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This paper presents a finite element method and boundary element method (FEM-BEM) coupling scheme
to study the steady-state 2D heat transfer problem for structures with multi-scale features. Based on the
geometric information or material properties, the considered model is divided into FE sub-domain and BE

f\;‘:\p 11[1}15 method sub-domain. The closed BE sub-domain in the mixed FEM-BEM model is defined as a finite super-element for
Q . . which the effective stiffness matrix and effective fluxes are obtained by the self written BE code and hence

Heat transfer problem with multi-scale . . X .

structures can be assembled to the FE systems by the user subroutine (UEL) provided in ABAQUS. This method offers a

number of key improvements compared with current analysis methods available for multi-scale structures.
These improvements are: (i) the flexibility and convenience by using the powerful pre/post-processing in
ABAQUS; (ii) the higher accuracy of the solution over the classical FEM; and (iii) the computational cost
and time can be highly reduced by using the coupling method. Numerical results are compared with reference

solutions and demonstrate the accuracy and effectiveness of the proposed approach.

1. Introduction

With increasing requirements of high performance and small size
electronic equipments, power densities of semiconductor devices are
continuously rising, which results in high heat flux in electronic equip-
ments. In recent years, the use of electronic devices in various industries
has given a more careful attention to this section [1]. One of the main
issues discussed in relation to the electronic devices is the analysis of
heat transfer problems, which is essential to perform the thermal man-
agement/design of electronic devices for researchers and engineers.
Since the characteristics of simple implementation and low cost, numer-
ical methods are becoming a widely used way to provide guidances for
the design of electronic devices. Up to now, many numerical methods
have been developed to study the heat transfer problems, such as
finite element method (FEM) [2], mesh free method (MFM) [3], finite
difference method (FDM) [4], boundary element method (BEM) [5],
traction boundary elements method (TBEM) [6], method of fundamen-
tal solutions (MFS) [7], etc. Many of the numerical schemes can be used
to study the heat transfer problems in electronic equipments [8-11].

In [12], Yun et al. presented an RC component model (RCCM) to
extract thermal resistances and time constants for a thermal network.
The method enables a system designer to couple the thermal prediction
with a circuit simulator to analyze the electrothermal behavior of
insulated gate bipolar transistor (IGBT) module system, simultaneously.
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To optimize the heat conduction in Fan-out (FO) package, Huang et al.
proposed a hybrid method using Taguchi design of experiments, radial
basis neural network (RBNN) and genetic algorithm (GA) in [13].
To help electronic designers find the optimum placement of some
heating devices, some guidelines based on analytical approach model is
proposed in [14]. Actually, due to the emergence of FEM professional
softwares (ANSYS, ABAQUS, COMSOL, etc.), the FEM is becoming the
most popular numerical method for the heat transfer of the electronic
device. In [15], Oda and Sakamoto presented a special finite-element
method which provides attractive results without three-dimensional
finite-element discretization to study the multiple laminated struc-
ture in electronic packaging. In [16], the COMSOL Multiphysics is
adopted to build the multi-chips module combined with ball grid
array (MCM-BGA) 3D package model, which allows running a coupled
thermo-fluidic FEM simulation. Based on the simulation, the multi-
parameters optimization of structural parameters was conducted. To
investigate the thermal response of sample boards (at board level)
during the preheating stage of the reflow process, a forced-convection
reflow oven was modeled using computational fluid dynamic software
FLUENT, whereas structural heating at the board level was conducted
using finite-element method software ABAQUS [17].
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It should be noted that models with multi-scale structures are
highly challenging because small and large features of structures oc-
cur in one model, which requires discretization of the computational
domain, resulting in very large degrees of freedom. Although many
approaches have been presented to study electronic devices, there are
few approaches to analyze heat transfer problems of the electronic mod-
ule systems with multi-scale structures. This is due to the limitations
of computational time and the available computer memory for fine
meshes. For a numerical model with coatings or thin sections, the size
of each element should be close to the thickness of the coatings or
thin sections, which may result in too many elements in discretizing
the model [18,19]. Since the advantages of reduction dimensionality of
the problem by one and the high accuracy of its solutions on boundary
element meshes, the boundary element method (BEM) seems to be a
great alternative for the analysis of semiconductor structures.

In [20], Khatir and Lefebvre investigate thermal behavior of high
power semiconductor packages subjected to power cycling loads by us-
ing the boundary element method. Based on boundary element method,
Vermeersch and Mey studied dynamic thermal characterization of elec-
tronic packages [21]. The authors found that the results obtained by
BEM agree well with analytical results. And the method could easily
be extended to multi-layer structures and more complicated package
configurations. In [22], an analysis method based on the boundary
element method is presented to study the transient thermal response of
electronic packages consisting of dissimilar materials while subjected
to general boundary conditions. To carry out stress calculation of the
integrated circuit (IC) plastic package under the remote loading or the
pressure acting on the delamination surfaces, Dong and Lee presented
a boundary element method in which fundamental solutions derived
from the symmetrical property of studied problem are adopted [23].
More recently, Yu et al. presented an isogeometric boundary element
method (IGABEM) to study the heat transfer problems of electronic
packaging structure [24]. It should be noted that there are also some
limitations in the application of BEM for some electronic package
problems. For the analysis of multi-scale structures, large number of
nearly singular integral which presents challenges for practitioners
working with the BEM appears. Due to the coefficient matrices of BEM
are dense and nonsymmetrical, the computation time of forming and
solving the systems for a whole complicated model is enormous. In
addition, the fundamental solution (needed in BEM analysis) of some
materials is difficult to obtain, especially for 3D problems [25].

In 2010, Tadeu et al. proposed a BEM/TBEM and MFS coupling
method for the transient analysis of conduction heat transfer in the
presence of inclusions and layers structures with thicknesses nearly
zero [26]. From the results we can find that the coupling scheme
overcomes the limitations posed by each method. Inspired by this work,
the coupling of FEM and BEM seems to be a good way for the analysis of
the semiconductor devices with large number of multi-scale structures.
The coupling method combines the advantages of BEM and FEM while
not requiring any iterations along the interfaces between BEM and FEM
domains. This type of coupled formulation avoids the fine discretization
required by FEM to achieve accurate results in regions with small length
scales and geometric and material discontinuities [27]. The FEM-BEM
coupling scheme has been studied for a long time. In 1977, Zienkiewicz
and Bettess proposed the scheme how the BEM can be utilized in
conventional FEM context [28].

Then, the coupling scheme is widely used in several fields, includ-
ing elasticity problems [29,30], potential problems [31], heat transfer
problems [32], geomechanics [33], electronic packages problems [22],
magnetic field problems [34-36], acoustic problems [37], contact prob-
lems [38]. The coupling scheme of isogeometric analysis (IGA) and
isogeometric boundary element method (IGABEM) have been inves-
tigated by many researchers in recent years [39,40]. Some literature
survey on the coupling of BEM and FEM can be found in [41,42]. In
2016, Liu and Dong presented an automatic implementation procedure
for the coupling of the ABAQUS with a BEM code to study dynamic
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Fig. 1. Model subjected to heat transfer.

elastoplastic problems [43]. By using this coupling scheme, the user can
not only benefit from the powerful pre- and post-disposal functions of
the ABAQUS, but also deal with infinite problems by adopting the BEM
as a supplement. Based on the powerful platform of the ABAQUS, the
coupling scheme will be a potential method for the thermal analysis of
electronic packaging structure.

In this paper, based on the commercial finite element analysis
software ABAQUS, we propose a coupling method of FEM-BEM and
apply this scheme to study the steady-state heat transfer problem. For
a numerical model with multi-scale features (large part and small part
existing in one model), to reduce the number of element used in the
computation, we divide the model into different parts. To avoid the
evaluation of nearly singular integrals in BEM, the small part is studied
by FEM and large part is analyzed by BEM. For a model with different
materials, the BEM will be used in the domain with linear elastic
materials, while FEM is used to analyze the other domain with complex
materials properties. In the numerical implementation of the coupling
scheme, based on the geometric features or material property of the
computed model, the model should be divided into two sections: the
BE part and FE part. The boundary element method will be used in the
BE part, and finite element method is used in the FE part. The interface
(line element for 2D problems and surface element for 3D problems)
between the FE part and BE part is regarded as a super-element which
can be incorporated into the finite element code. A self-written BEM
code for heat transfer problems is developed to realize the coupling
scheme. The BEM code will be started inside UEL to calculate the
effective stiffness and effective fluxes on the interface of BE part and
FE part, the relationship of which are handled as the given boundary
conditions for the FE part. Then the global coupling stiffness matrix
which is consisted of the stiffness matrix of BEM and the stiffness matrix
of FEM can be obtained. The resulted system equations is solved by the
solver of ABAQUS. In this work, the user subroutine URDFIL is used to
pass the relative information to the BE code for the BE part analysis.

The outline of this paper is shown as follows. Some formulations
of the FEM and BEM for heat transfer problem is briefly introduced
in Section 2. Section 3 presents the implementation of the coupling
scheme for heat transfer problems. In Section 4, the process of coupling
ABAQUS and the BEM code is presented. Some numerical examples for
plate and BGA are analyzed in Section 5 to demonstrate the correct-
ness and efficiency of the coupled method. Finally, some discuss and
conclusions are given in Section 6.

2. Theoretical analysis

In this section, we will outline the fundamentals of the finite ele-
ment method and boundary element method for 2D steady-state heat
transfer problems in isotropic medium. For these problems, the struc-
ture occupies a continuous physical domain, @ € R?> with closed
boundary I', as shown in Fig. 1. It is assumed for simplicity in this paper
that the domain is free of thermal sources/sinks in the heat transfer
problem. The governing equations for isotropic materials are [44]

V2u(x) = L (k‘)”(x)> =0,
0x;

o €
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Fig. 2. Discretization of the model for FEM.

where V? is the Laplace operator; x represents coordinate vector; k
denotes the thermal conductivity; the summation rule is applied to the
index i = 1,2 for 2D problems and u(x) is the temperature function at
point X(x,x,) € Q.

For heat transfer problems, the heat flux density in direction x; can
be obtained by

du(x)
= k—2 2
gi ox, (2)
where i = 1,2 for 2D problems. And for points at boundary curve or
surface I', the normal flux density ¢ is used and defined as
du(x
g = 12X &)
on

where n is the outward pointing normal.
Eq. (1) can be solved subjected to a set of boundary conditions taken
from the following

4

u(x) =u(x), xel,
q(x) = q(x), x €I, %)

where 7 and ¢ are known temperature and flux densities, respectively.
I, and I, denote the Dirichlet and Neumann boundaries, with I' =
nuhyand Innrl, =40.

2.1. Finite element formulations for the steady-state heat transfer problem

Consider a two-dimensional body in heat transfer conditions as
shown in Fig. 1, and consider steady-state conditions. For the heat
transfer analysis we assume that the material obeys the Fourier’s law
of heat conduction. The FEM system equations of this problem can be
formulated by the weighted residual approach [45].

Firstly, the governing equation in Eq. (1) can be expressed as [46]

Fwx) =k @+& =0,
ax% 0x§

where x = (x;,x,) and f is a function defined by

o*u . 0%u
| L),
J ) <t)x2 * 0x§ >

1

(6)

Based on the idea of weighted residual approach, a good approxima-
tion to the exact solution of u(x), which satisfies Eq. (6) can be obtained
by solving the following weighted integral equation

/ W f(u(xy,x,))dx1dx, =0, @
A

where W is the weight function and A denotes the computed domain.
To improve the accuracy of the approximation, the computed do-
main can be divided into smaller sub-domains (elements) as shown in
Fig. 2.
For each element, it is assumed that

(8)

uh(xl, x5) = N(x, xp)u®
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where " is the approximated temperature and u is the temperature at
the nodes of the element, and

N=[N1,N2,~~,Nnd], (9)

where N; is the shape function of (x|, x,), and n, is the number of the
nodes of each element (n; = 3 for triangular element and n; = 4 for
quadrilateral element).

For the Galerkin method, the shape functions are usually used as
the weight function. Based on the Galerkin method, the residual (R¢)
calculated at all the nodes for an element is then evaluated by the
following equation [2]

RO = / N flutxy. x;)d A, o
A,

where A, is the area of the element.
To obtain the element matrices, the integral in the Eq. (10) must be
evaluated. Based on Eq. (6), Eq. (10) can be written as

2 2
R©® :/ NTR(24 4 Oy, an
A, 6x% x%
By using the product rule for differentiation, we can obtain
0 1 Ou r 0%u  ONT ou
— NT=—=)=N + — 12
0x, ( 0x1) ox,2  0x; 0x (12)
Then, the first part of Eq. (11) can be written as
0%u 9 Ju oNT ou

NTk=—=dA,= | k=—N"—)dA, - | k=—-——dA 13

/Ae ax% ¢ AE 0x, ( 0x1) ¢ /Ae ox; dx; ¢ a3

According to the Gauss’s divergence theorem, the first integral of the
right side of Eq. (13) can be expressed as:

A

where 0 is the angle of the outwards normal n on the boundary I, of the
element with respect to the x axis. Substituting Eq. (14) into Eq. (13)
yields the following equation:

'/I;C

2
/ Nk 24 g4, =/ NTk 2% cosbd T —

A r, 0
Similarly, the following equation can be obtained

0x% X1

T 0214 T, Ou
/ N k—sze=/ N k—sianF—/
A 0x; T, 0x) A,

e

Tdu

ki(N a
0x,

0x, a#

)dA, = / NT 2 cos9dT
r, 0x

T
K 2ga, (15)

e

T
K 2 g4, (16)

From Egs. (15) and (16) we obtain:

R(e) — / k ()NT ﬂ 4 0NT ﬁ dA u(ﬂ’)
Ae 0x; dx;  0xp 0x,
—/ N%(ﬂ cose+ﬂsin9> ar a7
r, dx 0xy
Then, the following matrix form can be obtained
R = kYu®© —p© (18)
where
h h
p© :/ Nk <0L 0056’+0Lsin6'> dr, (19)
I, 0x, 0x,
ONT oN  oNT oN
k<e>=/ g (NN ONT N Gy 20
D 4, 0x, 0x; * 0xy 0x, (20)

were b® is a vector related to the derivatives of temperature (heat flux)
on the boundaries of the element I,.
Assume the gradient vector of temperature Vu as
ou N
dx; — Jox
ou ON
d9x; s

Vu = u® = Bu® 21
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Fig. 3. Discretization of the model for BEM.

where B is given by

N foN oy PNy

| ox; | | 9x; dxy x|
Blon [Tlom o 0Ny @2)

E 0xy 0x; 0xy

where n; is the number of the nodes of each element.
Then the element stiffness matrix k(;) for the 2D elements can be
written as

K = / kBTBd A
A

e

(23)

After obtaining the element matrices, the residual in Eq. (18) is
assembled and enforced to equal to zero. And the global system of
equations for FEM will be established as

[K]{u} = {F} 24

where matrix [K] and {F} are assembled by the k(DE> and b,

2.2. Boundary element formulations for the steady-state heat transfer prob-
lem

For a 2D heat transfer problem, the corresponding boundary integral
equation (BIE) can be written as [47]

cu(y)=/Ft(x)U(y,x)dI"(x)—/ru(x)T(y,x)dI"(x) (25)
where y and x are the source point and field point, respectively. ¢ = 0.5
for smooth boundary points; u(x) and g(x) represent the temperature
and the normal derivative (the heat flux) at point x on boundary
I'. U(y,x) and T(y,x) denote the temperature and flux fundamental
solution kernels, which are defined by

1 1
U(y.x) = 7 1n (;) (26)
and

oU or
T(y,x) = —k—> = 27)

where r is the Euclidean distance between source point y and field point
X.

To obtain the numerical solution of the boundary integral equation
in Eq. (25), the boundary I' should be considered to be divided into
boundary elements I, as show in Fig. 3. And the temperature and flux
density fields around the boundary are expressed using the following
interpolation functions:

u(@) = Y N, (&u (28)

(&) = Y N, (29)

where ¢ is the local coordinate; N, (¢) is the interpolation functions; the
superscript e represents element index and the subscript n represents
the nth node of element I,.
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Interface

Fig. 4. A model divided into two sub-domains.

Replacing the continuous functions u and 7 in (25) by the expansions
(28) and (29), the boundary integral equation in Eq. (25) is written in
a discretized form

E N,
cugh = Y /r N,OUE,&dT @)

e=1n=1

Ne

E
-2 /F N, (OT(E,&dT (&)

e=1 n=1

(30)

where ff is the local coordinate of the ith node point; E denotes the
total number of boundary elements and N, represents the number of
nodes for each element. The Eq. (30) can be further simplified as:

E N, E N,

@)+ Y Y ucars =3 cavy, 1)
e=1 n=1 e=1 n=1

Here,

AU, = / N,(OUE,&dI(©) (32)
FE

AT = / NOTE,EHAT(). (33)
re

If the boundary integral equation is applied for all the nodes,
Eq. (31) can form the matrix as follows

[H]{u} = [G]{1} (34

where {u} and {r} represent the vectors contained temperature and
fluxes at boundary nodes. [H] is the coefficient matrix assembled by
the solution kernel T' and coefficient c. [G] is a rectangular matrix of
solution kernel U.

Applying boundary conditions to Eq. (34), a linear system equations
will be obtained as follows:

Ax=b (35)

where matrix A contains the integral values related to the unknown
temperature and heat flux, vector x includes the unknown temperature
and heat flux, and b is a column vector composed of known quantities.

3. Coupled method of FEM-BEM

In this section, a FEM-BEM coupling scheme, which is efficient for
solving multi-scale problems will be introduced. As shown in Fig. 4,
the model is divided into two parts (Q? and QF). Here, the domain Q8
represents that the boundary element method is used in the region. And
domain QF means the finite element method will be adopted to analyze
this region. The mesh of the model used in the coupling scheme is also
given in Fig. 4. Here, some detailed information of the coupling scheme
will be given.



F. Qin et al.

Interface

(b)

Fig. 5. Nodal locations of the two sub-domains: (a) Nodes for BEM (the interface nodal
index is from k to /), (b) Nodes for FEM (the interface nodal index is also from k to /
in the red curve).

3.1. Formulations of FEM domain

According to the nodal locations shown in Fig. 5(b), the system
equation in Eq. (24) can be expressed as

K! Kkl Kk K! K K" 1
1 1 1 1 1 1
1 k-1 k I I+1
K, K, K, K, K Kzn
1 k-1 k I I+1
Kn—l Kn—l Kn—l Kn—l Kl Kr’ll—]
1 k-1 k I I+1
L K, K, K, K, K| K ]
uy Fy
U1 Fiy
Uy Fy
x4 :+ v=< 4 (36)
u F
Uy Fryy
un Fn

To be able to use the coupling scheme, the above equation should be
rearranged such that all the interface variables and non-interface vari-
ables are separated which results in the following system of equations:

1 k=1 I+1 n k I
K, K K; Kl K K;
1 k-1 I+1 k I
K, K, K, Ky K K,
K! Kkl g+l g Kk K!
n—1 n—1 n—1 n—1 1 n—1
1 k-1 I+1 k 1
| K] K1 K K, Kj K |
iy Fy
Up— Fiy
Uy Fiyy
Xq ioe=q i ¢ 37)
un Fn
uy Fy
u F

The above obtained equations can be expressed as the following
matrix form:

[Koa Kol] {uFo} — {FFU}
K, K;|\u; Fp.

(38)
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where ug, is the interface variables in the FEM sub-domain and ug, =
[t trgs - s 175 ug, denotes the non-interface variables in the FEM
subdomain. K,,, K, K;,, K;, Fy and F are the corresponding
matrices and vectors.

3.2. Formulations of BEM domain

Based on the nodal locations shown in Fig. 5(a), the matrices (H, G,
u and t) of linear algebraic equations in Eq. (34) can be expressed as

1 k-1 k 1 I+1
H h H H, H, Hy
1 k-1 k 1 I+1
H, H, H, H, H, H)
H=| : : : : ;
H! H1 gk H! o+ H"
n—1 n—1 n—1 n—1 1 n—1
1 k-1 k 1 1+1
| H) H! H* H!  HIf H! |
(39)
1 k-1 k ] I+1
G! - G G! G G! G"
1 k-1 k ] I+1
G, Gy G, G, G G;
G=| : ; ; ; : N NG
1 k-1 k I I+1
G, — G, G G, G Gy
G! .. Gkl Gk G! lelan G"
B n n n n 1 n |
T
u=[u Uy Uy Uy upgg | (41)
and
T
t= TR PRI PR R (42)

Separating the interface variables (up; and tp;) from the non-
interface variables (up, and tg,), we can obtain the following equations

[Hii Hio] {uBi} _ [Gii Gia] {tBi}
Hui Hou Up, Goi Gao tBo
where H;;, H,,, H,;, H,,, G;;, G;,, G,; and G,, are the re-constructed
matrices and vectors corresponding to the interface variables and non-
interface variables.

Through partial eliminations, the system equation in Eq. (43) can

further be transformed to
[An‘ 0 ] {uBi} _ [Bii Bio] {tBi}
Aai Aoa Up, Boi Boa tBo

Then, the equations relating to the interface quantities can be
expressed as

(43)

(44)

Ajup; =Bty +B;tp, (45)

From Eq. (45), it is easy to obtain the following relationships

ty =B;'Ajup — B 'B,tg, (46)

3.3. Formulations of coupling scheme

It is noteworthy that the basic algebraic equations in Eq. (38) for
FEM are formulated in terms of temperatures (uy; and uy,) and thermal
loads (Fj; and Fj,), while those in BEM are temperatures (ug; and
up,) and heat fluxes (tz; and tp,). Here, the heat fluxes tg should
be converted into the equivalent thermal loads (Fp;) by following
formulation

Fp =Mty =Kgup —Rp, 47)
and
Ky =M;B;'A,, (48)
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Ry =MB;'B,tp,, (49)

where the transformation matrix M can be found in [48]. And the
Eq. (47) can further be written as

0 0] fug) _ 0
0 Kg] \ug f~ \Fp+Rg [~

As we all know, the compatibility conditions must be satisfied along
the interface between the FEM subdomain and BEM subdomain, which
means the temperatures (u) calculated for the two domains are equal.
A similar relationship remains for the equilibrium condition along the
interface, except that a negative sign must be given to account for
the opposite directions of the outward boundary normal in the two
domains. These conditions produce the following relationships along
the interface of FEM subdomain and BEM subdomain

(50)

up =ug; FF, =_FB,»' (51)

Adding Egs. (38) and (50), we can obtain the following coupling
equation:

S ()
K;, K;+Kp up, RBf

It should be noted that the matrix K, from BEM is fully populated
and asymmetric, which destroys the sparsity of the FE stiffness matrix.
Therefore, the whole coefficient matrix on the left side of Eq. (52) will
be symmetrized, by adding the Eq. (52) and following Eq. (53)

b i = B o)

Finally, a coupling equation with symmetric coefficient matrix will
be obtained

(52)

(53)

k) {orf = (R i g (o)
b =900 6+ up 54)
[Kio K +K/| Lug Ry, K, -Kp Fi
where
L (kT
K =3 (K} +Kp). (55)

The temperatures (including the interface temperatures ug;) in the
FEM sub-domain can be obtained by solving the above coupling equa-
tion. According to boundary conditions (the up, = wup; along the
interface), the boundary quantities of the BEM sub-domain can be
obtained by solving the linear equations for BEM part. And the internal
temperature at any point p in the BEM sub-domain (p € Q8) can be
obtained by the following internal boundary integral equation

u(p) = / 1(x)U(y,x)d I'(x) — / u(x)T(y,x)d I'(x) (56)
I'sgm I'gem

4. Implementation of the coupling scheme by ABAQUS

The ABAQUS software, which provides abundant element libraries
and material model libraries, is currently one of the most powerful
finite element analysis tool in the world. The user element subroutine
(UEL) provided by ABAQUS has gained considerable prominence due
to the flexibility of defining a new finite element. This function of
ABAQUS is intended for advanced users. It will require considerable
coding by the user/developer even for some simple test examples. The
UEL will be called for each element that is of a general user-defined
element type each time element calculations are required and must
perform all of the calculations for the element, appropriate to the
current activity in the analysis. The user subroutine interface for UEL
can be found in the ABAQUS documentation [49].

In this section, we will introduce the implementation of the pro-
posed coupling scheme.

Firstly, the model needs to be divided into two parts according to
the geometric information or material properties (as shown in Fig. 4).
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It should be pointed out that when the small-scale part, thin section
or coating is regarded as the BE part, some nearly singular integral
schemes should be adopted to solve the large number of nearly sin-
gular integrals [50]. Then, the FE part needs to be discretized into
several quadrilateral or triangular finite elements by the pre-process
of ABAQUS (shown in Fig. 5(b)). And the BE part should be divided
into typical boundary elements on the boundary or surface (shown in
Fig. 5(a)).

Two deformable parts should be built by the ABAQUS: one is the FE
part, and the other is the new-BE part. It is not difficult to understand
for the FE part as shown in the right hand side of Fig. 6(a), which
is a standard operation for ABAQUS. The new-BE part means the BE
part is defined as a 1D simplified FE part (see the left of Fig. 6(a)).
And the new-BE part should be meshed into several boundary elements.
The number of nodes along the interface for the new-BE part must be
equal to that of FEM part. As shown in Fig. 6(b), the two parts built by
ABAQUS are connected by the command ‘tie’.

The overall treatment for the current coupling scheme is summa-
rized in Fig. 7. As shown in Fig. 7, the model is divided into two parts:
the FE part and BE part. A self-written BE code is used to obtain the
effective stiffness matrix Kp; and effective fluxes Fp; for the interface.
And the FE part will be preprocessed by ABAQUS. Then, the input file
obtained from ABAQUS will be edited to define a unique user element
for the closed BE domain. Here, the user element is regarded as a super-
element including all nodes along the interface between the FE and
BE sub-domains, but no internal nodes at all. Then the new input file
will be included in the ABAQUS and the user subroutine with BEM
program is called to compute the temperatures and flux of the FE part.
Then the user subroutine URDFIL is used to extract the temperature
and flux at the interface and pass them to BEM program to obtain all
the temperature and flux for the BE part.

5. Numerical examples

In this section, through several numerical examples, the accuracy
and effectiveness of the proposed coupling scheme for heat transfer
problems are demonstrated. The first example focuses on the accuracy
analysis of the proposed coupling scheme. To verify the effectiveness
of the present method for the analysis of multi-scale model, a model
with multi-scale structures is studied in the second example. And the
computation time comparison between the proposed coupling method
and ABAQUS is given in the third example.

5.1. Heat transfer through plane wall with thin structures

In practice, we often encounter plane walls that consist of thin
structures. As shown in Fig. 8, consider an a X a substrate with thermal
conductivity 22 W/m K. The left side is covered by a ceramic coating
structure with thermal conductivity 2.3 W/m K, which provides the
thermal insulation. The thickness of the coating is 6 = 0.1 m and the
geometry of the substrate ¢ = 1 m. The temperature on the left side
of the coating is specified as 150 °C. And the heat flux ¢ on the right
side of the substrate is fixed as 100 W/m?. All the upper and lower
boundaries are insulated, i.e. AT - n = 0. In the computation, BEM is
used to study the substrate (right part in Fig. 8) and FEM is used to
analyze the coating structure (left part in Fig. 8).

Fig. 9(a) shows the mesh used in the coupling method. In the
computation, 40 surface (quadrilateral) elements are used for FE part
(coating structure) and 40 boundary elements is used in the BE part
(substrate). It should be pointed out that two parts are needed to be
established by the ABAQUS. The first part is the coating structure, as
shown the FE part (left) in Fig. 9(b). To build the relationship of FE and
BE parts, boundary elements (the line) shown in right part of Fig. 9(b)
is also needed to build by the ABAQUS. Then, the two discretization
areas will be tied together by the ‘tie’ command in ABAQUS, as shown
in Fig. 9(b).
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(a) FE part and new-BE part

(b) Two parts connected by ‘tie’

Fig. 6. Model built by ABAQUS.
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Fig. 7. The flowchart of coupling scheme.
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Fig. 8. Heat transfer through a model with flat coating. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of
this article.)

Here, a very refined finite element model is constructed with the
FEM software ABAQUS to offer a reference solution. 11,000 DC2D4
elements and 11312 nodes are used in the model, where the edge
length of the elements is 0.01. Figs. 10(a) and 10(b) show temperature
contour plots of the FE region for the coupling method and reference
temperature, respectively. As shown in Fig. 10(a), a red sign is added to
the upper right corner which represents the location of the user defined
element in ABAQUS. One can find that the results obtained by the
coupling method have a good agreement with the reference solutions.
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To carry out the accuracy analysis, the following relative error is
defined
_|fnum _frcf|
|f ref |
where f,,, and f,; represent the numerical solution and reference
solution, respectively.

To illustrate the accuracy of the current scheme, a set of points is
distributed along curve C; (red line in Fig. 8) with definition

Relative error(RE) (57)

C={(x,y»): 0<x<(6+a),y=a/2}. (58)

Fig. 11(a) compares the temperature distribution along the curve C; ob-
tained using the present scheme and a reference solution. In Fig. 11(a),
the number of degree of freedom (ndof) is the sum of ndof of FE part
and BE part. The relative errors of the temperature for different ndof
are presented in Fig. 11(b), from which we can find that the maximum
error occurs in the location of interface boundary between FE part and
BE part.

Here, the interface boundary of the BE part and FE part is defined
as C, with

Cy={(x,y):x=60<y<a). (59)

The temperature distribution and relative error along the interface C,
are shown in Figs. 12(a) and 12(b), respectively. As one can observe,
there is drastic fluctuation for the results of temperature along the
interface. From Figs. 12(a) and 12(b) we can observe that the results
will tend towards stability with the increase of ndof. And the relative
errors of obtained temperature also reduce with the increase of the
ndof.
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Fig. 9. Diagrammatic sketch of meshes (a) Meshes of FE and BE parts; (b) Connections part shown in the slight blue rectangular in (a). (For interpretation of the references to

color in this figure legend, the reader is referred to the web version of this article.)

Fig. 10. Temperature contour plots of different methods (a) Results obtained by current coupling method; (b) Reference results.
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Fig. 11. The temperature and relative error obtained by the coupling method for different ndof along the line C,.

Figs. 13(a) and 13(b) present the temperature distributions and the the ndof used by FEM is fixed as 603 and the ndof of BEM varies from

corresponding relative error of temperature along the line C; (blue line 1201 to 2995. From Fig. 14, we can find that the temperature obtained

in Fig. 8) for different ndof. The line C; is defined as by the coupling scheme is stable with the ndof changing from 1201 to

Cy={(x,y) : x=6/2,0<y<a}. (60) 2995. Some thinner structures are calculated in Fig. 15, from which we
Fig. 14 shows us the temperature distribution along the curve y = can clearly see that the current solutions are in good agreement with
0.5 m when different number of element is used. In the computation, the reference results even when 6 = 1073 m.
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Fig. 14. Temperatures obtained by current scheme for different ndof.
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Fig. 17. The temperature at point A obtained by ABAQUS.

5.2. Heat transfer through multi-scale structures with serrated interface

In the second example, a heat transfer problem with serrated in-
terface is studied as shown in Fig. 16. The conductivity of the right
substrate is taken as 22 W/m K and the size of the substrate is a X §,.
As shown in the figure, the left side of the substrate is covered with a
coating of thickness §, and having thermal conductivity 2.3 W/m K. In
the computation, the parameters ¢ and 6, are fixed as 1 m and 0.1 m,
respectively. And the length 6, of substrate varies from 1 m to 10> m.
Therefore, the scale ratio 6 of the model will vary from 10 to 10*. The
scale ratio § is defined as
5,
6= a

Fig. 17 shows the temperature obtained by ABAQUS at point A
(shown in Fig. 16) when different ndof is used. From the figure, we can
see that the values of temperature tends to be stable when ndof reaches
50000. Therefore, the stable value of temperature will be adopted as
the reference solution in this example.

For this problem, an analytical solution is not available, and the
convergence of the problem is established by taking a very refined
ABAQUS model as the reference solution. Thus, we define an error
metric

(61)

N
. 1
Average relative error (ARE) =N z

n=1

T,-T,
n ref (62)

Tre f

where N is the number of the nodes used in the computation; 7,
represents the temperature of the nth node and T is the reference
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temperature at the corresponding node. In this example, the T, is
taken as the stable value of temperature as shown in Fig. 17.

The average relative errors (ARE) of temperatures along the serrated
interface obtained by the coupling scheme and FEM are given in
Fig. 18. Here, the N used in the ARE (in Eq. (62)) is selected as 21,
41, 61 and 81. From Fig. 18, we can observe that the two methods can
obtain accurate results and the convergence can be clearly seen as the
ndof increases from 100 to 900. In addition, when same ndof is used
in the coupling scheme and FEM, the results obtained by the coupling
scheme is more accurate.

Fig. 19 shows the behavior of the AREs of interface temperature
obtained by present coupling method and FEM as the scale ratio
increases from 10 to 10*. Again, the coupled method can still deliver
higher accuracy of results than FEM even when ndof=1500 is used in
FEM. From Fig. 19, we can also find that the AREs obtained by the
coupled method remain stable for different scale ratio.

5.3. Heat transfer through a practical model

A ball grid array (BGA) is a kind of surface mount package which
is used in electronic products to mount integrated circuits. In our final
example, shown in Fig. 20, a part of BGA including solder ball, Cu pad
and printed circuit board (PCB) is considered. The geometry parameters
of the considered model is given as /; =3 mm, ~; =02 mm, [, = I3 =
1 mm, hy = h3 = 0.05 mm, R = 94.325 mm. The thermal conductivities of
the solder ball, Cu pad and PCB are taken as 67 W/m K, 397 W/m K and
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Fig. 20. Sketch of the BGA. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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Fig. 22. Temperature distribution for different methods.

6.5 W/m K. The temperature on the topside and the heat flux on the
bottom edge are prescribed as boundary conditions, being T' = 40 °C
and ¢ 0.1 W/m?. All the left and right boundaries are insulated,
i.e. AT -n=0.

Fig. 21(a) shows the meshes used in the proposed coupling scheme.
As shown in the figure, we will use BEM to calculate the solder ball,
and use FEM to analyze the Cu pad and PCB. Fig. 21(b) gives one of the
meshes used by the FEM. From the two figures, we can observe that the
number of element can be reduced by the proposed coupling scheme.

Figs. 22(a) and 22(b) show the temperature contour plots of differ-
ent methods, from which the temperature distribution on the Cu pad
and PCB field can be seen clearly. Figs. 22(a) and 22(b) also imply that
the accuracy of the present method is satisfactory in the whole field
of the problem. Fig. 23 presents the temperature distribution along the
interface line (displayed in red in Fig. 20), for different model sizes.
The reference solutions are obtained from a very refined FEM model
consisting of 24 435, 26 273 and 55000 nodes. From Fig. 23, it can be
seen that when ndof = 242, the results obtained by the coupling scheme
are satisfactory.
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In Table 1, the computation time of different analysis methods is
given with different nodfs. When the accuracy of results is similar
for the coupling method and FEM, the number of degree freedom
used in the coupling method is much smaller than that used in the
FEM. From Table 1, it can be seen that the computational times of
the two methods is increased with the increasing of ndof. However,
since less ndof is used in the coupled method, the computation time
of the coupling is largely reduced. Thus, the considerably superior
computational efficiency of the coupled method can be observed from
this Table 1.

6. Conclusions

In this paper, a FEM-BEM coupling method, which might be effec-
tive for multi-scale structures is used to study the steady-state heat
transfer problem. A major attraction of this coupling method is that
the self-written BEM-code, which is started inside UEL, is integrated
into the FE systems as a user defined finite super-element. The effective
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Table 1
Comparisons of computation time for different methods.
Methods ndof User input processing Analysis processing
CPU time (s) Wall-clock time (s) CPU time (s) Wall-clock time (s)
24435 3.2 3 2.5 3
FEM (ABAQUS) 26273 3.5 4 2.7 3
55000 7 7 5.8 7
616 0.3 1 0.8 1
Coupled method 916 0.5 1 1.5 2
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