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a b s t r a c t 

In this paper, the isogeometric dual reciprocity boundary element method (IG-DRBEM) is proposed to solve three- 
dimensional transient heat conduction problems. It is well known that the error of traditional BEM mainly comes 
from element dispersion, and the introduction of isogeometric ideas makes BEM become a veritable high-precision 
numerical method. At present, most of the problems solved by isogeometric BEM (IGBEM) are time-independent. 
The reason is similar to the traditional BEM, which cannot avoid solving domain integrals when solving time- 
dependent problems. In this paper, based on the potential fundamental solution the boundary-domain integral 
equation is obtained by the weighted residual method, where the classic dual reciprocity method is adopted 
to transform domain integrals into boundary integrals. Meanwhile, a two-level time integration scheme is used 
to solve the discretized differential equations. In addition, the adaptive integration scheme, the radial integral 
transform method and the power series expansion method are adopted to solve the boundary regular, nearly 
singular and singular integrals. Several classical numerical examples show that the presented method has good 
numerical stability and high precision by considering different factors such as the approximation function, the 
time step, the number of interior points and so on. 
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. Introduction 

Since the isogeometric analysis method based on the finite ele-
ent was proposed by Hughes et al. [1] , many isogeometric methods
ere formed by combining with other numerical methods, such as the

sogeometric collocation method [2] , the isogeometric meshless finite
olume method [3] , the scaled boundary isogeometric finite element
ethod [ 4 , 5 ] and the isogeometric boundary element method (IGBEM)

6] . IGBEM has all the advantages of the traditional boundary element
ethod (BEM). Up to now, the IGBEM has been widely applied in many
elds. For example, the IGBEM based on the Non-Uniform Rational B-
plines (NURBS) solves the two-dimensional linear elastostatic prob-
em [6] . And in 2013, Scott et al. [7] improved the IGBEM by using
he unstructured T-splines as the basis function to analyze the three-
imensional linear elastostatic problem. Meanwhile, Peake et al. [8] pre-
ented the extended isogeometric boundary element method to solve
he two-dimensional Helmholtz problem. Similar to the traditional BEM,
akahashi and Matsumoto [9] introduced the fast multipole method into
GBEM to solve the large-scale problem. More recently, the IGBEM was
uccessfully applied to solve the crack problem [ 10 , 11 ], the heat transfer
roblem [12] and the shape optimization problem [13] . It is worth not-
Abbreviations: Abserr, absolute error; BEM, boundary element method; DRM, dual
aximum absolute error; Mrelerr, maximum relative error; NURBS, non-uniform rati
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ng that these problems are time-independent. Based on this, the three-
imensional (3D) transient heat transfer problem will be solved by the
GBEM in this work. 

Generally, the domain integral is inevitable when we use BEM to
olve the transient heat transfer problem with heat sources. In order
o maintain the advantage of dimensionality reduction, the domain in-
egral needs to be transformed into the boundary integral. In recent
ecades, many scholars proposed some transformation methods of do-
ain integrals, where the dual reciprocity method (DRM) [14] and the

adial integration method (RIM) [15] are two commonly used transfor-
ation methods. Comparing with the RIM which was proposed by Gao

n 2002, the DRM which was proposed by Nardini and Brebbia in 1982
as the advantage of programming simple and easy implementation.
he dual reciprocity BEM (DRBEM) is formed by introducing DRM into
EM. Up to now, DRBEM has been widely used to solve the nonlinear
iffusion problem [16] , the thermal wave propagation in biological tis-
ues [17] , the dynamic crack problem [18] , the transient heat transfer
roblem [19] , the elastoplastic problem [20] and so on. More recently,
u et al. [21] proposed the isogeometric DRBEM (IG-DRBEM) to solve
he 2D transient heat conduction problem. In this paper, a new theo-
etical framework for solving 3D transient heat transfer problems with
 reciprocity method; IGBEM, isogeometric boundary element method; Mabserr, 
onal B-spline; Relerr, relative error; RIM, radial integration method. 
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Nomenclature 

c specific heat 
f j DRM expanding basis function 
g heat source 
k thermal conductivity 
n normal vector 
P control point 
p, q order of NURBS basis functions 
Q heat flux 
r distance between two points 
R NURBS basis function matrix 
S NURBS surface 
t time 
T temperature 
T ∗ fundamental solution 
x 1 , x 2 , x 3 Cartesian coordinate of x 

Greek symbols 

𝛼 DRM time-dependent coefficient 
Γ boundary of the problem domain 
𝜌 density 
𝜃T , 𝜃Q , 𝜃g linear approximate parameter 
𝜆 k / 𝜌c 

𝜔 weight of control point 
Ω domain of problem 

Superscripts 

e ′ source point element 
s s -th time interval 
T transpose of vector 

Subscripts 

AI newly added internal point 
b boundary collocation point 
I interior point 
m number of basis functions in 𝜉 direction 
n number of basis functions in 𝜂 direction 

G-DRBEM will be established based on the 3D steady potential theory
f literature [22] . 

It is worth noting that when we use IGBEM to analyze the problem,
nly a few elements are generally needed to accurately describe the
eal geometry and obtain high precision numerical results. Therefore,
he size of an isogeometric boundary element will be much larger than
 traditional boundary element. For the regular integral, to obtain ac-
urate numerical integral results many Gauss integral points need to be
sed. But this scheme will increase the computational cost rapidly. To
mprove the computational efficiency, Gao and Davies [23] presented
n adaptive integration method that can automatically choose the opti-
al Gauss integration points. In the computation process, if the number

f required Gauss integration points exceeds the maximum, the inte-
ration elements will be divided into sub-elements. In 2017, Gong and
ong [24] adopted this scheme to analyze the three-dimensional steady
otential problem. Although the size of isogeometric elements is gener-
lly big, the near singular and singular integrals are also inevitable. For
xample, the nearly singular and singular integrals will respectively ap-
ear when the computed points are very close to the real boundary of the
odel and when the computed points locate on the same element as the

ther field points, i.e. the case of distance variable r = 0 occurs. There
re many methods [ 25 , 26 , 27 ] to deal with the nearly singular integrals
n conventional BEM. These methods fail when solving some complex
omputational models [28] . In literature [24] , the adaptive integration
ethod has been verified to be effective in dealing with the nearly sin-

ular integrals in IGBEM. For the singular integrals, over the past two
ecades, many researchers proposed various algorithms [ 29 , 30 , 31 , 32 ]
299 
o analyze this problem. In 2012, the self-adaptive coordinate transfor-
ation method [29] was used to solve the singular integral in IGBEM

6] . However, this method may be arduous and computationally expen-
ive. In 2017, Gong and Dong [24] adopted the power series expansion
ethod [33] to solve the three-dimensional singular integral in IGBEM.
he literature [24] focuses on the research of nearly singular and sin-
ular integrals for the 3D steady potential problem in 3D IGBEM. In
his paper, by coupling DRM and IGBEM (approach abbreviated as IG-
RBEM), we will extend the 3D steady potential problem to the 3D tran-

ient heat transfer problem with heat sources in IGBEM. To the authors’
nowledge, up to date, it is the first implementation of IG-DRBEM to
olve 3D transient heat transfer problems in the literature. 

The paper is organized as follows. The governing equation and the
efinition of the problem are introduced in Section 2 . NURBS basis
unctions are described in Section 3 . The isogeometric dual reciprocity
EM is elaborated in Section 4 . Then, three typical numerical examples
re discussed in Section 5 . Finally, the conclusions are summarized in
ection 6 . 

. Governing equation 

In this paper, a 3D bounded domain Ω with boundary Γ= 𝜕Ω, occu-
ied by the isotropic material with constant material parameters. The
overning equation for the transient heat conduction problem can be
xpressed as [34] 

 ∇ 

2 𝑇 ( 𝐱, 𝑡 ) + 𝑔 ( 𝐱, 𝑡 ) = 𝜌𝑐 
𝜕𝑇 ( 𝐱, 𝑡 ) 

𝜕𝑡 
, 𝐱 ∈ Ω (1)

here x = ( x 1 , x 2 , x 3 ) is a point in the domain Ω, ∇ 

2 is the Laplace oper-
tor, T ( x , t ) is the temperature at the point x at time t, g ( x , t ) is a known
eat source function, k is the thermal conductivity, 𝜌 is the density and
 is the specific heat. 

The temperature and heat flux boundary conditions are considered,
amely 

 ( 𝐱 , 𝑡 ) = ̄𝑇 ( 𝐱 , 𝑡 ) , 𝐱 ∈ Γ1 (2)

nd 

 𝑘 
𝜕𝑇 

𝜕𝐧 
= Q̄ ( 𝐱 , 𝑡 ) , 𝐱 ∈ Γ2 (3)

here Γ1 ∪Γ2 =Γ, Γ1 ∩Γ2 =∅, 𝑇̄ and Q̄ denote the known temperature and
eat flux, respectively. n is the outward normal vector of the boundary
. Generally, the initial condition is given by 

 ( 𝐱, 0 ) = 𝑇 0 ( 𝐱) (4)

. NURBS basis functions 

In this paper, NURBS is adopted to approximate field variables and
escribe the geometry surface [24] . Here we briefly recall the main def-
nitions. Firstly, two knot vectors are defined by the non-decreasing se-
uence of coordinates in the parametric space: 

= 

{
𝜉1 , 𝜉2 , ⋯ , 𝜉𝑛 + 𝑝 +1 

}
(5) 

= { 𝜂1 , 𝜂2 , ⋯ , 𝜂𝑚 + 𝑞+1 } (6) 

here n and m are respectively the number of basis functions along
he two parametric directions 𝜉 and 𝜂, p and q are the corresponding
olynomial orders. The parameter space can be split into knot spans,
hich are considered as elements in isogeometric analysis. The bivariate
asis functions 𝑅 

𝑝,𝑞 

𝑖,𝑗 
( 𝜉, 𝜂) are given by 

 

𝑝,𝑞 

𝑖,𝑗 
( 𝜉, 𝜂) = 

𝑁 𝑖,𝑝 ( 𝜉) 𝑀 𝑗,𝑞 ( 𝜂) 𝜔 𝑖,𝑗 

𝑛 ∑̂
𝑖 =1 

𝑚 ∑̂
𝑗 =1 

𝑁 𝑖 ,𝑝 ( 𝜉) 𝑀 𝑗 ,𝑞 ( 𝜂) 𝜔 𝑖 , ̂𝑗 

(7)

here N i,p and M j,q are the i-th B-spline basis function of order p and
he j-th B-spline basis function of order q , respectively. 𝜔 i,j represents
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he weight value corresponding to the control point P i,j . The B-Spline
asis functions N i,p ( 𝜉) are defined recursively as follows: 

 𝑖, 0 = 

{ 

1 if 𝜉𝑖 ≤ 𝜉 < 𝜉𝑖 +1 

0 otherwise 
(8)

nd for p ≥ 1 

 𝑖,𝑝 ( 𝜉) = 

𝜉 − 𝜉𝑖 

𝜉𝑖 + 𝑝 − 𝜉𝑖 
𝑁 𝑖,𝑝 −1 ( 𝜉) + 

𝜉𝑖 + 𝑝 +1 − 𝜉

𝜉𝑖 + 𝑝 +1 − 𝜉𝑖 +1 
𝑁 𝑖 +1 ,𝑝 −1 ( 𝜉) (9)

here 1 ≤ i ≤ n, n is the number of basis functions to form the B-spline.
A tensor-product NURBS surface can be expressed as 

( 𝜉, 𝜂) = 

𝑛 ∑
𝑖 =1 

𝑚 ∑
𝑗=1 

𝑅 

𝑝,𝑞 

𝑖,𝑗 
( 𝜉, 𝜂) 𝑃 𝑖,𝑗 (10)

. Isogeometric dual reciprocity BEM 

In this section, before introducing the IG-DRBEM, we need to derive
he dual reciprocity boundary integral equation with a heat source for
hree-dimensional transient heat conduction problems. Then the field
ariables and geometric surfaces are discretized by NURBS to form the
G-DRBEM. 

.1. Dual reciprocity boundary integral equation 

In order to facilitate the use of DRM, Eq. (1) needs to be rewritten
s 

 

2 𝑇 ( 𝐱, 𝑡 ) = ̃𝑏 ( 𝐱, 𝑡 ) (11)

here 

̃
 ( 𝐱 , 𝑡 ) = 

1 
𝜆

𝜕𝑇 ( 𝐱 , 𝑡 ) 
𝜕𝑡 

− 

𝑔( 𝐱 , 𝑡 ) 
𝑘 

(12)

n which 𝜆= 𝑘 ∕ 𝜌𝑐 . 𝑏̃ in Eq. (11) is approximated by a set of N t functions

 𝑓 𝑗 ( 𝐱 )} 
𝑁 𝑡 

𝑗=1 and the corresponding time-dependent coefficients { 𝛼𝑗 ( 𝑡 )} 
𝑁 𝑡 

𝑗=1 
s 

̃
 ( 𝐱, 𝑡 ) = 

𝑁 𝑡 ∑
𝑗=1 

𝛼𝑗 ( 𝑡 ) 𝑓 𝑗 ( 𝐱 ) (13)

here for each known function f j ( x ) there exists a function 𝑇̂ 𝑗 ( 𝐱) such

hat ∇ 

2 𝑇̂ 𝑗 ( 𝐱) = 𝑓 𝑗 ( 𝐱) . There are many kinds of functions f j ( x ) that have
een investigated in the literature [14] . In this work, the polynomial
unction is adopted as follows: 

 𝑗 ( 𝐱) = 1 + 𝑟 𝑗 + 𝑟 2 
𝑗 
+ ⋯ + 𝑟 𝑎 

𝑗 
(14)

here r j = ‖x − x j ‖ denotes the distance from the point x to the point
 j . 

Then 

̂
 𝑗 ( 𝐱) = 

𝑟 2 
𝑗 

6 
+ 

𝑟 3 
𝑗 

12 
+ ⋯ + 

𝑟 𝑎 +2 
𝑗 

( 𝑎 + 2)( 𝑎 + 3) 
(15)

In the following sections, we will also need 

̂
 𝑗 = 

𝜕 ̂𝑇 𝑗 ( 𝐱) 
𝜕𝐧 

= 

( 
𝑟 𝑗 𝑥 1 

𝜕 𝑥 1 
𝜕𝐧 

+ 𝑟 𝑗 𝑥 2 

𝜕 𝑥 2 
𝜕𝐧 

+ 𝑟 𝑗 𝑥 3 

𝜕 𝑥 3 
𝜕𝐧 

) ( 
1 
3 
+ 

𝑟 𝑗 

4 
+ ⋯ + 

𝑟 𝑎 
𝑗 

𝑎 + 3 

) 
(16) 

here 𝑟 𝑗 𝑥 1 , 𝑟 𝑗 𝑥 2 , and 𝑟 𝑗 𝑥 3 are the x 1 , x 2 , and x 3 components of r j . 
Applying the fundamental solution of steady potential problem 𝑇 ∗ =

1 
4 𝜋𝑟 to multiply Eq. (11) and integrating over the whole domain, the
ntegral equation can be given by 

Ω

(
∇ 

2 𝑇 ( 𝐱, 𝑡 ) 
)
𝑇 ∗ dΩ= 

𝑁 𝑡 ∑
𝑗=1 

𝛼𝑗 ( 𝑡 ) ∫Ω
(
∇ 

2 𝑇̂ 𝑗 ( 𝐱) 
)
𝑇 ∗ dΩ (17) 
300 
Integrating Eq. (17) by parts, the integral equation for any source
oint 𝐱 ′ can be obtained with only boundary integrals as follows 

𝐶 

(
𝐱 ′
)
𝑇 
(
𝐱 ′
)
+ ∫Γ 𝑇 ( 𝐱 ) 𝑄 

∗ (𝐱 ′, 𝐱 )dΓ − ∫Γ 𝑞 ( 𝐱 ) 𝑇 
∗ (𝐱 ′, 𝐱 )dΓ

= 

𝑁 𝑡 ∑
𝑗=1 

𝛼𝑗 

[ 
𝐶 

(
𝐱 ′
)
𝑇̂ 𝑗 
(
𝐱 ′
)
+ ∫Γ 𝑇̂ 𝑗 ( 𝐱 ) 𝑄 

∗ (𝐱 ′, 𝐱 )dΓ − ∫Γ 𝑄̂ 𝑗 ( 𝐱 ) 𝑇 ∗ 
(
𝐱 ′, 𝐱 
)
dΓ
] 

(18) 

here 𝐶( 𝐱 ′) is a jump term in which it can be obtained similar to the
onventional BEM [35] , Q 

∗ is the normal derivative of the fundamental
olution T ∗ along the boundary Γ and 𝑄 

∗ = 𝜕 𝑇 ∗ ∕ 𝜕𝐧 . 
Eq. (18) is the boundary integral equation obtained by the DRM. It is

orth noting that Eq. (18) does not include any domain integrals, and
he forms on the right and left sides of the equation are very similar,
hich can be embodied in the formation of the coefficient matrix later.

n order to ensure the accuracy of the solution, a few points will be
istributed into the interior of the domain as well as some nodes on the
oundary. Finally, the unknown quantities of the boundary nodes and
he points in the domain are solved simultaneously. 

.2. Isogeometric approximation by NURBS 

Similar to Eq. (10) , x , T, Q , 𝑇̂ 𝑣 and 𝑄̂ 𝑣 can also be expressed as 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

𝐱 ( 𝜉, 𝜂) = 

𝑛 ∑
𝑖 =1 

𝑚 ∑
𝑗=1 

𝑅 

𝑝,𝑞 

𝑖,𝑗 
( 𝜉, 𝜂) 𝐱 𝑖,𝑗 

𝑇 ( 𝜉, 𝜂) = 

𝑛 ∑
𝑖 =1 

𝑚 ∑
𝑗=1 

𝑅 

𝑝,𝑞 

𝑖,𝑗 
( 𝜉, 𝜂) 𝑇 𝑖,𝑗 

𝑄 ( 𝜉, 𝜂) = 

𝑛 ∑
𝑖 =1 

𝑚 ∑
𝑗=1 

𝑅 

𝑝,𝑞 

𝑖,𝑗 
( 𝜉, 𝜂) 𝑄 𝑖,𝑗 

𝑇̂ 𝑣 ( 𝜉, 𝜂) = 

𝑛 ∑
𝑖 =1 

𝑚 ∑
𝑗=1 

𝑅 

𝑝,𝑞 

𝑖,𝑗 
( 𝜉, 𝜂) ̂𝑇 𝑢 𝑖,𝑗 𝑣 

𝑄̂ 𝑣 ( 𝜉, 𝜂) = 

𝑛 ∑
𝑖 =1 

𝑚 ∑
𝑗=1 

𝑅 

𝑝,𝑞 

𝑖,𝑗 
( 𝜉, 𝜂) ̂𝑄 𝑢 𝑖,𝑗 𝑣 

(19) 

In the first three formulas of Eq. (19) , x i,j , T i,j , and Q i,j are the so-
alled control variables. In the last two formulas of Eq. (19) , the left
ide is the function values of the distance from the point with parameter
 𝜉, 𝜂) to point v . On the right side, 𝑇̂ 𝑢 𝑖,𝑗 𝑣 and 𝑄̂ 𝑢 𝑖,𝑗 𝑣 

represent the control
ariables corresponding to the function values of the distance between
oint u and point v . 

In 3D IGBEM analysis, two sets of knot vectors in different directions
 𝜉 and 𝜂 direction) constitute the knot vector space, and the different
alues of the two sets of knot vectors divide the knot vector space into
on-overlapping subspaces. These subspaces are projected into physical
oordinates, and the boundary Γ is divided into N e surface elements.

lso, the conditions need to be satisfied as Γ = 

𝑁 𝑒 

∪
𝑒 =1 

Γ𝑒 , Γi ∩Γj =∅, i ≠ j . To

acilitate numerical integration, we need to convert the coordinate of the
lement ( 𝜉, 𝜂) to the local standard coordinate ( ̂𝜉, ̂𝜂) so that 𝜉 ∈ [−1 , 1] ,
̂ ∈ [−1 , 1] . Assuming the nodal vector interval at the e- th element is
xpressed as [ 𝜉e , 𝜉e + 1 ] and [ 𝜂e , 𝜂e + 1 ]. The Jacobian of transformation
 

𝑒 ( ̂𝜉, ̂𝜂) is given by [24] 

 

𝑒 ( ̂𝜉, ̂𝜂) = 

dΓ
d 𝜉d 𝜂

d 𝜉d 𝜂
d ̂𝜉d ̂𝜂

(20)

here 

dΓ
d 𝜉d 𝜂

= 

[ ( 
𝜕 𝑥 2 
𝜕𝜉

𝜕 𝑥 3 
𝜕𝜂

− 

𝜕 𝑥 3 
𝜕𝜉

𝜕 𝑥 2 
𝜕𝜂

) 2 
+ 

( 
𝜕 𝑥 3 
𝜕𝜉

𝜕 𝑥 1 
𝜕𝜂

− 

𝜕 𝑥 1 
𝜕𝜉

𝜕 𝑥 3 
𝜕𝜂

) 2 

+ 

( 
𝜕 𝑥 1 
𝜕𝜉

𝜕 𝑥 2 
𝜕𝜂

− 

𝜕 𝑥 2 
𝜕𝜉

𝜕 𝑥 1 
𝜕𝜂

) 2 ] 1 ∕ 2 
(21) 
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𝜶
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a

𝑏  

𝐇  
nd 

d 𝜉d 𝜂
d ̂𝜉d ̂𝜂

= 

(
𝜉𝑒 +1 − 𝜉𝑒 

)(
𝜂𝑒 +1 − 𝜂𝑒 

)
4 

(22) 

Based on the local support property of NURBS basis functions, a set
f local basis functions that are related to the global basis functions can
e written as 

 

𝑒 
𝑑 
( ̂𝜉, ̂𝜂) ≡ 𝑅 

𝑝,𝑞 

𝑖,𝑗 
( 𝜉
(
𝜉
)
, 𝜂( ̂𝜂) ) (23)

here d is the local basis function number. At this point, the information
f any point in the element e can be expressed as 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

𝐱 
(
𝜉, ̂𝜂
)
= 

( 𝑝 +1) ( 𝑞+1 ) ∑
𝑑=1 

𝑁 

𝑒 
𝑑 

(
𝜉, ̂𝜂
)
𝐱 𝑑 

𝑇 
(
𝜉, ̂𝜂
)
= 

( 𝑝 +1) ( 𝑞+1 ) ∑
𝑑=1 

𝑁 

𝑒 
𝑑 

(
𝜉, ̂𝜂
)
𝑇 𝑑 

𝑄 

(
𝜉, ̂𝜂
)
= 

( 𝑝 +1) ( 𝑞+1 ) ∑
𝑑=1 

𝑁 

𝑒 
𝑑 

(
𝜉, ̂𝜂
)
𝑄 𝑑 

𝑇̂ 𝑣 
(
𝜉, ̂𝜂
)
= 

( 𝑝 +1) ( 𝑞+1 ) ∑
𝑑=1 

𝑁 

𝑒 
𝑑 

(
𝜉, ̂𝜂
)
𝑇̂ 𝑒 
𝑑𝑣 

𝑄̂ 𝑣 

(
𝜉, ̂𝜂
)
= 

( 𝑝 +1) ( 𝑞+1 ) ∑
𝑑=1 

𝑁 

𝑒 
𝑑 

(
𝜉, ̂𝜂
)
𝑄̂ 

𝑒 
𝑑𝑣 

(24) 

Substituting Eq. (24) into Eq. (18) , the 3D isogeometric dual reci-
rocity integration equation can be obtained in the following form 

 

(
𝐱 𝑏 
) ( 𝑝 +1) ( 𝑞+1 ) ∑

𝑑=1 
𝑁 

𝑒 ′

𝑑 

(
𝜉′, ̂𝜂′
)
𝑇 𝑒 

′

𝑑 
( 𝑡 ) 

+ 

𝑁 𝑒 ∑
𝑒 =1 

( 𝑝 +1)( 𝑞+1) ∑
𝑑=1 

[ 
∫

1 

−1 ∫
1 

−1 
𝑄 

∗ (𝐱 𝑏 ( 𝜉𝑏 , 𝜂𝑏 ) , 𝐱( ̂𝜉, ̂𝜂) )𝑁 

𝑒 
𝑑 
( ̂𝜉, ̂𝜂) 𝐽 𝑒 ( ̂𝜉, ̂𝜂)d ̂𝜉d ̂𝜂

] 
𝑇 𝑒 
𝑑 
( 𝑡 ) 

− 

𝑁 𝑒 ∑
𝑒 =1 

( 𝑝 +1)( 𝑞+1) ∑
𝑑=1 

[ 
∫

1 

−1 ∫
1 

−1 
𝑇 ∗ 
(
𝐱 𝑏 ( 𝜉𝑏 , 𝜂𝑏 ) , 𝐱( ̂𝜉, ̂𝜂) 

)
𝑁 

𝑒 
𝑑 
( ̂𝜉, ̂𝜂) 𝐽 𝑒 ( ̂𝜉, ̂𝜂)d ̂𝜉d ̂𝜂

] 
𝑄 

𝑒 
𝑑 
( 𝑡 ) 

= 

𝑁 𝑡 ∑
𝑣 =1 

𝛼𝑣 

{ 

𝐶 
(
𝐱 𝑏 
) ( 𝑝 +1) ( 𝑞+1 ) ∑

𝑑=1 
𝑁 

𝑒 ′

𝑑 

(
𝜉′, ̂𝜂′
)
𝑇̂ 𝑒 

′

𝑑𝑣 
( 𝐱 𝑏 ∈ Γ) 

+ 

𝑁 𝑒 ∑
𝑒 =1 

( 𝑝 +1)( 𝑞+1) ∑
𝑑=1 

[ 
∫

1 

−1 ∫
1 

−1 
𝑄 

∗ (𝐱 𝑏 ( 𝜉𝑏 , 𝜂𝑏 ) , 𝐱( ̂𝜉, ̂𝜂) )𝑁 

𝑒 
𝑑 
( ̂𝜉, ̂𝜂) 𝐽 𝑒 ( ̂𝜉, ̂𝜂)d ̂𝜉d ̂𝜂

] 
𝑇̂ 𝑒 
𝑑𝑣 

− 

𝑁 𝑒 ∑
𝑒 =1 

( 𝑝 +1)( 𝑞+1) ∑
𝑑=1 

[ 
∫

1 

−1 ∫
1 

−1 
𝑇 ∗ 
(
𝐱 𝑏 ( 𝜉𝑏 , 𝜂𝑏 ) , 𝐱( ̂𝜉, ̂𝜂) 

)
𝑁 

𝑒 
𝑑 
( ̂𝜉, ̂𝜂) 𝐽 𝑒 ( ̂𝜉, ̂𝜂)d ̂𝜉d ̂𝜂

] 
𝑄̂ 

𝑒 
𝑑𝑣 

} 

(25) 

here x b denotes the collocation point on the real boundary, 𝜉b and 𝜂b 

epresent the local coordinate of the collocation point x b . In order to
nsure that the positions of collocation points are on the real boundary
n IGBEM, we use the Greville abscissae method [6] to generate the
ollocation points in parameter space. For example, the point ( 𝜉′

𝑖 
, 𝜂′

𝑗 
) is

efined by 

 

 

 

 

 

𝜉′
𝑖 
= 

𝜉𝑖 +1 + 𝜉𝑖 +2 +…+ 𝜉𝑖 + 𝑝 
𝑝 

𝑖 = 1 , 2 , ⋯ , 𝑛 

𝜂′
𝑗 
= 

𝜂𝑗+1 + 𝜂𝑗+2 +…+ 𝜂𝑗+ 𝑞 
𝑞 

𝑗 = 1 , 2 , ⋯ , 𝑚 

(26) 

Using the first formula in Eq. (24) , the corresponding collocation
oint position of 𝜉′

𝑖 
, 𝜂′

𝑗 
in Eq. (26) can be obtained. 

Note that n × m collocation points can be generated by Eq. (26) .
pplying these collocation points to Eq. (25) , n × m linear equations
an be obtained. Here, assuming the number of boundary collocation
oints is N b , where N b = n × m . The definition of functions 𝑇̂ 𝑗 and 𝑞 𝑗 in
q. (18) involves N t points x j , which need to be defined. Assuming N t 

ontains N b points on the boundary and N I points inside the domain, i.e.
 t = N b + N I . The following equation similar to Eq. (25) can be formed
y applying N I interior points: 

 ( 𝐱 𝐼 , 𝑡 ) + 

𝑁 𝑒 ∑
𝑒 =1 

( 𝑝 +1)( 𝑞+1) ∑
𝑑=1 

[ 
∫

1 

−1 ∫
1 

−1 
𝑄 

∗ (𝐱 𝐼 , 𝐱( ̂𝜉, ̂𝜂) )𝑁 

𝑒 
𝑑 
( ̂𝜉, ̂𝜂) 𝐽 𝑒 ( ̂𝜉, ̂𝜂)d ̂𝜉d ̂𝜂

] 
𝑇 𝑒 
𝑑 
( 𝑡 ) 
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− 

𝑁 𝑒 ∑
𝑒 =1 

( 𝑝 +1)( 𝑞+1) ∑
𝑑=1 

[ 
∫

1 

−1 ∫
1 

−1 
𝑇 ∗ 
(
𝐱 𝐼 , 𝐱( ̂𝜉, ̂𝜂) 

)
𝑁 

𝑒 
𝑑 
( ̂𝜉, ̂𝜂) 𝐽 𝑒 ( ̂𝜉, ̂𝜂)d ̂𝜉d ̂𝜂

] 
𝑄 

𝑒 
𝑑 
( 𝑡 ) 

= 

𝑁 𝑡 ∑
𝑣 =1 

𝛼𝑣 

{ 

𝑇̂ 𝑢𝑣 + 

𝑁 𝑒 ∑
𝑒 =1 

( 𝑝 +1)( 𝑞+1) ∑
𝑑=1 

[ 
∫

1 

−1 ∫
1 

−1 
𝑄 

∗ (𝐱 𝐼 , 𝐱( ̂𝜉, ̂𝜂) )
× 𝑁 

𝑒 
𝑑 
( ̂𝜉, ̂𝜂) 𝐽 𝑒 ( ̂𝜉, ̂𝜂)d ̂𝜉d ̂𝜂

] 
𝑇̂ 𝑒 
𝑑𝑣 
( 𝐱 𝐼 ∈ Ω) 

− 

𝑁 𝑒 ∑
𝑒 =1 

( 𝑝 +1)( 𝑞+1) ∑
𝑑=1 

[ 
∫

1 

−1 ∫
1 

−1 
𝑇 ∗ 
(
𝐱 𝐼 , 𝐱( ̂𝜉, ̂𝜂) 

)
𝑁 

𝑒 
𝑑 
( ̂𝜉, ̂𝜂) 𝐽 𝑒 ( ̂𝜉, ̂𝜂)d ̂𝜉d ̂𝜂

] 
𝑄̂ 

𝑒 
𝑑𝑣 

} 

(27) 

Compared to Eq. (25) , at these interior points, the jump term
 ( x I ) = 1 is satisfied. 

For N b boundary and N I interior unknown quantities in Eqs. (25) and
27) , we can solve the system of linear equations obtained by coupling
qs. (25) and (27) . Finally, N t dimensional system of linear equations
an be written in the matrix form as follows 

𝐓 ( 𝑡 ) − 𝐆𝐐 ( 𝑡 ) = 

𝑁 𝑡 ∑
𝑣 =1 

𝛼𝑣 
(
𝐇 ̂𝐓 𝐯 − 𝐆 ̂𝐐 𝐯 

)
(28)

here the vector T ( t ) = T can be expressed as 

 = 

[
𝑇 1 𝑇 2 ⋯ 𝑇 𝑁 𝑏 

𝑇 𝑁 𝑏 +1 ⋯ 𝑇 𝑁 𝑡 

]T 
(29)

The first N b elements in vector T denote the temperature coefficients
f control points. The last N I elements represent the temperature of the
nternal nodes. Vector Q ( t ) = Q includes the N b heat flux coefficients of
ontrol points that can be given by 

 = 

[
𝑄 1 𝑄 2 ⋯ 𝑄 𝑁 𝑏 

]T 
(30)

The vectors 𝐓̂ 𝑣 in Eq. (28) can be written as 

̂
 𝑣 = 

[
𝑇̂ 1 𝑣 , 𝑇̂ 2 𝑣 , ⋯ , 𝑇̂ 𝑁 𝑏 𝑣 

, 𝑇̂ ( 𝑁 𝑏 +1) 𝑣 , ⋯ , 𝑇̂ 𝑁 𝑡 𝑣 

]T 
(31) 

here 𝑇̂ 𝑙𝑣 = 𝑇̂ 𝑣 ( 𝐱 𝑙 ) , ( 𝑙 = 1 , 2 , ⋯ , 𝑁 𝑡 ) , { 𝐱 𝑙 } 
𝑁 𝑡 

𝑙=1 represent the full set of

oints including boundary and interior points. The vectors 𝐐̂ 𝑣 are writ-
en as 

̂
 𝑣 = 

[
𝑄̂ 1 𝑣 , 𝑄̂ 2 𝑣 , ⋯ , 𝑄̂ 𝑁 𝑏 𝑣 

]T 
(32) 

here 𝑄̂ 𝑙𝑣 = 𝑄̂ 𝑣 ( 𝐱 𝑙 ) , ( 𝑙 = 1 , 2 , ⋯ , 𝑁 𝑏 ) . Similar to Eqs. (29) and (30) , the
rst N b elements of vector 𝐓̂ 𝑣 and all elements of vector 𝐐̂ 𝑣 indicate the
ontrol point coefficients corresponding to the function values of the
istance between the boundary collocation points and point v . The last
 I elements of vector 𝐓̂ 𝑣 represent the function values of the distance

rom the interior points to point v . 
To express facility, the matrices 𝐓̂ ( ̂𝐓 ∈ R 

𝑁 𝑡 ×𝑁 𝑡 ) and 𝐐̂ ( ̂𝐐 ∈ R 

𝑁 𝑏 ×𝑁 𝑡 )
ontaining vectors 𝐓̂ 𝑣 and 𝐐̂ 𝑣 (as columns) are introduced, and time-
ependent vector 𝜶 = 𝜶( t ) ( 𝜶 ∈ R 

𝑁 𝑡 ×1 ) is adopted which is used to
ewrite the Eq. (13) , applying at N t points, i.e. 

= 𝐅 −1 𝐛̃ (33) 

here 𝐅 ∈ R 

𝑁 𝑡 ×𝑁 𝑡 , ̃𝐛 = ̃𝐛 ( 𝑡 ) ∈ R 

𝑁 𝑡 ×1 . Elements of matrix F are generated
y 

 𝑙𝑗 = 𝑓 𝑗 ( 𝐱 𝑙 ) , ( 𝑙 = 1 , 2 , ⋯ , 𝑁 𝑡 ) (34)

here function f j is given by Eq. (14) . Vector ̃𝐛 represents the right-hand
ide of Eq. (12) , i.e. its elements at collocation points x l can be written
s 

̃
 𝑙 = 

1 
𝜆

𝜕𝑇 ( 𝐱 𝑙 , 𝑡 ) 
𝜕𝑡 

− 

1 
𝑘 
𝑔( 𝐱 𝑙 , 𝑡 ) , ( 𝑙 = 1 , 2 , ⋯ , 𝑁 𝑡 ) (35)

Finally, Eq. (28) can be rewritten as 

𝐓 ( 𝑡 ) = 𝐆𝐐 ( 𝑡 ) − 𝐂 ̃𝐛 ( 𝑡 ) (36)
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Fig. 1. Flow chart of IG-DRBEM. 

Fig. 2. The isogeometric model of the ellipsoid with different viewing angles. 
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here 

 = − 

(
𝐇 ̂𝐓 − 𝐆 ̂𝐐 

)
𝐅 − 𝟏 (37)
302 
Note that Eq. (36) includes three time-dependent unknown vectors,
amely T ( t ), Q ( t ) and ̃𝐛 ( 𝑡 ) . In this paper, the two-level time integration
cheme will be used to approximate these unknown vectors [14] . 

.3. Two-level time integration 

To facilitate subsequent expression, we will specify the following
ymbolic conventions. Δt denotes the time step size, [ t s ,t s + 1 ] represents
he s -th time interval, all quantities computed at time t s will be used
y the superscript s . Based on the two-level time integration scheme,
ach element of vectors T ( t ), Q ( t ), and the heat source g ( t ) can be ap-
roximated by a linear combination of values at t s and t s + 1 and three
arameters 𝜃T , 𝜃Q , and 𝜃g , such as 

 

 

 

 

 

 

 

 

 

𝑇 𝑙 = 

(
1 − 𝜃𝑇 

)
𝑇 𝑠 
𝑙 
+ 𝜃𝑇 𝑇 

𝑠 +1 
𝑙 

𝑄 𝑙 = 

(
1 − 𝜃𝑄 

)
𝑄 

𝑠 
𝑙 
+ 𝜃𝑄 𝑄 

𝑠 +1 
𝑙 

𝑔 𝑙 = 

(
1 − 𝜃𝑔 

)
𝑔 𝑠 
𝑙 
+ 𝜃𝑔 𝑔 

𝑠 +1 
𝑙 

𝜕 𝑇 𝑙 

𝜕𝑡 
= 

𝑇 𝑠 +1 
𝑙 

− 𝑇 𝑠 
𝑙 

Δ𝑡 

, ( 𝑙 = 1 , 2 , ⋯ , 𝑁 𝑡 ) (38)

Based on this, the first N b elements in vector ̃𝐛 can be given by 

̃
 𝑙 = 

1 
𝜆Δ𝑡 

𝑛 ∑
𝑖 =1 

𝑚 ∑
𝑗=1 

𝑅 

𝑝,𝑞 

𝑖,𝑗 
( 𝜉, 𝜂) 
(
𝑇 𝑠 +1 
𝑖𝑗 

− 𝑇 𝑠 
𝑖𝑗 

)
− 

[ (
1 − 𝜃𝑔 

) 𝑔 𝑠 𝑙 
𝑘 

+ 𝜃𝑔 

𝑔 𝑠 +1 
𝑙 

𝑘 

] 
, ( 𝑙 = 1 , 2 , ⋯ , 𝑁 𝑏 ) (39) 
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Fig. 3. The mesh of isogeometric model. 

Table 1 

The knot vector and the order of isogeometric ellipsoid model. 

Direction Order Knot vector 

𝜉 p = 2 {0, 0, 0, 1, 1, 2, 2, 3, 3, 4, 4, 4} 

𝜂 q = 2 {0, 0, 0, 1, 1, 1} 

Fig. 4. The control point of the isogeometric model. 

w  

a  

t  

t  

p  

e

𝑏

 

p  

h  

Fig. 5. The isogeometric model with 25 interior points. 

Table 2 

Results with different expansions of f j . 

f j Mabserr Mrelerr (%) 𝑒 𝐿 2 

(i) 0.005517 0.1136 4.5253e-04 

(ii) 0.010684 0.2215 1.0885e-03 

(iii) 0.041173 0.9166 4.6176e-03 

Table 3 

Results of different time steps. 

Δt Mabserr Mrelerr (%) 𝑒 𝐿 2 

0.25 0.014795 0.2676 1.4605e-03 

0.1 0.005203 0.1077 4.3028e-04 

0.05 0.005489 0.1130 4.4866e-04 

0.01 0.005518 0.1136 4.5254e-04 

0.001 0.005519 0.1137 4.5270e-04 
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here ( 𝜉, 𝜂) represents the corresponding parameter value of the bound-
ry collocation point l in the knot vector space, 𝑇 𝑠 

𝑖𝑗 
and 𝑇 𝑠 +1 

𝑖𝑗 
are the

emperature coefficients of each boundary control point at the two-level
ime, 𝑔 𝑠 

𝑙 
and 𝑔 𝑠 +1 

𝑙 
denote the heat source values of boundary collocation

oints at the two-level time, respectively. The last N I elements can be
xpressed as 

̃
 𝑙 = 

1 
𝜆Δ𝑡 
(
𝑇 𝑠 +1 
𝑙 

− 𝑇 𝑠 
𝑙 

)
− 

[ (
1 − 𝜃𝑔 

) 𝑔 𝑠 𝑙 
𝑘 

+ 𝜃𝑔 

𝑔 𝑠 +1 
𝑙 

𝑘 

] 
, 

( 𝑙 = 𝑁 𝑏 + 1 , 𝑁 𝑏 + 2 , ⋯ , 𝑁 𝑡 ) (40) 

Note that 𝑇 𝑠 
𝑙 

and 𝑇 𝑠 +1 
𝑙 

in Eq. (40) are the temperature of interior

oints rather than the temperature coefficients. Here, 𝑔 𝑠 
𝑙 

and 𝑔 𝑠 +1 
𝑙 

are the
eat source values of interior points. Combining Eq. (39) with Eq. (40) ,
303 
he vector ̃𝐛 can be written as 

 = 

1 
𝜆Δ𝑡 

𝐑 

(
𝐓 

𝑠 +1 − 𝐓 

𝑠 
)
− 

1 
𝑘 

[(
1 − 𝜃𝑔 

)
𝐠 𝑠 + 𝜃𝑔 𝐠 𝑠 +1 

]
(41)

here the matrix R is given by 

 = 

[ (
𝐑 Δ
)
𝑁 𝑏 ×𝑁 𝑏 

𝟎 
𝟎 𝐈 𝑁 𝐼 ×𝑁 𝐼 

] 
(42) 

n which elements of 𝐑 Δ are generated by the basis functions 𝑅 

𝑝,𝑞 

𝑖,𝑗 
( 𝜉, 𝜂) .

or example, the element of row u and column v in 𝐑 Δ is expressed
s ( 𝐑 Δ) 𝑢𝑣 , then ( 𝐑 Δ) 𝑢𝑣 is the function value obtained by substituting the
arameter ( 𝜉, 𝜂) of the u -th boundary collocation point in the knot vector
pace into the v -th NURBS basis function. 

Substituting Eqs. (38) and (41) into Eq. (36) , the solved equations
an be given by ( 1 

𝜆Δ𝑡 
𝐂𝐑 + 𝜃𝑇 𝐇 

)
𝐓 

𝑠 +1 − 𝜃𝑄 𝐆 𝐐 

𝑠 +1 = 

[ 1 
𝜆Δ𝑡 

𝐂𝐑 − 

(
1 − 𝜃𝑇 

)
𝐇 

]
𝐓 

𝑠 

+ 

(
1 − 𝜃𝑄 

)
𝐆 𝐐 

𝑠 + 

𝐂 

𝑘 

[(
1 − 𝜃𝑔 

)
𝐠 𝑠 + 𝜃𝑔 𝐠 𝑠 +1 

]
(43) 

here T 

s and Q 

s are specified by the initial conditions or obtained by
olving at previous time steps, some of T 

s + 1 and Q 

s + 1 can be given
y the boundary conditions and the remaining terms can be solved at
ime t s + 1 , and the heat source vectors g s and g s + 1 are evaluated by
nown heat source functions. It is noted that the matrices C, R, H , and
 are only associated with spatial coordinates, so we only need to com-
ute them once in the whole solving process. Similarly, the vectors g s 

nd g s + 1 need to be evaluated once when the heat source function is
ime-independent. In addition, in order for the solving program to auto-
atically start the calculation, 𝜃T , 𝜃Q , and 𝜃g are taken as 1 in the first

ime step and 0.5 in the remaining time steps. 
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Fig. 6. The isogeometric model with regular distributed interior points. 
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Fig. 7. The isogeometric model with random distributed interior points. 
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.4. Integration schemes of different types 

Similar to the conventional BEM, the regular, nearly singular, and
ingular integrals still have to be considered in IG-DRBEM, which is re-
ated to the accuracy of the unknown quantities. The regular integral
enotes that the integrand is bounded and integrable. The nearly sin-
ular is the integrand with very large values, for example, the distance
 is very small when the source and the field point are very close to-
ether. For the singular integral, the integrand trends to infinite when
he source point and the field point coincide, r = 0. As described above,
ased on the theory of literature [24] in this work, here we continue to
se the same scheme for solving the three kinds of integrals. Here we
ive only a brief introduction, and the detailed solving process can be
eferred to in literature [24] . 

a) Compute of regular and nearly singular integrals. It is well
known that surface geometry can be accurately described with only
a few control points when the model is established with NURBS. For
the IGBEM, the degree of freedom is reduced, but the element size
is relatively large. If the number of numerical integration points is
specified, the calculation accuracy for different elements may be lost,
or the calculation cost may be increased. To guarantee numerical
integration accuracy, it is necessary to use the adaptive integration
scheme to solve different integrals. In this paper, an adaptive inte-
gration scheme is used to solve regular integrals and nearly singular
integrals by means of the element sub-division technique [ 23 , 36 ]. 

b) Evaluation of boundary singular integrals. First, the RIM is used
to transform the singular integral on the element into a contour in-
tegral along the four sides of the element. Then, the power series
expansion method [33] is used to solve the singular integral in IG-
DRBEM, where the singularities involved in integration kernels can
304 
be analytically removed by expressing the nonsingular parts of the
integration kernels as polynomials of the distance r . 

.5. Evaluation of temperature at any point in the element and domain 

In general, when using NURBS to generate 3D surface geometry, a
ew control points can accurately describe the geometry. At the same
ime, in order to maintain a certain accuracy, a few interior points are
elected in the domain. After the corresponding coefficients of the con-
rol points and the unknown quantities in the domain are solved, if we
ant to obtain the temperature field at any point in the surface element
nd any point in the domain at different time steps, we can solve it
hrough Eqs. (24) and (27) . 

The detailed flow chart of IG-DRBEM is shown in Fig. 1 . 

. Numerical examples 

In order to verify the performance of the presented method,
he absolute error (Abserr) | T ref − T num 

|, the relative error (Relerr)
00 × |𝐓 𝑟𝑒𝑓 − 𝐓 𝑛𝑢𝑚 |∕ 𝐓 𝑟𝑒𝑓 , and the relative L 2 error norm in temperatures
 𝐿 2 

which evaluates the overall error, are used in the following numer-
cal examples, where 

 𝐿 2 
= 

‖‖‖𝐓 𝑟𝑒𝑓 − 𝐓 𝑛𝑢𝑚 
‖‖‖𝐿 2 ‖‖‖𝐓 𝑟𝑒𝑓 

‖‖‖𝐿 2 (44) 

n which 

𝐓 𝑟𝑒𝑓 
‖‖‖𝐿 2 = 

√ √ √ √ 

𝑁 𝑡 ∑
𝑖 =1 

𝑇 2 
𝑖 

(45) 

The physical parameters k , 𝜌, and c are all set to 1 in all the examples.
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Table 4 

𝑒 𝐿 2 using different numbers of interior points at t = 0.5. 

N I Regular Random 

8 2.77e-4 2.09e-4 

16 3.72e-4 3.66e-4 

24 4.47e-4 4.10e-4 

48 5.34e-4 5.28e-4 

72 5.53e-4 5.50e-4 
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Table 5 

Temperatures with different 𝛿md . 

Coordinate of interior point 𝛿md IG-DRBEM Exact Relerr(%) 

(0, 0,0) 0.5 4.9450 4.9461 0.023 

(0.4, 0, 0) 0.1 5.7528 5.7570 0.074 

(0.49, 0, 0) 0.01 5.9847 5.9886 0.066 

(0.499, 0, 0) 0.001 6.0103 6.0130 0.044 

(0, 0.4, 0) 0.1 5.7527 5.7570 0.074 

(0, 0.49, 0) 0.01 5.9846 5.9886 0.066 

(0, 0.499, 0) 0.001 6.0103 6.0130 0.044 

(0, 0, 0.9) 0.1 7.3431 7.3526 0.12 

(0, 0, 0.99) 0.01 7.7309 7.7345 0.046 

(0, 0, 0.999) 0.001 7.7747 7.7746 0.0006 

Fig. 8. The circular pipe model. 

Table 6 

The knot vector and the order of circular pipe model. 

Direction Order Knot vector 

𝜉 p = 2 {0, 0, 0, 1, 1, 2, 2, 3, 3, 4, 4, 5, 5, 6, 6, 7, 

7, 8, 8, 9, 9, 10, 10, 11, 11, 12, 12, 12} 

𝜂 q = 2 {0, 0, 0, 1, 1, 2, 2, 3, 3, 4, 4, 4} 

Fig. 9. Different element divisions of circular pipe model. 
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.1. An ellipsoid model 

Similar to the example in [24] , an ellipsoid which is given by
 𝑥 2 1 + 4 𝑥 2 2 + 𝑥 2 3 = 1 with the temperature boundary condition, is consid-
red without heat sources to test the effect of the expansion function
 j , the time step Δt , the number of interior points, and the minimum
istance 𝛿md between the inner point and the boundary. The initial
ondition and the exact solution are given by 𝑇 0 = 𝑒 𝑥 1 + 𝑒 𝑥 2 + 𝑒 𝑥 3 and
 = 𝑒 𝑥 1 + 𝑡 + 𝑒 𝑥 2 + 𝑡 + 𝑒 𝑥 3 + 𝑡 , respectively. The isogeometric model of the el-
ipsoid is shown in Fig. 2 from different viewing angles. In this example,
s shown in Fig. 3 , 8 sparse isogeometric elements are applied to solve
he temperature field at t = 0.5. The knot vector and the order used
URBS are given in Table 1 . 26 control points are adopted as shown in
ig. 4 . 

A) The effect of different approximation functions f j 

In this case, Δt = 0.01 is used and the three expansion forms are
onsidered as follows 

i) f j = 1 + r j 
ii) 𝑓 𝑗 = 1 + 𝑟 𝑗 + 𝑟 2 

𝑗 

ii) 𝑓 𝑗 = 1 + 𝑟 𝑗 + 𝑟 2 
𝑗 
+ 𝑟 3 

𝑗 

As shown in Fig. 5 , 25 interior points are distributed into three planes
 3 = ± 0.5 and x 3 = 0 which parallel to the plane x 1 ox 2 in the ellipsoid
omain, where 8 interior points are respectively distributed on the cir-
umference of 0.25 away from the x 3 -axis, and an interior point is placed
t the geometric center (0, 0, 0). 

From the maximum absolute error (Mabserr), the maximum relative
rror (Mrelerr), and 𝑒 𝐿 2 given in Table 2 , we can see that the results
btained by the expression (i) have the highest accuracy. Based on this,
he expression (i) will be used to compute in the subsequent examples. 

A) The effect of different time steps 

In this part, we consider the effect of different time steps on the calcu-
ated results. The isogeometric calculation information used is the same
s part (A). Note that the approximation function is taken as f j = 1 + r j .

It can be seen from Table 3 that numerical results tend to be stable
nd the accuracy is improved as the time step decreases, especially when
t ≤ 0.05. The Mabserr and the Mrelerr are not more than 0.0055 and
.11 respectively, and 𝑒 𝐿 2 is basically controlled at the magnitude of
0 -4 . In order to reduce the influence of time step on the calculated
esults, Δt = 0.01 is adopted in subsequent examples. 

A) The effect of the number of interior points 

In this part, five groups with different numbers of interior points are
egularly distributed into different planes perpendicular to the x 3 -axis.
he first group ( Fig. 6 (a)) of 8 interior points are distributed on plane
 3 = 0, where these points are uniformly distributed on the circumfer-
nce of 0.25 from the x 3 -axis, here we use 𝛿r to express the distance,
amely 𝛿r = 0.25. The second group ( Fig. 6 (b)) of 16 interior points are
istributed on planes x 3 = ± 0.5, where 𝛿r = 0.25. For the third group
 Fig. 6 (c)), in addition to containing the same number of interior points
s the second group, it also includes 8 interior points distributed into
lane x 3 = 0. As shown in Fig. 6 (d) and (e), the remaining groups
f interior points are uniformly distributed into the planes x 3 = 0 and
305 
 3 = ± 0.5, where 𝛿r = 0.2 and 𝛿r = 0.3. In addition, five groups of ran-
omly distributed interior points are also discussed such as N I = 8, 16,
4, 48, and 72, as shown in Fig. 7 . 

It can be seen from Table 4 that the magnitude of 𝑒 𝐿 2 error can reach
0 − 4 with distributed regular and random interior points. The 𝑒 𝐿 2 errors
t randomly distributed interior points are slightly smaller than using
egularly distributed interior points. But as the number of interior points
ncreases, the 𝑒 𝐿 2 errors tend to stabilize. Therefore, in order to obtain
ore accurate results, a small number of interior points need to be dis-

ributed as uniformly as possible within the domain when IG-DRBEM is
sed. 
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Fig. 10. Absolute errors of selected interior points. 

Fig. 11. Absolute errors of added interior points. 

Table 7 

Computational information of model and temperature 𝑒 𝐿 2 at t = 1; t RIM : time for 
RIM to calculate singular integrals and t SUM : total computation time. 

Case N b N I N t N AI 𝑒 𝐿 2 t RIM / t SUM 

(a) 192 36 228 4 3.56E-3 85.13% 

(b) 432 36 468 4 3.95E-4 64.84% 
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A) The effect of the minimum distance 𝛿md between the interior point
and the boundary 

In this part, only one interior point is distributed into the domain.
ecause the denominator of the fundamental solution of the three-
imensional potential problem used in this paper is a function of dis-
ance. When the boundary integral is calculated, the smaller distance
etween the interior point and the boundary will cause the greater sin-
ularity of the nearly singular integral. In order to verify the effect of
he minimum distance 𝛿 from the interior point to the boundary and
md 

306 
he performance of the adaptive integration method in IG-DRBEM, we
ake the point (0, 0, 0) gradually approach the ellipsoid boundary along

he directions of coordinate axes x 1 , x 2 and x 3 , respectively. It can be
een from Table 5 that the maximum relative error is no more than
.1%. Even when 𝛿md = 0.001, the relative errors are basically controlled
ithin 0.04%. Thus, the present method deals well with nearly singu-

ar integrals. In addition, it can be seen from the comparison with part
B) that larger relative errors are caused when more interior points are
istributed. According to previous studies such as references [21] and
37] , this is the normal situation for DRBEM. 

.2. A circular pipe model 

In this example, a 3D geometry with 36 interior points is considered
s shown in Fig. 8 , where the knot vector information is presented in
able 6 . The initial temperature and the temperature boundary condi-
ion can be specified by the exact expression of the temperature field,
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Fig. 12. The computational model of propeller. 
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Fig. 13. Results of the collocation points on the boundary and the interior points 
in the domain. 

Fig. 14. Calculated interior points in all elements. 

Table 8 

The knot vector of propeller. 

Direction Order Knot vector 

𝜉 p = 2 {0, 0, 0, 1, 1, 2, 2, 3, 3, 4, 4, 5, 5, 6, 6, 7, 7, 8, 8, 

9, 9, 10, 10, 11, 11, 12, 12, 13, 13, 14, 14, 15, 15, 

16, 16, 17, 17, 18, 18, 19, 19, 20, 20, 20} 

𝜂 q = 2 {0, 0, 0, 0.5, 1, 1, 2, 2, 3, 3, 4, 4, 4} 

 

r  

o  

o  

s  

t  

a  
amely T = ( x 1 
2 + 2 x 2 

2 − 3 x 3 
2 )sin (6 t ). The heat source can be ex-

ressed as g = 6( x 1 
2 + 2 x 2 

2 − 3 x 3 
2 ) cos (6 t ). 

As shown in Fig. 9 , 48 and 192 surface elements are adopted by
eans of different refinements (Ref). The computational information of

he model is shown in Table 7 . To show the accuracy of interior points
alculation, four interior points are randomly selected from 36 interior
oints of the IG-DRBEM calculation model, such as A (0.8071, 0.5127,
.1666), B (-0.6598, 0.6785, -0.2041), C (-0.6954, -0.7156, -0.0835),
nd D (0.5272, -0.9969, -0.1281). The calculation results are presented
n Fig. 10 . It can be seen that the temperatures at four points when
ef = 1 are more accurate than when Ref = 0. In fact, when the element
as not been refined, i.e. Ref = 0, the calculated results are relatively ac-
urate, where the Mabserr can reach the 10 -3 magnitude. In addition,
o evaluate the overall temperature error of the calculation model and
he computational cost of using RIM to calculate singular integrals. The
emperatures 𝑒 𝐿 2 for all nodes and the percentage of CPU time used
y the RIM to calculate the singular integrals are shown in Table 7 .
e can find that the precision of temperature field calculation can be

mproved by element refinement, and in order to obtain accurate singu-
ar integral results, RIM occupies a large part of the total computation
ime. 

Usually, a small number of interior points are required in order to
ompute the domain integral in DRM. However, it is necessary to study
he temperature field at any location in the domain. Here, we can still
se the idea of the traditional boundary element method. After solv-
ng Eq. (36) , we use Eq. (27) to calculate the temperature of any inner
oint. As shown in Fig. 8 , the temperatures of four newly added internal
oints ( N AI ) such as E (0.5444, 1.0534, -0.1590), F (-1.4860, 0.3785, -
.1631), G (-0.5599, -1.2205, 0.0726), H (1.0349, -0.4924, 0.1201) are
omputed. It can be seen from Fig. 11 that the temperature of the newly
dded interior points has the same precision as that of the four randomly
elected points. 

.3. A propeller 

As shown in Fig. 12 , a propeller is considered with 100 elements,
60 collocation points, and 60 interior points, where the temperature
oundary condition and heat flux boundary condition have been marked
n geometry. The boundary conditions are given by the exact solution
 = 100(cos ( x 1 ) + cos ( x 2 ) + cos ( x 3 )) e 

− t . The knot vector information of
he model is shown in Table 8 . 
307 
As shown in Fig. 13 , the relative errors of unknown temperature
esults of boundary and in-domain nodes are not more than 0.16%. In
rder to present the result accuracy of temperature distribution better
n the entire geometric surface, based on the numerical results of 100
parse elements, NURBS interpolation calculations are carried out for
he distributed internal nodes of the whole propeller elements. Finally,
 total of 46080 points are calculated as shown in Fig. 14 . It can be seen
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Fig. 15. Relative errors contour of all points. 
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rom Fig. 15 that the Mrelerrs are all less than 0.5% at different times.
lso, the relative error distribution is relatively stable at different times.
herefore, using sparse NURBS element information and solved results,
e can still obtain relatively accurate numerical results by means of
URBS interpolation. 

. Conclusions 

In this paper, the IG-DRBEM is applied to solve the 3D transient heat
ransfer problem. It gives full play to the convenience of the DRM in
he transformation of domain integration and the high symmetry of for-
ula expression. The results show that the high precision temperature
eld with complex geometry can be obtained by IG-DRBEM. The tem-
erature field inside the element is computed by the NURBS interpo-
ation using obtained information of the element control points. Simi-
ar to the traditional BEM, based on the known and solved information
f control and interior points, the temperature of any interior point is
omputed. The numerical results show that the present scheme can ob-
ain satisfactory results. The work in this paper can extend the appli-
ation category of IGBEM to some extent. In particular, the adaptive
ntegration scheme for regular integrals and the coupling method with
he RIM and power series expansion method for singular integrals make
he proposed method have good adaptability to the shape of elements.
t can establish a foundation for solving time-dependent optimization
nd thermodynamic coupling problems. Furthermore, the examples in
308 
his paper are single-patch modeling, and the complex model can be
ealized by increasing the number of control points and adjusting the
ositions and weights of control points based on simple NURBS ge-
metry such as ellipsoid. However, because single-patch NURBS uses
nly a set of knot vectors and control points, there are still many com-
lex models that cannot be implemented. To overcome this limitation,
ulti-patch modeling analysis will be considered as soon as possible

n the future. In addition, the same basis function such as NURBS is
dopted to approximate the field variables and describe the geome-
ry. In order to solve the complex geometry with dramatically varying
oundary conditions, the different approximate functions for describ-
ng filed variables and geometry information will be considered in the
uture. 
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