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A B S T R A C T   

In this paper, the transient thermal analysis theory of isogeometric dual reciprocity boundary element method 
(IG-DRBEM) of the multi-patch inhomogeneous complex model is established and the non-iterative inversion 
method of load identification is proposed based on the IG-DRBEM. The establishment of the multi-patch analysis 
theory framework extended the ability of IG-DRBEM to analyze complex geometry to some extent. The multi- 
patch analysis method adopted herein is simple and operable, and still retains the advantages of seamless 
connection between CAD generated geometry and response analysis of isogeometric boundary element method 
(IGBEM), which is very beneficial to expand IG-DRBEM to practical engineering application fields in the future. 
The inversion method based on IG-DRBEM makes full use of the good geometrical and field representation ability 
of NURBS, and further expands the application scope of IG-DRBEM. Furthermore, the introduction of the pre
cision integration method for both forward and inverse problems improves the accuracy and stability of 
calculation to a certain extent. The numerical results show that the proposed method has good stability and 
accuracy even when solving complex geometric problems such as a fighter model. Moreover, the implementation 
of basis function expansion and regularization scheme further improves the accuracy and noise resistance of 
boundary condition inversion.   

1. Introduction 

Since the concept of isogeometric analysis was proposed in 2005 [1], 
many isogeometric numerical methods have been presented, such as the 
isogeometric finite element method (IGFEM) [2,3,4], the isogeometric 
collocation methods [5,6], the isogeometric boundary element method 
(IGBEM) [7,8], the isogeometric finite strip method [9], where the 
IGBEM really realized the seamless connection from CAD modeling to 
CAE analysis because the boundary element method (BEM) only needs 
to discretize boundary. Up to now, the IGBEM has been significantly 
developed to solve elastostatic [7,10,11], acoustic [12,13,14], potential 
problems [15,16], electromagnetic scattering [17,18], steady heat 
transfer analysis [19], fatigue crack growth [20,21], structural shape 
optimization [8,22,23], elasto-plastic inclusions [24], topology optimi
zation [25,26], and thermoelastic problems [23,27]. It is noteworthy 

that these study works are time-independent, whereas the practical 
engineering problems are mostly time-related. Due to the limitation of 
the fundamental solution, the transient problem involves the trans
formation of the domain integral when using BEM. And the discretiza
tion of the domain will destroy the dimension reduction and precision 
advantage of BEM’s “boundary-only”. So, the research on IGBEM at 
present seldom focuses on transient problems. In 2021, Yu et al. [28] 
and Xu et al. [29] proposed respectively the isogeometric dual reci
procity boundary element method (IG-DRBEM) and the radial integra
tion isogeometric boundary element method (RI-IGABEM) to realize the 
solution of transient heat conduction problem, where the classical dual 
reciprocity BEM and the radial integral method are applied to transform 
the domain integral as boundary integral. Although these two IGBEM 
time-domain methods can accurately solve the transient problems, the 
solving models are composed of the simple single-patch models. To 
promote the adaptability of IG-DRBEM to solving problems with 
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complex geometries and facilitate the procedure of modeling, the multi- 
patch analysis method should be considered urgently. 

So far, there are many IGFEM based multi-patch processing schemes 
that have been elaborated, such as Nitsche’s method [30,31] with 
trimmed elements [32] and overlapping multi-patch (OMP) [33] 
method for analyzing multiple overlap geometries. However, little 
IGBEM literature concerns multi-patch modeling theory. For instance, 
Wang et al. [34] based on the trimmed elements established the multi- 
patch nonsingular IGBEM in 2015. In the same year, Wang and Ben
son [35] proposed a considerable new collocation method which moves 
the first and the last collocation points of each parametric direction 
inside of their patches. This approach to deal with multi-patch modeling 
is simple and practical, which is similar to the idea of traditional BEM to 
deal with corner points. By adopting the effective collocation scheme in 
[35], the IG-DRBEM theory of three-dimensional inhomogeneous func
tionally graded materials (FGMs) proposed by Yu et al. [36] is firstly 
extended to enable the analysis of multi-patch models. 

Another important problem is that the literature [36] uses a two- 
level time integration scheme to solve the time-domain problem. 
Though accurate solutions can be obtained by using this method, the 
results are greatly sensitive to the change of time step, so different time 
steps often lead to different results. Meanwhile, the two-level time 
integration scheme usually requires smaller time steps to ensure preci
sion, which undoubtedly increases the calculation burden of both for
ward and inverse problems. It is worth noting that Yu et al. [37] in 2014 
coupled the precise integral method (PIM) with the radial integral BEM 
for the first time to solve the transient heat transfer, and the numerical 
results showed that the PIM could obtain very stable numerical results. 
Especially when the time integral term can be calculated analytically, 
the time-domain solution will completely not be influenced by the size of 
the time step. Despite the numerical accuracy in [37] being satisfactory, 
the integration of CAD and CAE was not realized because the boundary 
element discrete processing is still needed before computation. And 
different from the radial integration method which requires complex 
mathematical derivation and computer programming, the dual reci
procity method (DRM) [38] utilizes the same BEM fundamental solution 
as the steady-state homogeneous problem. Thereby, DRM has a more 

concise matrix structure and is convenient to achieve. 
Before the execution of inverse analysis, an appropriate method for 

the forward problem is well known to be the premise of high precision 
inversion. After decades of research, FEM and BEM have been some of 
the most popular inverse problem foundations. Particularly Kefal et al. 
have made outstanding contributions to the dynamic features and shape 
sensing of thin shells and composite structures by inverse FEM (iFEM) in 
recent years. In 2020, Kefal [39] and his collaborators developed an 
isogeometric finite element–boundary element method for calculating 
the hydroelastic vibration response of the partially filled horizontal 
cylindrical shell and achieved a perfect agreement with the experi
mental results. In the same year, Kefal and Oterkus [40] implemented 
real-time displacement field reconstruction of thin shell structures based 
on weighted least squares variational theory by using the isogeometric 
iFEM with Kirchhoff–Love inverse-shell element. This work introduced 
IGA to simplify the modeling and accurately represented geometry while 
reducing the number of strain sensors required. Then, by means of 
coupled iFEM and smooth element analysis, Kelfa et al. [41] extended 
the displacement reconstruction methodology to composite structures in 
2021. Experimental results show that this method has excellent shape 
sensing ability under the condition of further reducing the number of 
sensors. Similarly, Zhao et al. [42,43] in 2021 successfully reconstructed 
the displacement fields of wings and composite sandwich beams by 
coupling IGA and iFEM with Refined Zigzag theory. But under the 
environment of the 3D transient heat conduction of FGMs, the proposed 
method of this paper considers establishing a multi-patch IG-DRBEM 
methodology in the forward problem which is based on the IGBEM with 
the characteristics of automatic discrete elements and dimension 
reduction analysis. The system of ordinary differential equations is 
formed by transforming domain integrals through the convenient DRM. 
Then, PIM is introduced under IGA to stabilize the results of the time- 
domain problem calculations. In addition, the multi-patch collocation 
scheme ensures the NURBS model can be built flexibly and easily. On 
account of this, the multi-patch IG-DRBEM based on PIM is expected to 
lay a solid foundation for accurate and efficient determination of vari
ables to be identified. Consequently, the IG-DRBEM herein will be 
extended to the solution of the inverse problem for the first time. 

Different from the forward heat transfer problem, identifying the 
geometric shape [44], boundary conditions [45,46], initial conditions 
[47], physical parameters [48] and the heat source [49] by means of 
some known thermal responses of measuring points are so-called inverse 
heat transfer problems. In respect of the practical application, especially 
in the aerospace [50], nuclear industry [51] and other cutting-edge 
technology fields. It is a crucial step to accurately know the real-time 
thermal loads of components in normal operation for reasonable struc
tural design and appropriate material selection, so as to ensure safe and 
effective work. Nevertheless, due to the constraints of measurement 
techniques and environmental factors, the measurement values of loads 
cannot be directly obtained in many cases. Hence, identifying the un
known load by the easily measured responses is quite meaningful. The 
present work focuses on the inversion of boundary unknown time- 
varying temperature and heat flux of FGMs. In general, the inversion 
methods of boundary conditions according to the inversion process can 
be divided into two categories: iterative method and non-iterative 
method. However, when the iterative method is adopted to identify 
loads, the forward problem needs to be called many times. To improve 
the inversion efficiency, it is very significant to study the non-iterative 
inversion method. In this respect, Tamburrino et al. [52] presented a 
non-iterative inversion method based on the monotonicity of the resis
tance matrix. Ling et al. [53] proposed a non-iterative inverse method 
based on the finite element method for estimating surface heat flux 
histories on thermally conducting bodies. Recently, Yu et al. [54,55] 
based on the least square method proposed a non-iterative inversion 
method for identifying the unknown boundary condition and the un
known geometry. The works in [54,55] have made great contributions 
to the research of the inverse heat transfer problem, but it still needs to 

Nomenclature 

c specific heat 
g heat source 
k thermal conductivity 
Nb number of boundary collocation points 
NI number of interior points 
Nt the total number of boundary and interior points 
q heat flux 
t time 
T temperature 
T̃ the normalized temperature 
x = x(x1,x2,x3) spatial coordinate 
J error function 
T̃ the normalized temperature expansion coefficients of 

control points 
ρ density 
λ regularization parameter 
β shrinkage coefficient 
Δt time step 

Abbreviations 
IG-DRBEM isogeometric dual reciprocity boundary element 

method 
PIM precise integral method  
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be promoted. For example, the literature [54] solved the boundary 
condition identification problem of steady-state heat conduction based 
on traditional BEM, but the ill-posed level of the inverse problem was 
not well alleviated due to the failure of the basis function approximation 
and regularization treatment. And the algorithm did not involve inho
mogeneous material problems and transient problems. Although the 
reference [55] adopted the precise integral finite element method 
(PIFEM) to deal with the transient heat transfer problem of FGMs and 
coupled the non-iterative method to carry out the inversion of boundary 
conditions and geometric shapes, the element discretization in the 
domain brought the loss of accuracy and efficiency to some extent in the 
analysis process. To this end, the study of the non-iterative inversion 
method for transient load identification based on the IG-DRBEM can 
realize the systematic solving of forward and inverse problems from 
CAD to CAE, and give full play to the advantages of high solving accu
racy, easy pre-processing and high efficiency of non-iterative inversion 
method. 

Moreover, when the load distribution region is wide, the number of 
nodes to be inverted will be large. In order to facilitate the precision and 
numerical stability of inversion results and reduce the cost of inversion 
calculation, Yu et al. [55] transformed the problem of load identification 
into the problem of solving a certain amount of undetermined co
efficients by using the basis function expansion technique and adopted 
the Tikhonov regularization to advance the tolerance of inversion pre
cision to measurement errors. These schemes will be considered herein 
to enhance the performance of the presented method. 

The paper is organized as follows. The problem description is pre
sented in Section 2. The solution of the forward problem is detailed 
introduced in Section 3. The inversion theory of boundary conditions is 
presented in Section 4. Several well-designed examples are discussed in 
Section 5. Finally, the main findings of the present work and some 
prospects are summarized in Section 6. 

2. Governing equation 

In this paper, the 3D transient heat conduction problem in FGMs is 
considered. The governing equation can be written as. 

∂
∂xi

[

k(x)
∂T(x, t)

∂xi

]

+ g(x, t) = ρ(x)c(x) ∂T(x, t)
∂t

, x

∈ Ω , (i = 1, 2, 3) (1) 

where the repeated subscripts represent summation conventions, 
T(x, t) and g(x, t) are temperature and heat source functions of spatial 
coordinate x = x(x1, x2, x3) and timet, respectively; the thermal con
ductivityk(x), the density ρ(x) and the specific heat c(x) are the function 
of the spatial coordinatexi. Here, temperature and heat flux boundary 
conditions are considered as follows. 

T(x, t) = T(x, t) , x ∈ Γ1 (2) 

and. 

− k(x)
∂T
∂n

= q(x, t) , x ∈ Γ2 (3) 

whereΓ1 ∩ Γ2 = ∅,Γ1 ∪ Γ2 = Γ, Γ is the boundary of whole 
domainΩ, n is the outer normal vector, T and q are known functions of 
temperature and heat flux. 

3. Solving the forward problem by IG-DRBEM 

3.1. Discretizing of integral equation 

In the literature [36], the IG-DRBEM has been detailly described for 
solving the single-patch modeling in FGMs. In this section, we focus on 
the process derivation of IG-DRBEM in multi-patch modeling. The 
detailed introduction of NURBS basis functions and the derivation 

process of boundary integral equation can be seen in the literature [36] 
Section 3 and 4, respectively. The boundary integral equation (Equation 
(17), in the literature [36]) applying DRBEM is given by. 

C(x′

)T̃(x′

, t) +
∫

Γ
T̃(x, t)q∗(x′

, x)dΓ −

∫

Γ
q(x, t)T∗(x′

, x)dΓ

=
∑Nt

j=1
aj

[

C(x′

)T̂ j(x
′

) +

∫

Γ
T̂ j(x)q∗(x′

, x)dΓ −

∫

Γ
q̂j(x)T∗(x′

, x)dΓ
] (4) 

where Nt denotes the boundary and interior points, T̃(x, t) is called 
the normalized temperature in which is given byT̃(x) = k(x)T(x,t), T* is 
the fundamental solution of 3D potential problem, andq(x) =

k(x)∂T/∂n. The remaining variables in Eq. (4) can be explained in the 
Section 4.1 of literature [36]. 

Before the discretization of the integral equation, the matching 
scheme of the collocation points should be considered. In general, the 
Greville abscissae method [7] is used to generate the collocation points 
in parameter space. However, the scheme of generating collocation 
points can cause the ill-posed algebraic equations for multi-patch 
modeling. To circumvent this problem, an improved collocation 
scheme based on the literature [35] is proposed for solving complex 
geometry with multi-patch modeling in IG-DRBEM. The main idea of 
this procedure is to move collocation points on each patch from the 
boundary into the inside of the patch as shown in Fig. 1, in which each 
surface of the cube is a patch. 

The corresponding obtained method of collocation points in 

parameter space 
(

ξ
′

i, η′

j

)
in the Greville abscissae method can be 

expressed as. 
⎧
⎪⎪⎨

⎪⎪⎩

ξ
′

i =
ξi+1 + ξi+2 + … + ξi+p

p
i = 1, 2,⋯, n

η′

j =
ηj+1 + ηj+2 + … + ηj+q

q
j = 1, 2,⋯,m

(5) 

where p and q are the order of NURBS basis functions, n and m are the 
number of control points on the directions ξ andη, respectively. To 
generate new collocation points in the parameter space, a shrinkage 
coefficient β is introduced to regenerate the first (subscript: 1) and last 
(subscript: end) parameter of collocation points as follows. 
{

ξ
′

1 = ξ
′

1 + β(ξ
′

2 − ξ
′

1); ξ
′

end = ξ
′

end − β(ξ
′

end − ξ
′

end− 1)

η′

1 = η′

1 + β(η′

2 − η′

1); η′

end = η′

end − β(η′

end − η′

end− 1)
(6) 

To describe clearly, it is assumed that temperature and heat flux 
boundary conditions are respectively applied to the boundary Γ1 andΓ2, 
where Γ1 and Γ2 are distributed into Nb1 and Nb2 collocation points, 
respectively. The entire boundary is distributed into Nb collocation 
points i.e.Nb = Nb1 + Nb2. Applying Nb boundary collocation points and 
NI interior points to Eq. (4) and using NURBS to discretize the boundary 
integral equation, an system of ordinary differential equations (ODEs) 
can be obtained as follows. 

ER
∂T̃(t)

∂t
− (DR − H)T̃(t) = Gq(t)+Cg(t) (7) 

where the detailed derivation of Eq. (7) and the generation process of 
the matricesE,R,D,H,G, C can be seen in the literature [36]. 

Note that the vector T̃ includes the normalized temperature expan

sion coefficients of control points (NTECCP) T̃b =

{{T̃b1}
T
Nb1×1, {T̃b2}

T
Nb2×1}

T 
and temperature of interior pointsT̃I. Simi

larly, q is composed of the heat flux expansion coefficients of control 
points (HFECCP). Let Nu = Nb2 +NI andNt = Nb + NI, the normalized 
temperature and heat flux vector can be expressed in the following block 
form. 

T̃ = {{T̃b1}
T
Nb1×1, {T̃b2}

T
Nb2×1, {T̃I}

T
Ni×1}

T
= {{T̃b1}

T
Nb1×1, {T̃u}

T
Nu×1}

T
(8) 
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q = {{qb1}
T
Nb1×1, {qb2}

T
Nb2×1}

T

Nb×1
(9) 

After applying boundary conditions, the ODEs can be given as 
follows. 

ψ̃ ∂T̃
∂t

= ψ⌣X + ψ̂ (10) 

The matricesψ̃, ψ⌣ 
and the vectorsψ̂ , X can be written in the following 

block matrix form. 

ψ̃ = (ER)(Nt×Nt)
=

[
(ψ̃11)(Nb1×Nb1)

(ψ̃12)(Nb1×Nu)

(ψ̃21)(Nu×Nb1)
(ψ̃22)(Nu×Nu)

]

(11)  

ψ⌣ =
[

G(Nt×Nb1) (DR − H)(Nt×Nb2)
(DR − H)(Nt×NI )

]

=

[
(ψ⌣11)(Nb1×Nb1)

(ψ⌣12)(Nb1×Nu)

(ψ⌣21)(Nu×Nb1)
(ψ⌣22)(Nu×Nu)

] (12)  

ψ̂ = (DR − H)(Nt×Nb1)
T̃b1 +G(Nt×Nb2)qb2 +C(Nt×Nt)g =

[
(ψ̂ 1)(Nb1×1)
(ψ̂ 2)(Nu×1)

]

(13)  

X = {{qb1}
T
(Nb1×1), {T̃b2}

T
(Nb2×1), {T̃I}

T
(NI×1)}

T
= \{ {qb1}

T
(Nb1×1), {T̃u}

T
(Nu×1)\}

T

(14) 

where. 
{

ψ̂ 1 = (DR − H)1T̃b1 + G1qb2 + C1g
ψ̂ 2 = (DR − H)2T̃b1 + G2qb2 + C2g

(15) 

The matrix blocks(DR − H)1,(DR − H)2,G1,G2, C1 and C2 can be 
extracted from the matricesDR − H,G,C. The specific form can be 
expressed as. 
[
(DR − H)1
(DR − H)2

]

=

[
(DR − H)(Nb1×Nb1)

(DR − H)(Nu×Nb1)

]

(16)  

[
G1
G2

]

=

[
G(Nb1×Nb2)

G(Nu×Nb2)

]

(17)  

[
C1
C2

]

=

[
C(Nb1×Nt)

C(Nu×Nt)

]

(18) 

Substituting Eqs. (11)–(14) into Eq. (10), the ordinary differential 

system can be rewritten as. 
[

ψ̃11 ψ̃12
ψ̃21 ψ̃22

][ ˙̃Tb1
˙̃Tu

]

=

[
ψ⌣11 ψ⌣12

ψ⌣21 ψ⌣22

][
qb1
T̃u

]

+

[
ψ̂ 1
ψ̂ 2

]

(19) 

The unknown HFECCP qb1 in Eq. (19) can be expressed as. 

qb1 = Ψ
⌣ − 1

11

(
Ψ̃11

˙̃Tb1 + Ψ̃12
˙̃Tu − Ψ

⌣
12T̃u − Ψ̂1

)
(20) 

Substituting Eq. (20) into Eq. (19), the ODEs with unknown 
normalized temperature only can be obtained as follows. 

˙̃Tu(t) = BT̃u(t)+Fu(t) (21) 

where. 

B = C3(Ψ
⌣

22 − C5Ψ
⌣

12) (22)  

Fu(t) = C3

{
C4

˙̃Tb1(t) +
[
(DR − H)2 − C5(DR − H)1

]
T̃b1(t) +

(G2 − C5G1)qb2(t) + (C2 − C5C1)g(t) }
(23) 

in which. 
⎧
⎪⎪⎨

⎪⎪⎩

C3 = (Ψ̃22 − C5Ψ̃12)
− 1

C4 = C5Ψ̃11 − Ψ̃21

C5 = Ψ
⌣

21Ψ
⌣ − 1

11

(24)  

3.2. Precise integration method 

To facilitate the performance of IG-DRBEM to solve the transient 
heat transfer problem, the PIM is adopted to solve Eq. (21). For the s-th 
time step[ts, ts+1], the solution is analytically written as. 

T̃u(ts+1) = ÊT̃u(ts)+

∫ Δts

0
exp[B(Δts − τ) ]Fu(ts + τ)dτ (25) 

where Δts = ts+1 − ts is the s-th time step. In this paper, the constant 
time step is carried out, i.e.Δts = Δt. 

Ê in Eq. (25) is an exponential matrix, that is,Ê = exp(BΔt). How to 
calculate the matrix Ê accurately is the most important part of the PIM. 
The matrix Ê can be rewritten as. 

Ê = [exp(BΔt/m̃)]m̃ (26) 

Fig. 1. Schematic diagram of multi-patch collocation points.  
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where m̃ is an integer. Letm̃ = 2M, where M is an integer. To improve 
the computational efficiency, the adaptive selection scheme of M is 
adopted. The detailed introduction can be seen in the literature [56,57]. 
The detailed derivation of calculation matrix Ê is shown in Eqs. (60)– 
(65) in the literature [37]. 

How to accurately carry out the integral operation in Eq. (25) is 
related to the accuracy of the final resultT̃u. Fu in Eq. (25) is formed by 
the known temperature and heat flux boundary conditions or heat 
sources. When the integral 

∫Δt
0 (⋅) dτ can be integrated analytically, the 

numerical results are not limited by the time step. If the integral 
∫Δt

0 
(⋅) dτ is too complicated to integrate analytically, Fu can be approxi
mated by the constant, linear or quadratic function. For example, use 
constant function to approximate Fu(ts + τ) i.e.Fu(ts + τ) = Fu(ts+1). 
Finally, the unknown T̃u in Eq. (25) can be obtained as follows. 

T̃u(ts+1) = ÊT̃u(ts)+AFu(ts+1) (27) 

where. 

A = ÊB− 1 − B− 1 (28) 

After the unknown T̃u is obtained, the unknown HFECCP can be 
calculated by Eq. (20). When the unknown NTECCP (Tb2) and HFECCP 
(qb1) are solved, the normalized temperature and heat flux of boundary 
collocation points can be calculated by NURBS interpolation on the 
corresponding element. Finally, the real temperature of boundary 
collocation points and interior points can be solved byT(x, t) =

T̃(x)/k(x). 

3.3. Calculation of any interior and boundary points 

When using NURBS to describe geometric information, the IGBEM 
needs only a few elements to accurately describe the boundary of the 
model. Naturally, the IGBEM can only directly obtain the result of a few 
boundary collocation points. It is very necessary to solve the response at 
any point on the boundary, so we first determined the element to which 
the point belongs, and then uses NURBS interpolation to solve the 
problem. To solve the temperature of any point in the domain, the ob
tained boundary information is used to generate the corresponding 
matrix, similar to the traditional BEM. A detailed description of these 
post-processing steps can be seen in reference [36]. 

4. Inversion of boundary conditions 

4.1. Inversion of heat flux boundary conditions 

It is well known that specifying the information of measurement 
points is necessary to solve the inverse problem. In this paper, the 
calculated normalized temperature of partial boundary collocation 
points is used as measurement information. Exploring the relationship 
between the information of measurement points and the quantity to be 
inversed is the most important step to establish the theory of non- 
iterative inversion. In this part, assume that the heat flux on the 
boundary Γ2 needs to be identified. Before identifying the heat flux, the 
relationship between the normalized temperature of measurement 
points and the unknown qb2 should be explored. By integrating Eq. (27), 
the relationship between T̃u and qb2 can be obtained as follows. 

T̃u(ts+1) = Buqb2(ts+1)+ b(ts+1) (29) 

where. 

Bu = AC3(G2 − C5G1) (30)  

b(ts+1) = ÊT̃u(ts) + AC3

{[
(DR − H)2 − C5(DR − H)1

]
T̃b1(ts+1)

+ C4
˙̃Tb1(ts+1) + (C2 − C5C1)g(ts+1)

} (31) 

Therefore, the relationship between the normalized temperature of 
measurement point T̃ue and qb2 can be extracted from Eq. (29), i.e. 

T̃ue(ts+1) = Bueqb2(ts+1)+ be(ts+1) (32) 

Further clarification is required that the matrix Bue and the vector be 

are taken from the matrix Bu = [Bu1;Bue] andb(ts+1) = {b1(ts+1); be(ts+1)}, 
respectively. Here, it needs to be clarified again that the boundary 
quantities T̃ue and qb2 in Eq. (32) correspond to the control point 
expansion coefficients. In the process of solving the inverse problem, the 
real normalization temperature T̃

r
ue of the collocation points is required. 

Based on Eq. (32), T̃
r
ue can be given by. 

T̃
r
ue(ts+1) = Br

ueqb2(ts+1)+ br
e(ts+1) (33) 

where T̃
r
ue = Rr

ueT̃ue, Br
ue = Rr

ueBue, br
e = Rr

uebe, and Rr
ue is generated by 

the NURBS shape function corresponding to the collocation point. 
Then, the error function J is established as follows. 

J =

⃦
⃦
⃦T̃

r
ue(ts+1) − T̃

r
um(ts+1)

⃦
⃦
⃦

2

2
(34) 

where the superscript “T” denotes the transpose of the vector, T̃
r
um is 

the normalized temperature of measurement points. Generally, T̃
r
um is 

obtained by the numerical simulation or the experimental operation. In 
this paper, T̃

r
um calculated by IG-DRBEM is utilized to replace the 

measured value. 
To find the optimalqb2, J can be minimized by differentiating J with 

respect to qb2 as follows. 

∂J/∂qb2 = 0 (35) 

So, qb2 can be written as. 

qb2(ts+1) =
((

Br
ue

)TBr
ue

)− 1(
Br

ue

)T
[
T̃

r
um(ts+1) − br

e(ts+1)
]

(36) 

In general, 
(
Br

ue
)TBr

ue is an ill-conditioned matrix. The truncated 
singular value decomposition (TSVD) method is adopted to implement 
matrix inversion. When the HFECCPs are obtained, the unknown heat 
flux of collocation points can be solved by NURBS interpolation. 

In order to improve the performance of the present inversion scheme, 
the basis function expansion method is adopted. The HFECCP to be 
inversed is expanded by using basis functions. Here, a set of complete 
polynomials independent of time is used as expanding basis functions. It 
is worth noting that the representation of the collocation point heat flux 
needs to be multiplied by a transformation matrix R in front of the 
HFECCPqb2. For instance, the qb2 can be expressed as. 

Ri,Nb2 qb2(ts+1) =
∑

j=1

k̃αj(ts+1)ϕj
(
x1,i, x2,i, x3,i

)
(37) 

where Ri,Nb2 is extracted from the matrix R in Eq. (7), the basis 
function ϕj, (j = 1,2,⋯, k̃) is given by. 

{ϕ1,ϕ2,⋯, ϕ̃
k
} =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ϕ̃1 = {1, x1, x2, x3}, k̃ = 4
ϕ̃2 = ϕ̃1 ∪ {x2

1, x
2
2, x2

3, x1x2, x1x3, x2x3}, k̃ = 10

ϕ̃3 = ϕ̃2∪{x3
1, x3

2, x
3
3, x1x2x3, x2

1x2, x2
1x3,

x2
2x1, x2

2x3, x2
3x1, x2

3x2}, k̃ = 20

(38) 

It can be seen that the number of basis functions in linear, quadratic 
and cubic polynomials is 4, 10 and 20, respectively. Applying Eq. (37) to 
each collocation point of the heat flux to be inversed, the matrix form 
using quadratic basis functions can be obtained as follows. 

R(Nb2×Nb2)qb2(ts+1) = Φα(ts+1) (39) 

B. Yu et al.                                                                                                                                                                                                                                       



Applied Thermal Engineering 212 (2022) 118600

6

where. 

Φ =

⎡

⎢
⎢
⎣

1 x1,1 x2,1 ⋯ x2,1x3,1
1 x1,2 x2,2 ⋯ x2,2x3,2
⋮ ⋮ ⋮ ⋮ ⋮
1 x1,Nb2 x2,Nb2 ⋯ x2,Nb2 x3,Nb2

⎤

⎥
⎥
⎦

(Nb2×10)

(40)  

α(ts+1) = {α1(ts+1),α2(ts+1),⋯,α10(ts+1)}
T (41) 

According to the formula (39), qb2(ts+1) can be rewritten as. 

qb2(ts+1) = R− 1
(Nb2×Nb2)

Φα(ts+1) (42) 

Note that the transformation matrix Φ only needs to be evaluated 
once because the expansion basis function only depends on the spatial 
coordinates. 

Substituting Eq. (42) into Eq. (33), a new relationship between T̃
r
ue 

and qb2 can be expressed as. 

T̃
r
ue(ts+1) = D̂α(ts+1)+ br

e(ts+1) (43) 

whereD̂ = Br
ueR

− 1
(Nb2×Nb2)

Φ. Similar to Eq. (35), by exe
cuting∂J/∂α(ts+1) = 0, the optimal α(ts+1) can be obtained as follows. 

α(ts+1) =
(

D̂
T

D̂
)− 1 D̂

T[
T̃

r
um(ts+1) − br

e(ts+1)
]

(44) 

Finally, the heat flux of collocation points can be solved by the right- 
hand side of Eq. (39). 

4.2. Inversion of temperature boundary conditions 

Assuming that the temperature on the boundary Γ1 is unknown, this 
section mainly introduces the inversion of temperature boundary con
ditions, which is similar to the inversion of heat flux boundary condi
tions. Before inversing boundary unknown temperature, based on the 
Eq. (27) the relationship between the real normalization temperature of 
the measuring point and the NTECCP to be inversed should be explored. 
Firstly, Eq. (27) can be rewritten as. 

T̃u(ts+1) = B̃uT̃b1(ts+1)+ b̃(ts+1) (45) 

where. 

B̃u = AC3

[
C4

Δt
+ (DR − H)2 − C5(DR − H)1

]

(46)  

b̃(ts+1) = ÊT̃u(ts) + AC3[(G2 − C5G1)qb2(ts+1)

−
C4

Δt
T̃b1(ts) + (C2 − C5C1)g(ts+1)

] (47) 

Similar to the process from Eq. (32) to Eq. (44), the normalized 
temperature coefficients of measuring points T̃ue can be extracted from 
Eq. (45) in the following form. 

T̃ue(ts+1) = B̃ueT̃b1(ts+1)+ b̃e(ts+1) (48) 

where the matrix B̃ue and the vector b̃e are taken from the matrix 
B̃u = [B̃u1; B̃ue] andb̃(ts+1) = {b̃1(ts+1); b̃e(ts+1)}, respectively. 

Similar to Eq. (33), the relationship of real normalization tempera
tures T̃

r
ue and T̃b1 can be given by. 

T̃
r
ue(ts+1) = B̃

r
ueT̃b1(ts+1)+ b̃

r
e(ts+1) (49) 

whereT̃
r
ue = R̃

r
ueT̃ue, B̃

r
ue = R̃

r
ueB̃ue,b̃

r
e = R̃

r
ueb̃e, and R̃

r
ue is generated by 

the NURBS shape function corresponding to the collocation point. The 
basis function is used to expand the normalized temperature of collo
cation points, i.e. 

R(Nb1×Nb1)T̃b1(ts+1) = Φα(ts+1) (50) 

Then, the optimal α(ts+1) can be obtained by solving ∂J/∂α(ts+1) = 0 
in the following form. 

α(ts+1) =
(

D
⌣T

D
⌣)− 1

D
⌣T[

T̃
r
um(ts+1) − b̃

r
e(ts+1)

]
(51) 

whereD
⌣

= B̃
r
ueR

− 1
(Nb1×Nb1)

Φ. Finally, the unknown temperature of 
collocation points can be calculated from the term on the right of Eq. 
(50). 

The detailed flowchart of solving the forward and inverse problem is 
shown in Fig. 2. 

5. Numerical examples 

In order to show the performance of the presented approach, the 
absolute error (Abserr), the relative error (Relerr) and the relative L2 
error norm (eL2 ) are used. These errors are given by. 
⎧
⎪⎨

⎪⎩

Abserr =
⃒
⃒γcom − γref

⃒
⃒

Relerr = 100⋅
⃒
⃒γcom − γref

⃒
⃒
/⃒
⃒γref

⃒
⃒

eL2 =
⃦
⃦γcom − γref

⃦
⃦

L2
/
⃦
⃦γref

⃦
⃦

L2

(52) 

where the L2 norm 
⃦
⃦γref

⃦
⃦

L2 
is written as follows. 

⃦
⃦γref

⃦
⃦

L2
=

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

∑Nt

i=1
γ2

ref ,i

√
√
√
√ (53) 

In addition, the maximum Abserr (Mabserr) and the maximum Relerr 
(Mrelerr) are also adopted to judge the performance of the proposed 
method. The subscripts “com” and “ref” in Eqs. (52) and (53) represent 
the computed numerical result and the reference solution of tempera
ture or heat flux. For the convenience of subsequent expression, the total 
number of patches, elements and control points is represented byNp, Ne 

andNc, respectively. 

5.1. A cube model 

In this example, a cube of length, width and height 2 × 2 × 2 is 
considered. As shown in Fig. 3, the initial model is divided into 6 ele
ments in total, in which each surface of the cube is distributed with a 
NURBS element and each element includes 9 collocation points. At the 
same time, the 53 interior points are uniformly distributed within the 
domain. 

To verify the effectiveness of the proposed method, the analytical 
expression of the temperature field is assumed as. 

T = (x1 + 3x2 + 5x3 + 10)cos(50t) (54) 

where the physical parametersk(x),ρ(x), c(x) and the heat source g(x)
are given by. 
{

k = ex1+x2 ; ρ = x1 + 5 ; c = cos(x1x2x3)

g = − 50ρc(x1 + 3x2 + 5x3 + 10)sin(50t) − 4ex1+x2 cos(50t) (55) 

In this example, the temperature boundary condition is specified by 
Eq. (54). To accurately solve the integral 

∫ Δts
0 (⋅) dτ in Eq. (25), based on 

the expression of the temperature boundary condition and heat source 
function, Fu can be written as. 

Fu(t) = F1cos(50t)+F2sin(50t) (56) 

Thus, based on the Eq. (25), T̃u can be expressed as. 
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T̃u(ts+1) = ÊT̃u(ts) +
1

50

[

I⋅sin(50ts+1) −
B
50

⋅cos(50ts+1)

− Ê⋅sin(50ts) +
ÊB
50

⋅cos(50ts)

]

⋅
(

I +
B2

502

)− 1

⋅F1

+
1
50

[

Ê⋅cos(50ts) +
ÊB
50

⋅sin(50ts) − I⋅cos(50ts+1)

−
B
50

⋅cos(50ts+1)

]

⋅
(

I +
B2

502

)− 1

⋅F2

(57) 

where I is the identity matrix of the same order asB. 
(A) The effect of different β on the results. 
As shown in Fig. 3, different shrinkage coefficients β result in 

different distributions of collocation points between patches. Here, the 
results of temperature at the tend = 1 are presented, where Δt = 1 is 
adopted. It can be seen from Table 1 that β cannot be too big or too small. 
For instance, 0.3 is the optimal β by comparison. So, β = 0.30 is taken in 
the subsequent calculation. 

(B) The effect of using single-patch and multi-patch modeling on the 
results. 

To show the performance of the proposed collocation scheme for 
multi-patch modeling, the same cube is established by the single-patch 
and multi-patch technique. As shown in Fig. 4, different distribution 
schemes of collocation points are considered, where 53 interior points 

are used in each calculation model. 
The results of different numbers of collocation points by progres

sively refinement at tend = 1 are presented in Fig. 5 withΔt = 1. It can be 
seen that the multi-patch model can obtain higher accuracy than the 
single-patch model with fewer collocation points. However, if there are 
sufficient collocation points, the precision gap between the two 
configuration schemes will narrow. 

(C) Different interpolation forms ofFu. 
When loads and heat source functions are too complex to separate 

time and space variables, that is, when 
∫Δts

0 (⋅) dτ in Eq. (25) cannot be 
integrated analytically, it is necessary to consider interpolating Fu and 
then integrating it. To explore an effective approximation ofFu, the 
constant, linear and quadratic approximations are discussed. Fig. 6 
shows the eL2 of the PIM calculation when Fu uses three kinds of ap
proximations. For comparison, the results of using FDM to solve Eq. (7) 
are also presented in Fig. 6 attend = 100. It can be seen that when the 
time step is small, both PIM and FDM can obtain reliable accuracy, and 
the change of time step has almost no effect on the calculation accuracy 
of the PIM with analytical time term integration. Even in the case of the 
large time step, the quadratic approximation can still obtain a good 
agreement with analytic integration and is better than FDM. To show the 
applicability of PIM to arbitrary boundary conditions and heat sources 
under the premise of ensuring accuracy, the quadratic approximation Fu 
with Δt = 0.01 is utilized in the subsequent examples. 

Fig. 2. The flowchart for solving the forward problem.and boundary condition inversion.  
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5.2. A multi-patch sphere model 

A sphere with radius 1 is established in this example to compare the 
present approach with the traditional BEM and test the effect of 
measuring point position on thermal load inversion results. The control 
points distribution and initial NURBS elements of the model are shown 
in Fig. 7. 

To facilitate the verification of accuracy, assuming the temperature 

Fig. 3. IGBEM model of the cube with differentβ.  

Table 1 
Temperature errors for considering differentβ.  

β eL2 Mabserr Mrelerr (%) 

β = 0.10 4.7317e-4  0.0268  0.3008 
β = 0.20 4.6401e-4  0.0284  0.2273 
β = 0.30 2.3031e-4  0.0099  0.1071 
β = 0.40 3.4724e-4  0.0206  0.2086 
β = 0.50 7.5343e-4  0.0466  0.6358  

Fig. 4. Distribution of collocation points and interior points of the single-patch and multi-patch modeling cube.  
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field of the sphere satisfiesT = 10
[
ex1 + cos(x2) + x2

3
]
et. The pure tem

perature boundary condition and initial condition can be determined 
according to this equation, and the physical parameters and heat source 
of the model are given as follows: 
⎧
⎪⎪⎨

⎪⎪⎩

k = x2
1 + x2

2 + x2
3 + 1 ; ρ = 1 ; c = 1

g = 10et{ex1 + cos(x2) + x2
3 − k[ex1 − cos(x2) + 2]

− 2
[
x1ex1 − x2sin(x2) + 2x2

3

] }
(58) 

(A) Compare with traditional BEM. 
This case computes the traditional BEM and multi-patch IG-DRBEM 

of gradually refined elements based on the 100 randomly distributed 
interior points shown in Fig. 8. Fig. 9 and Fig. 10 depict the different 
element discretization of the two methods, where the 8-node quadratic 
element is adopted in traditional BEM. Their temperature eL2 at tend = 1 
corresponding to different degrees of freedom is described in Fig. 11. It 
can be obtained that the proposed method can achieve satisfactory 
precision higher than that of traditional BEM [58] when the degree of 
freedom is less, and the error levels of the two methods tend to be the 
same with enough degrees of freedom. 

(B) The influence of measuring point positions. 
Based on this simple sphere model, the influence of measuring point 

positions on temperature boundary condition identification is discussed 
here. The region of boundary conditions to be inversed and the adopted 
75 interior points are shown in Fig. 12. The initial NURBS element in 
Fig. 9 (a) is used by the computational model. In order to highlight the 
differences between the positions of the measurement point, the interior 
points with x3 = 0.5, 0, - 0.5 in Fig. 12 are used as measuring points 
layer by layer. 

It is evident from Table 2 that the inversion results are better when 
the distance between the measurement points and the boundary to be 
identified is small. In terms of this, the measurement points relatively 
close to the inversion boundary will be distributed in the subsequent 
thermal load identification procedure. In addition, the basis function 
expansion is not taken into account here because of the few variables to 
be inverted in this example. 

5.3. A complex model of a fighter 

In this example, inversion of temperature and heat flux boundary 

Fig. 5. Temperature eL2 of considering different number of collocation points.  

Fig. 6. Temperature results of using PIM and FDM with differentΔt.  

Fig. 7. The control points and the initial NURBS elements of the sphere.  

Fig. 8. The interior points distribution of case (A).  
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conditions is investigated. As shown in Fig. 13, a complex NURBS model 
of fighter is used in the calculation process, where 500 points are 
distributed inside the fighter and represented by black dots. The model 
comes with two drop tanks and two simplified missile models, and the 
drop tank, cockpit and tail engine parts have been cut into proper cavity 
shapes. Table 3 provides the information of the computational model. 
The distribution of control points and NURBS elements and the region 
position of imposing boundary conditions are shown in Fig. 14, where 
on the outer surface of the upper part of the cockpit (OSUPC), the inner 
surface of the cavity of the cockpit part (ISCCP), the inner surface of the 
drop tank (ISDT), and the inner surface of the cavity of the engine part 
(ISCEP) are all subjected to heat flux boundary conditions, and the 
remaining parts are given temperature boundary conditions. In addi
tion, in Fig. 14, the green dots denote the control point and the NURBS 
element is depicted by the blue line. 

5.3.1. The verification of forward problems 
The accuracy of the proposed method in solving complex models 

needs to be verified before boundary condition inversion. Here, it is 

assumed that the temperature field of the entire fighter is. 

T = 10
(
cosx1 + x2

2 + x3 + 1
)
e− t (59) 

where the thermal conductivity, density, specific heat capacity and 
heat source are given by. 
⎧
⎪⎪⎨

⎪⎪⎩

k = ln(x2 + 5); ρ = cos
(
x2

1

)
; c = cos(x1x2x3)

g = − 10e− t[cos
(
x2

1

)
cos(x1x2x3)

(
cosx1 + x2

2 + x3 + 1
)

+2x2/(x2 + 5) − ln(x2 + 5)(cosx1 − 2) ]
(60) 

It is worth noting that when the correctness of the forward problem is 
investigated, the assumed analytical temperature field expression Eq. 
(59) is directly used for conversion at the position where the heat flux 
boundary condition is applied to the fighter model, and the temperature 
boundary condition is directly applied by Eq. (59). 

It can be seen from Table 4 that the presented method also has very 
stable and accurate performance for processing complex multi-patch 
geometric models, in which the maximum relative error is less than 
0.035%. As shown in Fig. 15, the temperature error distributions at 

Fig. 9. Different element divisions and boundary collocation points of IG-DRBEM.  
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different instants are relatively stable, and the Mrelerr distribution point 
is basically concentrated on the outer surface of the cockpit and the 
inner surface of the drop tank. However, the number of collocation 
points with large Relerrs is very small. 

5.3.2. The inversion of temperature boundary conditions 
In this case, it is assumed that the ISCCP, ISDT and ISCEP parts are 

adiabatic, at the same time, the OSUPC part is given a heat flux by. 

qOSUPC = 300(x1 + x2 + x3 + 2)e− t (61) 

and the rest part of the fighter is given a temperature boundary 
condition according to Eq. (59). Physical property parameters and heat 
source distribution are specified by Eq. (60). The temperature boundary 
conditions to be inversed are shown in Fig. 16, where the temperature of 
552 collocation points needs to be inversed. In the inversion process, 
104 measurement points are respectively distributed in ISCCP, ISDT and 
ISCEP positions, where the detailed distribution of measurement points 
can be seen in Fig. 17(b). 

(A) The effect of different expansion basis functions. 
Because the number of boundary points to be inversed is compara

tively large in this example, the basis function expansion should be 
considered to reduce the variables to be identified. Thereby, the influ
ence of different polynomial basis function orders is first discussed in 
this case to guide the subsequent order selection. It can be seen from 
Table 5 that when the third-order polynomial is used, eL2 can reach the 
magnitude of 10− 5 and the maximum relative error is less than 0.02%. 
Therefore, the complete polynomial of third-order is adopted as the 
basis function of expansion in the following inversion processes. 

(B) The effect of different measurement points. 

Fig. 10. Different element divisions and boundary nodes of conventional BEM.  

Fig. 11. Temperature eL2 of different methods attend = 1.  
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As shown in Fig. 17, four different numbers of measurement point 
distributions are considered. 

It can be seen from Table 6 that too few measurement points will 
cause obvious oscillation of boundary condition identification results 
and lead to unacceptable inversion errors. But the error magnitude of eL2 

for 52 measuring points and hundreds of measuring points is10− 5. With 
the increase of the number of measuring points, the inversion results are 
slightly improved. Therefore, it is not advisable to use a too small 
number of measuring points in the process of solving the inverse prob
lem. In order to take into account the accuracy and cost of the inversion, 
104 measurement points as shown in Fig. 17 (b) are selected in the 
subsequent inversion process. 

(C) The effect of different measurement errors. 
In this case, considering the influence of measurement error on 

inversion results, the following error forms are introduced to simulate 
the real noise environment: 

T̃um = T̃
′

um + εω (62) 

where T̃
′

um is the normalized temperature of measurement point 
obtained by the IG-DRBEM, ε denotes the deviation, ω represents the 
random vector that belongs to [-1,1]. 

The ill-posedness of the inverse problem is caused by measurement 
error to a large extent, so it is a common technique to implement reg
ularization. The classical Tikhonov regularization is used here to obtain 
stable inversion results. Therefore, when the temperature boundary 
conditions are inversed, the objective function Eq. (34) needs to be 
rewritten as. 

Fig. 12. Temperature region to be inversed and the distribution of measure
ment points of the sphere model. 

Table 2 
Temperature identification results attend = 1.  

Measurement point positions eL2 Mabserr Mrelerr (%) 

x3 = 0.5 4.0628e-4  0.1023  0.0857 
x3 = 0.0 2.9494e-3  0.5253  0.5750 
x3 = − 0.5 2.2498e-2  3.3537  4.0007  

Fig. 13. The geometry model and the distribution of internal points. L1: the length of the fuselage; L2: the wingspan width of fighter; L3: the tailplane width of 
fighter; L4: the vertical tail spacing of fighter; L5: the vertical tail height of fighter. 

Table 3 
The computational model information of fighter.  

Np Ne Nc Nb NI 

1102 1376 10,664 10,664 500  
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J =

⃦
⃦
⃦T̃ue(ts+1) − T̃um(ts+1)

⃦
⃦
⃦

2

2
+ λ‖Iα(ts+1) ‖

2
2 (63) 

where λ represents the regularization parameter, and I denotes the 
identity matrix with the same dimension as the vectorα(ts+1). 

Similar to the previous theory, by solving∂J/∂α(ts+1) = 0, the 
optimal α can be obtained as follows. 

α(ts+1) =
(

D
⌣T

D
⌣
+ λI

)− 1
D
⌣T[

T̃um(ts+1) − b
′

e(ts+1)
]

(64) 

Fig. 14. The distribution of control points and NURBS elements and the region position of imposing boundary conditions.  

Table 4 
Temperature results of all collocation points.  

t eL2 Mrelerr (%)  

0.25 1.7024e-5  0.0353  
0.50 1.7024e-5  0.0353  
0.75 1.7024e-5  0.0353  
1.00 1.7024e-5  0.0353  

Fig. 15. The Relerr of temperature at all collocation points.  
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The effective selection of λ is an important prerequisite for obtaining 
stable and accurateα(m+1)(tm+1). Here, the generalized cross-validation 
(GCV) [59] is used to select the bestλ. This method constructs a func
tion V about λ as follows. 

V(λ) =

⃦
⃦
⃦
⃦

(

I − D
⌣(

D
⌣T

D
⌣
+ λI

)− 1
D
⌣T

)[
T̃um(ts+1) − b

′

e(ts+1)
] ⃦⃦
⃦
⃦

2

2
(

tr
[

I − D
⌣(

D
⌣T

D
⌣
+ λI

)− 1
D
⌣T

])2 (65) 

where “tr” denotes the trace of the matrix. Here, when V(λ) takes the 
minimum value, the corresponding λ is taken as the optimal regulari
zation parameter value. 

It is worth noting that although the ill condition of the matrix D
⌣T

D
⌣ 

has been improved by implementing regularization, here we still use 
TSVD for matrix inversion. 

In order to show the accuracy of inversion temperature boundary 
conditions and their influence on temperature distribution in other 
parts, several boundary points are added on each NURBS element on the 
body surface, and a total of 47,762 boundary points were added, as 
shown in Fig. 18. Fig. 19 shows the relative errors of temperature of all 
boundary collocation points calculated by using inversion temperature 
boundary conditions, where the reference solution is the unknown 
temperature obtained by using accurate boundary conditions. It can be 
seen that when random errors of 1%, 3% and 5% are adopted, the 
Mrelerr of temperature of all boundary collocation points does not 
exceed 0.082%, 0.19% and 0.23%, respectively. Therefore, the proposed 
method with the regularization scheme has good stability and high ac
curacy for inversion of temperature boundary conditions. 

5.3.3. The inversion of heat flux boundary conditions 
In this section, the inversion of the heat flux boundary condition is 

considered, and the region to be identified is OSUPC, where 96 collo

cation points are distributed, as shown in Fig. 16. The boundary con
dition type, physical parameters and heat source distribution applied to 
the whole body are consistent with Section 5.2.2. For example, the 
ISCCP, ISDT and ISCEP parts are adiabatic, and the OSUPC part is given 
a non-zero heat fluxqOSUPC. The temperature boundary conditions of the 
rest parts of the body are given in accordance with Eq.. Also, the adopted 
expansion basis functions, the distribution scheme and number of 
measurement points are consistent with the conclusion in Section 5.2.2. 

(A) Considering different heat flux expressions. 
In this case,when qOSUPC is a constant, linear, quadratic and trigo

nometric function, the inversion performance of the proposed method is 
considered, and the specific expression is as follows. 

qOSUPC =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

300
300(x1 + x2 + x3 + 2)e− t

100
(
2x2

1 + 3x2
2 + 4x2

3 + 5
)
e− t

100(sinx1 + sinx2 + sinx3 + 3)e− t

(66) 

It can be seen from Table 7 that the inversion method proposed in 
this paper has good stability and accuracy. For heat flux forms of 
different complexity, Mrelerr and eL2 are respectively maintained at the 
same order of magnitude. 

(B) The influence of different extent of measurement errors. 
In this case, qOSUPC = 100

(
2x2

1 + 3x2
2 + 4x2

3 + 5
)
e− t is selected to 

investigate the influence of different measurement errors on the inver
sion results. Similar to the case (C) in Section 5.2.2, when the regula
rization scheme is adopted, the optimal in Eq. (44) can be modified as. 

α(ts+1) =
(

D̂
T

D̂ + λI
)− 1 D̂

T[
T̃um(ts+1) − be(ts+1)

]
(67) 

where the selection of λ and the computation of 
(

D̂
T
D̂ + λI

)− 1 also 
adopted the GCV method and the TSVD, respectively. 

The accuracy of the proposed inversion method has been demon

Fig. 16. Temperature and heat flux region to be inversed.  
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Fig. 17. The distribution of measurement points.  

Table 5 
Errors of inversion temperature boundary conditions with different expansion 
basis functions.  

Polynomial orders eL2 Mrelerr(%) 

1 2.2851e-2  6.3516 
2 5.1364e-4  0.1960 
3 4.2770e-5  0.0152  

Table 6 
Errors of inversion temperature boundary conditions with differentNm.  

Nm eL2 Mrelerr (%) 

14 5.1631e-3  1.4836 
26 4.0510e-3  0.9461 
52 5.7538e-5  0.0166 
104 4.2770e-5  0.0152 
312 4.0880e-5  0.0135 
416 4.0313e-5  0.0134  
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strated in case (A) in this Section for inversion of heat flux boundary 
conditions. Here, in order to intuitively reflect the influence of inversion 
heat flux boundary conditions on the temperature distribution of the 
fighter when different noises are considered, the temperature of the 
BCP-NAP is calculated. It can be seen from Fig. 20 that the presented 
inversion method can still obtain relatively stable and accurate tem
perature field distribution with different noises. Even when the error of 
ε = 5% is considered, the maximum relative error of the temperature 

Fig. 18. Boundary points at the fighter including the boundary collocation points and the new added points in each NURBS element (BCP-NAP).  

Fig. 19. Relerr of temperature of the BCP-NAP at t = 1 for inversing temperature boundary condition.  

Table 7 
Mrelerr and eL2 of identifying heat flux with differentqOSUPC.  

qOSUPC eL2 Mrelerr (%) 

Constant 1.9730e-6 5.8533e-4 
Linear 3.2009e-6 9.0022e-4 
Quadratic 3.6073e-6 9.0641e-4 
Trigonometric 2.7547e-6 7.3439e-4  
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field obtained by using the inversed heat flux boundary conditions does 
not exceed 0.23%, and the reference solution is the temperature field 
obtained with the given analytical boundary conditions. 

6. Conclusions 

The contribution of this paper can be summarized into two parts. 
One is to establish a theoretical framework for IG-DRBEM to solve multi- 
patch models, which makes it possible for IG-DRBEM to analyze com
plex geometric problems. Meanwhile, the introduction of PIM enables 
IG-DRBEM to obtain stable time-domain results under different time 
steps, which advances the efficiency of IG-DRBEM in the analysis of 
transient problems. Another major innovative work is to propose a non- 
iterative inversion method for boundary condition identification based 
on the presented multi-patch analysis method, which further expands 
the research scope of IG-DRBEM. The realization of basis function 
expansion and regularization techniques further reduces the inversion 
dimension and promotes the anti-noise performance of the inversion 
method. The numerical examples systematically consider the influence 
of various factors on the inversion results. The results show that the 
proposed approach is not very sensitive to the influence of the number of 
measuring points. The inversion method can obtain relatively accurate 
inversion results, even under the influence of 5% random error, the 
Mrelerr is still less than 1%. 

The assumed temperature field is only used to conveniently verify 
the effectiveness of the present methodology. In terms of practical 
problems, the main difficulties generally lie in the establishment of the 
geometric model, the imposition of boundary conditions, and the se
lection of location and number of measuring points. The proposed 
method’s multi-patch computing capability and the high inversion 

accuracy under various boundary conditions, different distribution of 
measurement points and different extent of measurement errors prove 
that it is expected to have applicability for analyzing practical problems. 
Since the experimental conditions are not available at present, we will 
try experimental verification in the future, and then consider the prac
tical application. Furthermore, the present method still has some 
shortcomings, such as (1) The main coefficient matrices in the solution 
system is asymmetric full matrices, so the computational efficiency may 
be inadequate when the problem scale is too large; (2) NURBS lacks the 
ability of local refinement because of the feature of the global tensor 
product and cannot perform the fine calculation on some critical parts of 
the geometry to be analyzed. In consideration of these factors, the T- 
spline or locally refined B-spline combined with the fast multipole 
method will be used to solve forward problems in the future. Simulta
neously, other inverse analysis methods will be studied to solve more 
various inverse problems, thus further expanding the application of IG- 
DRBEM. 
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Fig. 20. Relerr of temperature of the BCP-NAP at t = 1 for inversing heat flux boundary condition.  
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Appendix 

(A) Constant approximation of Fu 

Assuming that Fu is the constant vector in any interval[ts, ts+1], let. 

Fu(ts + τ) = Fu(ts+1) (68) 

Eq. (25) can be written as. 

T̃u(ts+1) = Ê
[
T̃u(ts) + B− 1Fu(ts+1)

]
− B− 1Fu(ts+1) (69)  

(B) Linear approximation of Fu 

Assuming that Fu varies linearly on any interval[ts, ts+1], let. 

Fu(ts + τ) = r0 + r1⋅τ (70) 

where. 

r0 = Fu(ts)

r1 =
1

Δt
[Fu(ts+1) − r0 ]

(71) 

Eq. (25) can be written as. 

T̃u(ts+1) = Ê
[
T̃u(ts) + B− 1( r0 + B− 1r1

) ]
− B− 1( r0 + B− 1r1 + Δtr1

)
(72)  

(C) Quadratic approximation of Fu 

Using quadratic function to approximateFu, it is given by. 

Fu(ts + τ) = r0 + r1τ+ r2τ2 (73) 

where. 
⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

r0 = Fu(ts)

r1 = −
1

Δt
(3Fu(ts) − 4Fu(ts +

Δt
2
) + Fu(ts+1))

r2 =
2

Δt2 (Fu(ts) − 2Fu(ts +
Δt
2
) + Fu(ts+1))

(74) 

Then, Eq. (25) can be integrated as. 

T̃u(ts+1) = ÊT̃u(ts)+Ar0 +A1r1 +A2r2 (75) 

where. 
⎧
⎨

⎩

A = ÊB− 1 − B− 1

A1 = Ê
(
B− 1)2

−
(
B− 1)2

− ΔtB− 1

A2 = 2Ê
(
B− 1)3

− 2Δt
(
B− 1)2

− 2
(
B− 1)3

− Δt2B− 1
(76)  
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