 = ∫
1 
𝑢 ∗ ( 𝜁𝑐 , ̂𝜉) 𝑁 

𝑒 
𝑙 
( ̂𝜉) 𝐽 ( ̂𝜉) 𝑑 ̂𝜉 (28)
− 1 
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In the analysis of electronic devices, near-singular integral caused
y the multi-scale structures exists in the present method. Recently, lit-
rature [31] proposed an effective method (sinh + scheme) to compute
he nearly singular integrals in IGABEM by combining the benefits of the
inh transformation (of, amongst others, Gu et al. [36] ) and adaptive in-
egration scheme (of Gao and Davies [37] ). To improve the computation
ccuracy and efficiency in this work, the integration method proposed
n [31] is adopted. 

In the implementation of the sinh + scheme, the aspect ratio 𝑑 ∗ = 𝑑∕ 𝐿
hich describes the proximity of the source point to the element is de-
ned, where 𝑑 represents the minimum distance from the source point to
he considered element and 𝐿 is the length of the element. For the com-
utation of an integral, when the aspect ratio 𝑑 ∗ is greater than the given
ritical aspect ratio 𝑑 ∗ 

crit 
, there is no near-singularity for the current inte-

ral and the adaptive integration method is applied. When 𝑑 ∗ < 𝑑 ∗ 
crit 

, the
ear-singularity triggers a hybrid integration scheme (named sinh + ). In
he computation of the nearly singular integrals with knot span [ 𝜉𝑖 , 𝜉𝑖 +1 ] ,
he knot span will be subdivided into three parts by the truncation er-
or 𝐸 trun of Taylor expansion in predicting the square distance. For the
ub-region with 𝐸 trun < 𝑒𝑝𝑠, the sinh transformation method is adopted.
he adaptive integral method will be used to compute the integrals on
he subdivisions with 𝐸 trun > 𝑒𝑝𝑠 . Here, 𝑒𝑝𝑠 is a given error tolerances. 

Applying boundary conditions to Eq. (26) , a linear system equation
s formed as follows: 

𝛌 = 𝐛 (29)

here matrix 𝐀 contains the integral values related to the unknown tem-
erature and heat flux, 𝛌 includes the unknown temperature and heat
ux, and 𝐛 is a column vector composed of known quantities. The un-
nown temperature and heat flux on the boundary can be obtained by
olving Eq. (29) . By substituting these obtained (and known) tempera-
ures and heat fluxes on the boundary into Eq. (7) , the internal temper-
ture of the model can be obtained. 

. IGABEM in multilayer structure 

The solution procedures described above are applicable to homoge-
eous domains, as the fundamental solutions used assume that material
roperties do not change inside the domain being analysed. In electronic
ackaging structures, there might be various layers/inclusions with dif-
erent properties. For multilayered structures which are connected to
ach other, each region is treated in the same way as discussed pre-
iously but can now be assigned different material properties by sub-
egion IGABEM method. Actually, the piecewise homogeneous material
n electronic packaging structures can be analyzed easily by this method.

Due to the physical quantities at the interface between two regions
re unknown, the number of unknowns is increased and additional con-
itions at interfaces are required to solve the problem. These conditions
re written as: 

 

𝑛 = 𝑡 𝑛 +1 , 𝑞 𝑛 = − 𝑞 𝑛 +1 (30)

here the superscripts 𝑛 and 𝑛 + 1 denote the number index of two-layer
egions with a common interface. For a model with three subregions
region 1 is a chip layer), we can obtain following matrix equations: 

 

1 𝐭 1 = 𝐆 

1 𝐪 1 + 𝐲 𝑏 (31)

 

2 𝐭 2 = 𝐆 

2 𝐪 2 (32)

 

3 𝐭 3 = 𝐆 

3 𝐪 3 (33)

o solve this problem, the following relationships along the interface
hould be given 

 

1 = 𝐭 2 , 𝐪 1 = − 𝐪 2 (34)

 

2 = 𝐭 3 , 𝐪 2 = − 𝐪 3 (35)
198 
According to boundary conditions, unknown quantities (including
uantities at the interface) can be obtained by solving linear equations
or all regions. 

. Numerical examples 

In this section, through several numerical examples the accuracy of
he IGABEM for heat transfer problems are demonstrated. To carry out
he accuracy analysis, an average relative error is given as 

E = 

|𝑓 num 

− 𝑓 ref ||𝑓 ref | (36) 

here 𝑓 num 

is the result obtained by proposed method, and 𝑓 ref rep-
esents the reference solution. The models in this work are described
y quadratic NURBS curves with knot vector Ξ = {0 , 0 , 0 , 1 , 1 , 2 , 2 , 3 , 3 ,
 , 4 , 4} . Unit weights ( 𝑤 𝑖 ≡ 1 ) are used for square boundary. And the
ollowing weights are adopted for circular boundary. 

 = [1 , 
√
2 
2 

, 1 , 
√
2 
2 

, 1 , 
√
2 
2 

, 1 , 
√
2 
2 

, 1] 

.1. Thermal analysis of rectangular region with heat source 

Here, a 1 mm × 1 mm square plate with heat source is calculated
y present IGABEM. The upper and lower boundary are insulated, i.e.
 𝑇 ∕ 𝜕 𝐧 = 0 ; The left and right boundary temperatures are 100 ◦C and
00 ◦C, respectively. The thermal conductivity is 1 W ∕( m ⋅ K ) , and the
nternal heat source 𝑄 ( 𝑥 ) is a constant of 500 W ∕ m 

2 . The exact solutions
etermined by boundary conditions and heat sources are as follows. 

 = −250 𝑥 2 + 350 𝑥 + 100 (37)

Fig. 2 (a) shows the relative error surface of computated results for
he temperature when 𝑄 ( 𝑥 ) = 500 W ∕ m 

2 . It can be seen that the pro-
osed method is very accurate (relative error is less than 4 ‰ ) even
nly four isogeometric boundary elements is used. When the internal
eat source 𝑄 ( 𝑥 ) is selected as 700 𝑒 −0 . 5( 𝑥 2 + 𝑦 2 ) , the temperature distribu-
ion is given in Fig. 2 . 

.2. ‘Sandwich’ structure in IGBT 

In this example, a ‘Sandwich’ structure (including chip layer, solder
ayer and upper copper layer) in IGBT is studied to assess the appli-
ability of the present IGABEM on steady state heat transfer in multi-
ly connected domain. As shown in Fig. 3 the upper and lower bound-
ry temperatures are given as 𝑇 𝑈 = 150 ◦C and 𝑇 𝐿 = 10 ◦C, respectively.
he left and right boundaries are insulated, and the heat source in the
hip layer is 2000 W ∕ m 

2 . Thermal conductivities of upper, middle and
ower layers are 1 W ∕( m ⋅ K ) , 20 W ∕( m ⋅ K ) and 1 W ∕( m ⋅ K ) . The geom-
try size of the model is given as 𝑎 = 1 mm, 𝑏 1 = 0 . 3 mm, 𝑏 2 = 0 . 15 mm
nd 𝑏 3 = 0 . 3 mm. Fig. 4 (a) shows the temperature obtained by present
GABEM. For comparison, the contour plot of the reference results (ob-
ained by ABAQUS) is also given in Fig. 4 (b). From Fig. 4 (a) and 4 (b), it
an be seen that the computational results are in good agreement with
he reference results. 

Fig. 5 shows the numerical results of temperature when the com-
uted points are moving along the curve (0 . 5 , 𝑦 ) , and reference solutions
obtained by ABAQUS) are given as comparison. From Fig. 5 , we can
learly see that the current solutions are in good agreement with the
eference results, which means that the present scheme is effective for
he numerical analysis of IGBT devices. 

Here a simplified IGBT model is analysed by the present IGABEM.
he thickness of chip layer and copper layer is selected as 0.3 mm and
he thickness of solder layer is selected as 0.15 mm. The thermal con-
uctivities of chip layer, solder layer and upper copper layer are 147
 ∕( m ⋅ K ) , 57 W ∕( m ⋅ K ) , and 400 W ∕( m ⋅ K ) . The temperatures on bot-

om and top sides are prescribed as 80 ◦C and 70 ◦C, respectively. The
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Fig. 2. Temperature distribution and relative errors computed by the present IGABEM. 

Fig. 3. DBC model of IGBT device. 

c  

a  

a  

m

 

d  

0  

p  

F  

t  

a

6

 

m
 

l  

p  

c  

t  
hip layer involves heat source with 650 W ∕ m 

2 . Fig. 6 shows the temper-
ture distribution. When the heat release rate of the chip is a function
s 450( 𝑥 2 + 𝑦 2 ) , Fig. 7 gives the temperature distribution for the whole

odel. a

Fig. 4. Temperature results obtain

199 
To further study the influence of thickness of chip on temperature
istribution, the thickness 𝑏 1 of the chip will be taken as 0.15 mm,
.2 mm, 0.25 mm and 0.3 mm. The temperature distribution along the
arameter curve (0 . 5 , 𝑦 ) under different chip thicknesses are given in
ig. 8 . It can be seen from Fig. 8 that maximum temperature of the struc-
ure occurs in the chip layer. And the values of maximum temperature
re also given in Fig. 8 . 

.3. Heat transfer through multilayer cylinder with heat source 

In this example we study the heat transfer through a cylinder with
ultilayer structures as shown in Fig. 9 . 

For this model, the power density inside the model is 100 W ∕ m 

2 , the
ocation of heat source is shown in Fig. 9 . As shown in the figure, tem-
eratures on the inner and outer diameters are prescribed as boundary
onditions, being 𝑇 1 = 200 ◦C and 𝑇 2 = 80 ◦C. Thermal conductivities of
he inner layer, the intermediate layer and the outer layer are selected
s 1 W ∕( m ⋅ K ) , 22 W ∕( m ⋅ K ) and 0.23 W ∕( m ⋅ K ) . 
ed by IGABEM and ABAQUS. 
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Fig. 5. Comparison of temperature distribution for the present results and the 
reference (FEM) solutions along (0 . 5 , 𝑦 ) . 

Fig. 6. Temperature distribution in DBC of IGBT. 

Fig. 7. Temperature distribution in DBC of IGBT when heat source is 450( 𝑥 2 + 
𝑦 2 ) . 
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Fig. 8. Temperature distribution along curve (0 . 5 , 𝑦 ) with different chip thick- 
nesses. 

Fig. 9. cylinder model with multilayer structures. 

Fig. 10. Relative errors of computed points. 
In the computation of IGABEM, 32 isogeometric boundary elements
re used to discretise the whole model. Here, a finite element model is
lso constructed with the FEM software (ABAQUS) to offer a reference
olution. The mesh consists of 1443 elements and 1505 nodes. Fig. 10
hows relative errors of temperature at 634 selected points. As can be
een from Fig. 10 , the peak value of the error surface is 1.5 ‰ , which
eans that the results are in good agreement with the FEM solutions for

his model. 
200 
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Fig. 11. Temperature distribution with different heat sources. 

Fig. 12. values of temperature obtained by different DOF. 
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Fig. 13. Temperature results for different 𝛿. 

 

n  

s

7

 

s  

a  

m  

m  

s  

c  

t  

t
 

s  

t  
Fig. 11 (a) and 11 (b) shows the temperature distribution for different
eat sources. It can be seen from Fig. 11 (a) that the temperature of the
nner layer with heat source is the highest and gradually reduce from
he inner layer to the outer layer. It can be seen from Fig. 11 (b) that the
ighest temperature is concentrated on both sides of the inner layer, and
he temperature gradually decreases from the inner layer to the outer
ayer. 

We take 12 points along the red curve in Fig. 12 as our evaluation
oints. Fig. 12 also shows the numerical values of temperature under
ifferent DOF, which indicates that accurate results can be obtained
ithout refinement for the model. 

To further study the influence of thickness 𝛿 (shown in Fig. 9 ) on
emperature, temperature results for different values of 𝛿 are shown in
ig. 13 . The computed points inside the model lying on the contour 𝑆 1 ,

hich is defined by 

 = {( 𝑥, 𝑦 ); 𝑥 = 𝑟 cos 𝜃, 𝑦 = 𝑟 sin 𝜃, 𝑟 = 2 . 15 mm , 𝜃 ∈ [0 , 2 𝜋]} (38)
1 0 0 0 

201 
It can be seen that the temperature along 𝑆 1 changes in a wavy man-
er. While 𝛿 = 0 . 05 , temperature variation is not obvious, which is re-
ulted from the heat provided by the heat source is very small. 

. Conclusion 

In this paper, the isogeometric boundary element method is used to
tudy heat transfer problems with heat source. Since only the bound-
ry of each material is considered, therefore there is no need for do-
ain meshing and internal unknowns, which enables fast calculation for
ultilayer problems, especially for semiconductor models. However, in

ome engineering problems for semiconductor structure, heat release of
hip which can be seen as heat source will result in domain integrals in
he computation. In this work, we apply the radial integration method
o handle domain integrals resulted from heat sources. 

To offer a reference solution, several finite element models are con-
tructed by means of the ABAQUS. We compared the present results with
hose obtained by FEM. The given numerical examples have demon-
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trated the correctness and effectiveness of the developed method for
ome electronic devices. 
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