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A B S T R A C T

This paper presents a novel method for topology optimization of vibrating structures interacted with acoustic
wave for the purpose of minimizing radiated sound power level. We consider exterior acoustic fields and bi-
material shell models without damping in this work. Within the isogeometric analysis framework, we employ
Catmull–Clark subdivision surfaces to construct geometries and discretize physical fields. The isogeometric
finite element method with Kirchhoff–Love shell elements is coupled with the isogeometric boundary element
method in acoustics. The topology optimization is performed through density-based approaches, in which the
sensitivities are evaluated with adjoint variable methods. Numerical experiments demonstrate the validity and
effectiveness of the algorithm for topology optimization of structural-acoustic interaction systems.
1. Introduction

Noise control is an important issue in a wide range of engineering
fields. Substantial efforts have been made in structural design for the
purpose of bringing down noise levels. However, traditional design
methods heavily rely on trial-and-error procedures, which require sig-
nificant human intervention with no guarantee of satisfactory results.
As a pace-setting technology, topology optimization is deemed an
effective technique to find the optimal material distribution automat-
ically in large design spaces [1–4]. There exist a variety of topology
optimization algorithms such as the density-based method, the Level
Set Method [5–7], the Moving Morphable Component method [8,9],
and the Deformable Simplicial Complex method [10–12]. Among them,
the density-based method achieves widespread popularity due to its
computational efficiency and ease of implementation, although the
appearance of intermediary materials poses challenges for some appli-
cations. Dühring et al. [13] applied density-based method to optimize
of the layout of sound absorbing materials and topology of sound
barriers. Christiansen et al. [10] adopted density-based approach for ge-
ometrically robust design of acoustic cavity and validated the optimized
result with laboratory experiments [14].
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China.

E-mail address: lianhaojie@tyut.edu.cn (H. Lian).

Topology optimization is commonly used with the Finite Element
Method (FEM) for its versatility, but FEM has inherent difficulty in
dealing with infinite acoustic domains exterior to structural surfaces.
In FEM, unbounded domains need to be truncated via fictitious bound-
ary surfaces, and Sommerfeld radiation conditions are approximated
by resorting to special techniques. In comparison, the Boundary Ele-
ment Method (BEM) seems to be more appealing in exterior acoustics
problems, since it only discretizes the inner boundary of the acoustic
domain (i.e. the structural surfaces), meanwhile fulfilling the boundary
conditions at infinity automatically [15–23]. It is highlighted that the
advantage of BEM in dimension reduction not only decreases degrees of
freedom, but more importantly, facilitates preprocessing significantly.

An acoustic wave propagating in the fluid may excite the vibration
of structures, which radiates and reflects an additional acoustic wave
to the fluid. Such strong structural-acoustic interaction phenomenon
is particularly manifest when thin-walled structures are involved. To
conduct numerical simulation and topology optimization for structural-
acoustic interaction systems, coupling FEM and BEM offers the benefits
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of fully exploiting their advantages in structural dynamics and exte-
rior acoustic problems, respectively [24–26]. Everstine and Hender-
son firstly coupled the FEM–BEM for vibration-acoustic analysis [27],
which is further accelerated by introducing fast multipole methods [28,
29] for large scale problems.

The classical numerical methods based on Lagrange polynomial
basis functions rely on polygonal meshes to represent geometries,
which possesses several shortcomings. Firstly, meshing is a laborious
and time-consuming process [30,31]. Secondly, it degrades the anal-
ysis accuracy of structural-acoustic interaction problems as they are
highly sensitive to geometric imperfection. Thirdly, the 𝐶0 continuity
across Lagrangian elements inhibits the wide use of Kirchhoff–Love
theory, despite its well-recognized advantages in thin-shell analysis.
The isogeometric analysis (IGA) proposed by Hughes et al. provides
a promising tool to overcome these deficiencies [32]. The core idea
of the IGA is to employ basis functions of Computer-Aided Design
(CAD) to discretize physical fields whereby the geometric accuracy
and high order continuity are achieved. In addition, the property of
IGA in integrating numerical analysis and CAD makes it amenable to
structural optimization. IGA was initially used in the framework of
FEM based on Non-Uniform rational B-splines (NURBS), and later on
was extended to BEM [33,34] and incorporated various CAD mod-
eling techniques including trimmed NURBS [35,36], T-splines [37],
Subdivision surfaces [38–40], etc. Isogeometric FEM shows superior
performance in Kirchhoff–Love shell theory, [38], and isogeometric
BEM achieved enormous success in acoustics [41]. Zhao. et al. carried
out structural-acoustic interaction analysis by coupling isogeometric
FEM and BEM [42]. Yang et al. combined the collocation-based iso-
geometric BEM and the isogeometric Reissner–Mindlin shell elements
to conduct the mixed dimensional solid-shell coupling analysis [43].
Chen et al. conducted topology optimization in acoustics using iso-
geometric BEM without taking into account the impact of structural
vibration [16]. Shape optimization in acoustic using isogeometric BEM
are presented in [44–46].

In this work, we conduct topology optimization for bi-material
structures without damping. The structural-acoustic interaction effect
is taken into account by coupling the isogeometric FEM/BEM. The
geometric models are constructed with Catmull–Clark subdivision sur-
faces, which are selected mainly for the ability of generating water-tight
geometries with bounded curvature. The basis functions in subdivision
surfaces are employed to discretize the weak form formulated in shell
vibration analysis and the boundary integral form of Helmholtz equa-
tions. The remainder of the paper is organized as follows. In Section 2,
the fundamental concepts of Catmull–Clark subdivision surfaces are
introduced. Section 3 formulates the governing equations of coupled
isogeometric FEM–BEM for structural-acoustic interaction. Section 4 is
devoted to the formulation of density-based topology optimization. Sec-
tion 5 presents numerical examples of acoustic topology optimization,
followed by the conclusion section.

2. Catmull–Clark subdivision surfaces

Catmull and Clark [47] proposed an algorithm which repeatedly
subdivide an initial quadrilateral grid to produce a smooth surface.
This technique was widely used in animation industries since later
1970s. The Catmull–Clark subdivision surface can be considered as a
tensor-product of two curves generated using Lane–Riesenfeld subdivi-
sion algorithm. The Lane–Riesenfeld subdivision algorithm successively
refines a curve starting from an initial control polygon. After a num-
ber of subdivisions, the limiting curve of Lane–Riesenfeld subdivision
algorithm is identical to a cubic B-spline.
183
Fig. 1. Catmull–Clark subdivision algorithm for surfaces. The black points indicate the
control points before the subdivision, and the red points indicate the control points after
the subdivision. (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)

Fig. 2. The topology scheme of Catmull–Clark subdivision surface. The green circle dot
is the vertex inserted in the middle of an edge, the purple circle the vertex inserted
in the middle of an element, and the red circle dot the vertex formed by the transfer
of a vertex in a parent element. (For interpretation of the references to color in this
figure legend, the reader is referred to the web version of this article.)

2.1. Rules of Catmull–Clark subdivision

The first step for a designer to build geometries with Catmull–Clark
subdivision surfaces is constructing a control grid, which is a polygon
mesh with quadrilateral elements whose vertices are called control
points or control vertices. Afterwards, the control grid is subdivided
in which process new control points are introduced and the positions
of the existing control points are updated, as illustrated in Fig. 1. The
control grid can be subdivided repeatedly, and the subdivision process
from the subdivision level 𝑘 to the level 𝑘+1 follows the following rule
(Fig. 2).

• Suppose the two vertices of the inner edge are 𝐏𝑘
1 and 𝐏𝑘

4 , and the
vertices of the two elements sharing this edge are 𝐏𝑘

2 , 𝐏𝑘
3 , 𝐏𝑘

5 and
𝐏𝑘
6 , respectively. Then the new edge point 𝐏𝑘+1 generated by this

inner edge is

𝐏𝑘+1 = 3
8
(𝐏𝑘

1 + 𝐏𝑘
2) +

1
16

(𝐏𝑘
3 + 𝐏𝑘

4 + 𝐏𝑘
5 + 𝐏𝑘

6) (1)

• For an element with the four vertices of 𝐏𝑘
1 , 𝐏𝑘

2 , 𝐏𝑘
3 and 𝐏𝑘

4 , the
newly inserted point 𝐏𝑘+1 inside the element is

𝐏𝑘+1 = 1
4
(𝐏𝑘

1 + 𝐏𝑘
2 + 𝐏𝑘

3 + 𝐏𝑘
4) (2)

• For an internal vertex 𝐏𝑘, we denote its one-neighbor vertices by
𝐏𝑘
𝑖 (𝑖 = 1, 2,… , 2𝑣), in which the vertices with odd subscripts are

directly connected to 𝐏𝑘, and the ones with even subscripts are on
the diagonal line of quadrilateral element. Correspondingly, the
updated position of the vertex is

𝐏𝑘+1 = 𝛼
𝑣
∑

𝐏𝑘
2𝑖−1 +

𝛽 𝑣
∑

𝐏𝑘
2𝑖 + 𝛾𝐏𝑘 (3)
𝑣 𝑖=1 𝑣 𝑖=1



Engineering Analysis with Boundary Elements 135 (2022) 182–195L.L. Chen et al.

i
t

𝑁

𝑁

w
t

2

v
i
c
g
t
n
v
t

P

w
v

s
h
i
p
𝛺
s
1
𝛺
S

𝑛

A
(
t
p
i
t

P

t
f

Q

Fig. 3. Element patches for evaluating a Catmull–Clark subdivision element. (For
nterpretation of the references to color in this figure legend, the reader is referred
o the web version of this article.)

where 𝛼 = 3
2𝑣 , 𝛽 = 1

4𝑣 , 𝛾 = 1 − 𝛼 − 𝛽.

The subdivision can be repeated recursively in this way until the
ultimate convergent mesh is obtained.

2.2. Evaluate a regular element

A Catmull–Clark subdivision surface element is called regular ele-
ment if all of its vertices have valences of 4, for example, the colored
element shown in Fig. 3. Evaluation of a point in the regular element
requires to form an element patch that is defined as a set containing all
the elements which share vertices with the target element. A regular
element patch has 9 elements with 16 vertices. A surface point with
parametric coordinates (𝜉, 𝜂) can be evaluated by interpolating these
control points with 16 basis functions as

𝐱(𝜉, 𝜂) =
15
∑

𝑎=0
𝑁𝑎(𝜉, 𝜂)𝐏𝑎 (4)

where 𝐱 indicates the Cartesian coordinates of the point, 𝐏𝑎 the control
points, and 𝑁𝑎 are basis functions that are defined as

𝑁𝑎(𝜉, 𝜂) = 𝑁𝑎%4(𝜉)𝑁⌊𝑎∕4⌋(𝜂), 𝑎 = 0, 1,… , 15 (5)

and 𝑁(𝜉) or 𝑁(𝜂) are cubic B-splines defined as

1(𝜉) =
1
6
[1 − 3𝜉 + 3𝜉2 − 𝜉3], 𝑁2(𝜉) =

1
6
[4 − 6𝜉2 + 3𝜉3],

3(𝜉) =
1
6
[1 + 3𝜉 + 3𝜉2 − 3𝜉3], 𝑁4(𝜉) =

1
6
𝜉3 (6)

here % denotes the remainder operator which gives the remainder of
he integer division. They are presented in Fig. 3.

.3. Evaluate an element with an extraordinary vertex

A vertice with the valence not equal to 4 is called extraordinary
ertice, and an element containing at least one extraordinary vertice is
rregular. A favorable feature of subdivision surfaces compared to other
ompetitors in CAD is that it is able to handle extraordinary vertices by
uaranteeing bounded curvature at them. Suppose we want to evaluate
he Cartesian coordinate of a target point with the parametric coordi-
ate (𝜉, 𝜂) which is located in an element containing one extraordinary
ertex at the lower-left corner (Fig. 4(a)). P0 denotes the set collecting
he control points of the patch corresponding to this irregular element,

0 =
{

𝐏0,𝐏1,… ,𝐏2𝜅+6,𝐏2𝜅+7
}

(7)

here 𝜅 is the valence of the extraordinary vertex and P0 contains 2𝜅+8
ertices (Fig. 4(a)).
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We divide the irregular element into four sub-elements through a
ubdivision. Among them three sub-elements are regular and one still
as an extraordinary point (Fig. 4(b)). If the target point is located
n the irregular sub-element, the sub-element will be subdivided re-
eatedly until the target point falls into a regular sub-element. We use
𝑛,𝑘 to denote the sub-element, in which the subscript 𝑛 indicates the

ubdivision level and 𝑘 the sub-element index that takes the value from
to 4. The indices of the sub-elements are numerated such that 𝛺𝑛,1,
𝑛,2 and 𝛺𝑛,3 stand for regular elements, and 𝛺𝑛,4 the irregular element.
ee Fig. 4(c). The maximum subdivision level can be determined as

=
⌊

min
(

− log2(𝜉),− log2(𝜂)
)

+ 1
⌋

(8)

fter the subdivision, the control points of the patch are also changed
Fig. 4(b)). We use P𝑛 to denote the control point set corresponding
o the patch of the irregular element after 𝑛th refinement. The control
oints in P𝑛 are denoted by 𝐏𝑛,𝑎 with the subscript 𝑎 being the local
ndex in the set. Using the same manner of notation, we can rewrite
he initial control points of the patch (Eq. (7)) as

0 =
{

𝐏0,0,𝐏0,1,… ,𝐏0,2𝜅+6,𝐏0,2𝜅+7
}

(9)

where the first subscript of 𝐏 means the control points corresponding
to subdivision level 0.

Each sub-element 𝛺𝑛,𝑘 also has a set of control points, which is
denoted by Q𝑛,𝑘 in which the subscript 𝑛 stands for the subdivision level
and 𝑘 the sub-element index. We define 𝐐𝑛,𝑘,𝑎 as the points in the set
of Q𝑛,𝑘 with the subscript 𝑎 indicating the local index. To evaluate the
arget point in a regular sub-element, we need to pick 16 control points
or it from P𝑛,

𝑛,𝑘 = 𝘿𝑘P𝑛, 𝑘 = 1, 2, 3 (10)

where 𝘿𝑘 is a selection operator for regular sub-elements 𝛺𝑛,𝑘(𝑘 =
1, 2, 3), and P𝑛 can be generated from the control points of the irregular
sub-element at subdivision level 𝑛 − 1

P𝑛 = 𝘼Q𝑛−1,4 (11)

where 𝘼 is subdivision operator [48,49], and Q𝑛−1,4 collects the control
points of 𝛺𝑛−1,4. Q𝑛−1,4 contains 2𝜅+8 points and can be calculated from
the initial patch control point set P0 as

Q𝑛−1,4 = 𝘼̄Q𝑛−2,4 = 𝘼̄𝑛−1P0 (12)

where 𝘼̄ is a square matrix operator as detailed in [48,49]
Hence, the control point set Q𝑛,𝑘 of the regular sub-element 𝛺𝑛,𝑘

(𝑘 = 1, 2, 3) at subdivision level 𝑛 is computed from P0:

Q𝑛,𝑘 = 𝘿𝑘𝘼𝘼̄
𝑛−1P0 (13)

where 𝘿𝑘 is a selection operator to pick control points for the sub-
elements, and Q𝑛,𝑘 contains 16 control points.

After aforementioned subdivision operations, and the target point
in the irregular element can be computed as

𝐱(𝜉, 𝜂) =
15
∑

𝑎=0
𝑁𝑎(𝜉, 𝜂̄)𝐐𝑛,𝑘,𝑎, 𝑘 = 1, 2, 3 (14)

where (𝜉, 𝜂̄) means the parametric coordinates of the evaluated point in
the sub-element, which can be mapped from (𝜉, 𝜂) as

(𝜉, 𝜂̄) =

⎧

⎪

⎨

⎪

⎩

(2𝑛𝜉 − 1, 2𝑛𝜂) if 𝑘 = 1

(2𝑛𝜉 − 1, 2𝑛𝜂 − 1) if 𝑘 = 2

(2𝑛𝜉, 2𝑛𝜂 − 1) if 𝑘 = 3

(15)

Considering Eqs. (10)–(13), we rewrite Eq. (14) in the parametric
coordinate system of the patch as

𝐱(𝜉, 𝜂) =
2𝜅+7
∑

𝑁̂𝑎(𝜉, 𝜂)𝐏0,𝑎 (16)

𝑎=0
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Fig. 4. (a) An irregular patch for an element (blue) with an extraordinary vertex at
its lower-left corner. (b) A subdivision of the element patch divides the element into
four sub-elements; 𝛺1,1 , 𝛺1,2 and 𝛺1,3 are in regular patches. Blue vertices represent
he updated patch control points (P1). (c) Repeated subdivision of the parametric
omain for evaluating point close to an extraordinary vertex. (For interpretation of
he references to color in this figure legend, the reader is referred to the web version
f this article.)

here 𝑁̂ is the Catmull–Clark subdivision surfaces basis function. We
efine 𝐍̂ as a set of 2𝜅 +8 basis functions, 𝑁̂𝑎, which can be calculated
n a vector form as

̂ (𝜉, 𝜂) = [𝘿𝑘𝘼𝘼̄
𝑛−1]T𝐍(𝜉, 𝜂̄) (17)

here 𝐍 is a set of 16 regular basis functions defined in Eq. (5).
The derivatives of the Catmull–Clark subdivision surfaces basis func-

ions for elements containing extraordinary vertex can be computed
y

𝜕𝐍̂(𝜉, 𝜂)
𝜕𝜉

= 2𝑛[𝘿𝑘𝘼𝘼̄
𝑛−1]T

𝜕𝐍(𝜉, 𝜂̄)
𝜕𝜉

,

𝜕𝐍̂(𝜉, 𝜂)
𝜕𝜂

= 2𝑛[𝘿𝑘𝘼𝘼̄
𝑛−1]T

𝜕𝐍(𝜉, 𝜂̄)
𝜕𝜂̄

(18)

In this example, the original irregular element contains only one
extraordinary vertex. However, the algorithm is still applicable to the
irregular elements with multiple extraordinary vertices. After subdivi-
sion, any sub-element contains at most one extraordinary vertex.

3. Structure-acoustic interaction

Consider an acoustic-structure interaction system, as shown in
Fig. 5. 𝛺𝑠 denotes the elastic thin shell structure immersed in an infinite
fluid domain 𝛺𝑓 . 𝛤𝑠𝑓 ∶= 𝛺𝑠 ∩𝛺𝑓 denotes the coupling surface between
structure and fluid. The enclosed shell is filled with air 𝛺𝑎. Because
the air density is far less than the structural density, the influence of
the air pressure on the structural vibration can be ignored. Kirchhoff–
Love shell theory governs the behavior of thin shell structures. The
radiation acoustic pressure in the fluid domain is governed by the
Helmholtz equation. The structure is excited by a time-harmonic force
with an angular frequency 𝜔. So acoustic-structure interaction analysis
is essentially finding the solution of the following coupled equations:

∇ ⋅ 𝝈(𝐱) + 𝜔2𝜌𝑠𝐮(𝐱) = 0 𝐱 ∈ 𝛺𝑠 (19)
2 2
185

∇ 𝑝(𝐱) + 𝑘 𝑝(𝐱) = 0 𝐱 ∈ 𝛺𝑓 (20)
Fig. 5. Acoustic-structure interaction system. 𝑛𝑠 and 𝑛𝑓 are the unit normal vectors of
shell structure and fluid, respectively. The mid-surface of the shell structure is presented
by a dashed line. 𝑓𝑠 is external mechanical load and 𝑓𝑝 is sound field pressure load.

𝝈(𝐱) ⋅ 𝐧𝑠(𝐱) − 𝑝(𝐱)𝐧𝑓 (𝐱) = 0 𝐱 ∈ 𝛤𝑠𝑓 (21)

− i𝜔𝐮(𝐱) ⋅ 𝐧𝑓 (𝐱) = 𝑣𝑛𝑓 (𝐱) 𝐱 ∈ 𝛤𝑠𝑓 (22)

Eqs. (19) and (20) are the governing equations of structure and sound
fields, respectively. Eqs. (21) and (22) represent the conditions of
force balance and displacement continuity on the coupling surface,
respectively. In the above equations, the symbol ∇ stands for the
Laplace operator, 𝝈 the stress tensor, 𝐮 the displacements, 𝜌𝑠 the density
of the shell, 𝑝(𝐱) the sound pressure, 𝐧𝑠 and 𝐧𝑓 the outward and
inward normal vectors of the shell surfaces, respectively, 𝑣𝑛𝑓 the normal
velocity of the fluid, i =

√

−1 the imaginary unit, and 𝑘 the wave
number that is equal to 𝜔

𝑐 in which 𝑐 is the propagation velocity of
an acoustic wave in the fluid domain.

In the following subsections, we will formulate the isogeometric
shell finite element method (IGAFEM) with subdivision surface for
structure analysis, and the isogeometric boundary element method
(IGABEM) with subdivision surface for acoustic analysis.

3.1. IGAFEM for thin-shells with Catmull–Clark subdivision surfaces

The variational formulation of a Kirchhoff–Love shell based on the
principle of virtual work reads

𝛿𝑊 = 𝛿𝑊mas + 𝛿𝑊int + 𝛿𝑊ext = 0 (23)

he three terms 𝛿𝑊mas, 𝛿𝑊int and 𝛿𝑊ext denote the virtual work con-
ributions of the inertia, internal and external forces, respectively. Be-
ause the mid-surface displacements 𝐮 is assumed to be time harmonic,
he virtual inertia work 𝛿𝑊mas can be expressed by

𝑊mas = ∫𝛤
𝜌𝑠

𝜕2𝐮
𝜕𝑡2

⋅ 𝛿𝐮ℎd𝛤 = −𝜔2
∫𝛤

𝜌𝑠𝐮 ⋅ 𝛿𝐮ℎd𝛤 (24)

here 𝛿𝐮 denotes the virtual displacements, ℎ the shell thickness and
= 𝛤𝑠𝑓 .
A fundamental assumption of the Kirchhoff–Love theory is that

he straight lines normal to the mid-surface of a shell remain straight
nd normal to the mid-surface after deformation, which implies that
he in-plane strain is linearly distributed through the thickness and
he transverse shear strains are zero. By separating the stresses into a
embrane and a bending part and integrating through the thickness,

he internal virtual work can be written as

𝑊int = ∫

(

1 𝐸ℎ
2
𝛿𝜺T𝐃𝜺 + 1 𝐸ℎ3

(

2
) 𝛿𝜿T𝐃𝜿

)

d𝛤 (25)

𝛤 2 1 − 𝑣 2 12 1 − 𝑣
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in which

𝐃 =

⎛

⎜

⎜

⎜

⎝

(

𝑎̄11
)2 𝑣𝑎̄11𝑎̄−22 + (1 − 𝑣)

(

𝑎̄12
)2 𝑎̄11𝑎̄12

(

𝑎̄22
)2 𝑎̄22𝑎̄12

sym. 1
2

[

(1 − 𝑣)𝑎̄11𝑎̄22 + (1 + 𝑣)
(

𝑎̄12
)2
]

⎞

⎟

⎟

⎟

⎠

(26)

here 𝐸 is Young’s modulus and 𝜈 is Poisson’s ratio, and 𝑎̄11, 𝑎̄22, 𝑎̄12 are
the components of the covariant tensor of the middle surface. 𝜺 and 𝜿
re the membrane and bending strains, respectively, whose components
re defined as

𝑖𝑗 =
1
2
(

𝐚𝑖 ⋅ 𝐮,𝑗 + 𝐮,𝑖 ⋅ 𝐚𝑗
)

(27)

nd

𝑖𝑗 = − 𝐮,𝑖𝑗 ⋅ 𝐚3 +
1
√

𝑎̄

(

𝐮,1 ⋅
(

𝐚𝑖,𝑗 × 𝐚2
)

+ 𝐮,2 ⋅
(

𝐚1 × 𝐚𝑖,𝑗
))

+
𝐚3 ⋅ 𝐚𝑖,𝑗
√

𝑎̄

(

𝐮,1 ⋅
(

𝐚2 × 𝐚3
)

+ 𝐮,2 ⋅
(

𝐚3 × 𝐚1
))

(28)

where a comma is used to denote partial differentiation, 𝐚̄𝑖 is the surface
basis vector in the reference configuration, and

√

𝑎̄ = |

|

𝒂1 × 𝒂2||.
The external virtual work is given by

𝑊ext = −∫𝛤
𝑝𝐧𝑠 ⋅ 𝛿𝐮d𝛤 (29)

where 𝐧𝑠 stands for the normal vector at the mid-surface point, and 𝑝
s the pressure enforced on the mid-surface.

The subdivision surface is used to construct the structural model
nd discretize structural domain. The boundary 𝛤 is defined through
he union of elements, as follows

=
𝑛𝑓𝑒
⋃

𝑒=1
𝛤𝑒 (30)

here the set of elements {𝛤𝑒}
𝑛𝑓𝑒
𝑒=1 is the tessellation of the Catmull–

lark subdivision surface scheme, 𝑛𝑓𝑒 is the number of elements and 𝛤𝑒
is the 𝑒th element. Thus, the displacement is discretized with Catmull–
Clark subdivision basis functions 𝑁𝑒

𝑠 , as follows

𝐮̃𝑒 =
2𝜅+7
∑

𝑎=0
𝑁̂𝑎(𝜉, 𝜂)𝐮̃𝑒𝑎 (31)

where 𝐮̃𝑒𝑎 denotes the nodal parameters associated with the 𝑎th control
point at the patch of the 𝑒th element for discretizing the displacements.

By assembling all the element matrices, we can obtain the following
equation

𝐀𝐮̃ = 𝐟 (32)

with

𝐀 = 𝐊 − 𝜔2𝐌, 𝐊 =
𝑁𝑓𝑒
⋃

𝑒=1
𝐊𝑒, 𝐌 =

𝑁𝑓𝑒
⋃

𝑒=1
𝐌𝑒 (33)

where 𝐊, 𝐌 are the global stiffness matrix and mass matrix of the
structure, 𝐊𝑒 and 𝐌𝑒 are the element stiffness matrix and mass matrix,
𝐮̃ is the displacement vector of all the vertices, and 𝐟 is the load
vector that is composed of external mechanical load 𝐟𝑠 and sound field
pressure load 𝐟𝑝 as follows

𝐟 = 𝐟𝑠 + 𝐟𝑝 (34)

3.2. Boundary element formulations with Catmull–Clark subdivision sur-
faces

The Helmholtz equation governing the time harmonic acoustic wave
propagation in domain 𝛺 ∈ R3 with boundary 𝛤 can be transformed to
the following boundary integral equation

𝐶(𝐱)𝑝(𝐱) + 𝜕𝐺(𝐱, 𝐲)
𝑝(𝐲)d𝛤 = 𝐺(𝐱, 𝐲)𝑞(𝐲)d𝛤 (35)
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∫𝛤 𝜕𝑛𝑓 (𝐲) ∫𝛤 E
where 𝐶(𝐱) is the jump term that equals 1
2 for smooth surfaces, 𝑞(𝐲) =

𝜕𝑝(𝐲)
𝜕𝑛𝑓 (𝐲)

represents sound pressure flux, 𝑛𝑓 (𝐲) is a unit outward normal

o 𝛤 . 𝐺(𝐱, 𝐲) = ei𝑘𝑟

4𝜋𝑟 denotes the Green’s function for the 3D Helmholtz
equation, where 𝑟 = |𝐱 − 𝐲| and i =

√

−1.
Using Eq. (35) alone for simulating exterior acoustic field may lead

to non-uniqueness of the solution at the fictitious eigenfrequencies.
This problem can be solved with Burton–Miller formulation [20,50],
which is formulated by linear combination of Eq. (35) and its normal
derivative. By differentiating Eq. (35) with respect to the normal 𝑛𝑓 (𝐱),
we arrive at

𝐶(𝐱)𝑞(𝐱) + ∫𝛤
𝜕2𝐺(𝐱, 𝐲)

𝜕𝑛𝑓 (𝐱)𝜕𝑛𝑓 (𝐲)
𝑝(𝐲)d𝛤 = ∫𝛤

𝜕𝐺(𝐱, 𝐲)
𝜕𝑛𝑓 (𝐱)

𝑞(𝐲)d𝛤 (36)

he linear combination of Eqs. (35) and (36) is expressed by

(𝐱)𝑝(𝐱) + 𝛼𝐶(𝐱)𝑞(𝐱) + ∫𝛤
𝜕𝐺(𝐱, 𝐲)
𝜕𝑛𝑓 (𝐲)

𝑝(𝐲)d𝛤 + 𝛼 ∫𝛤
𝜕2𝐺(𝐱, 𝐲)

𝜕𝑛𝑓 (𝐱)𝜕𝑛𝑓 (𝐲)
𝑝(𝐲)d𝛤

= ∫𝛤
𝐺(𝐱, 𝐲)𝑞(𝐲)d𝛤 + 𝛼 ∫𝛤

𝜕𝐺(𝐱, 𝐲)
𝜕𝑛𝑓 (𝐱)

𝑞(𝐲)d𝛤 (37)

here 𝛼 is the combining parameter: 𝛼 = i∕𝑘 for 𝑘 > 1, and 𝛼 = i
therwise.

In this work, the subdivision surface basis functions used for geom-
try construction are employed for discretizing the physical field:

𝑒 =
2𝜅+7
∑

𝑎=0
𝑁̂𝑎(𝜉, 𝜂)𝑝̃𝑒𝑎

𝑒 =
2𝜅+7
∑

𝑎=0
𝑁̂𝑎(𝜉, 𝜂)𝑞𝑒𝑎 (38)

here 𝑝𝑒 and 𝑞𝑒 represent the sound pressure and its normal flux
t a point (𝜉, 𝜂) located in the element 𝛤𝑒, and 𝑝̃𝑒𝑎 and 𝑞𝑒𝑎 are the
odal parameters associated with the sound pressure and its normal
lux corresponding to a control point in the patch of the 𝛤𝑒 element,
espectively. By substituting Eq. (38) into Eq. (37) and enforcing the
quations at a discrete set of collocation points (𝐱𝑐), we have the
ollowing linear system of equations

(𝐱𝑐 )𝑝(𝐱𝑐 ) + 𝛼𝐶(𝐱𝑐 )𝑞(𝐱𝑐 ) +
𝑁𝑒
∑

𝑒=1

2𝜅+7
∑

𝑎=0
∫𝛤𝑒

𝑁̂𝑎(𝜉, 𝜂)
𝜕𝐺(𝐱𝑐 , 𝐲(𝜉, 𝜂))
𝜕𝑛𝑓 (𝐲(𝜉, 𝜂))

d𝛤 𝑝̃𝑒𝑎

+ 𝛼
𝑁𝑒
∑

𝑒=1

2𝜅+7
∑

𝑎=0
∫𝛤𝑒

𝑁̂𝑎(𝜉, 𝜂)
𝜕2𝐺(𝐱𝑐 , 𝐲(𝜉, 𝜂))

𝜕𝑛𝑓 (𝐱𝑐 )𝜕𝑛𝑓 (𝐲(𝜉, 𝜂))
d𝛤 𝑝̃𝑒𝑎

=
𝑁𝑒
∑

𝑒=1

2𝜅+7
∑

𝑎=0
∫𝛤𝑒

𝑁̂𝑎(𝜉, 𝜂)𝐺(𝐱𝑐 , 𝐲(𝜉, 𝜂))d𝛤𝑞𝑒𝑎

+ 𝛼
𝑁𝑒
∑

𝑒=1

2𝜅+7
∑

𝑎=0
∫𝛤𝑒

𝑁̂𝑎(𝜉, 𝜂)
𝜕𝐺(𝐱𝑐 , 𝐲(𝜉, 𝜂))

𝜕𝑛𝑓 (𝐱𝑐 )
d𝛤𝑞𝑒𝑎 (39)

here the subscript 𝑐 indicates the collocation point number. Because
he control points may not lie in the surface, the collocation points are
enerated by mapping the control points to the surface. Eq. (39) can
e recast in matrix–vector form as

𝐩̃ = 𝐆𝐪̃ (40)

here 𝐇 and 𝐆 are the coefficient matrices, and 𝐩̃ and 𝐪̃ are the
olumn vectors that collect nodal parameters associated with sound
ressure and its flux, respectively. It is worth noting that the singular
ntegrals exist in Eq. (37), and special attention needs to be paid.
everal methods have been proposed to deal with the singular integrals
n BEM [51–55]. In this work, Guiggiani method is used for numerical
valuation of general boundary element integrals, please see [51,56]
or detailed information.

.3. Coupled formulations with Catmull–Clark subdivision surfaces

Eq. (32) obtained by the structural finite element method and
q. (40) by the acoustic boundary element method cannot be solved
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separately. They are coupled together through the boundary conditions
defined in Eqs. (21) and (22). The acoustic pressure in the fluid domain
can be treated as a force imposed on the shell, which is directed along
the inward normal of the surface. Hence, the nodal force vector of
acoustic load 𝐟𝑝 in Eq. (34) can be written as

𝐟𝑝 = 𝐧̃𝑓𝛩𝐩̃ (41)

where 𝛩 = ∫𝛤 𝐍̂T𝐍̂d𝛤 , 𝐍̂ is the global vector of subdivision basis
unctions, and 𝐧̃𝑓 is the matrix of normals that are defined as:

̃𝑓 =

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

𝑛1𝑓 ⋅ 𝑒1 0 ...
𝑛1𝑓 ⋅ 𝑒2 0 ...
𝑛1𝑓 ⋅ 𝑒3 0 ...
0 𝑛2𝑓 ⋅ 𝑒1 ...
0 𝑛2𝑓 ⋅ 𝑒2 ...
0 𝑛2𝑓 ⋅ 𝑒3 ...
... ... ...

⎫

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎭

(42)

here 𝑒1, 𝑒2, 𝑒3 are the three orthogonal normal Cartesian base vectors.
y substituting Eq. (41) to Eq. (34), the global nodal force vector can
e expressed by

= 𝐂𝑠𝑓 𝐩̃ + 𝐟𝑠 (43)

n which 𝐂𝑠𝑓 = 𝐧̃𝑓𝛩.
Now, we consider the relationship between acoustic pressure and

hell mid-surface velocities. We denote 𝐯𝑛𝑓 and 𝐯𝑛𝑠 as the vectors that
ollect the nodal parameters associated with the normal components
f the fluid and structural velocities, respectively. If there is no energy
oss between the structural domain and fluid domain, we have

𝑛
𝑓 − 𝐯𝑛𝑠 = 0 (44)

n which 𝐯𝑛𝑠 = i𝜔𝐂𝑓𝑠𝐮̃ with 𝐂𝑓𝑠 = 𝐧̃T𝑓 . Then the vector 𝐪̃ that collects
he nodal parameters associated with acoustic flux is given by

̃ =
𝜕𝐩̃
𝜕𝑛

= −i𝜔𝜌𝑓 𝐯𝑛𝑓 = 𝜔2𝜌𝑓𝐂𝑓𝑠𝐮̃ (45)

here 𝜌𝑓 is the density of fluid.
Upon substitution of Eq. (45) into the boundary element system of

quations (Eq. (40)), a coupled system for the acoustic problem is given
y

𝐩̃ = 𝐆𝜔2𝜌𝑓𝐂𝑓𝑠𝐮̃ (46)

y substituting Eq. (43) into Eq. (32), a coupled system of equations
or the structural dynamics problem is expressed by:

𝐮̃ = 𝐂𝑠𝑓 𝐩̃ + 𝐟𝑠 (47)

Substituting Eq. (47) into Eq. (46) eliminates the unknown dis-
lacement 𝐮̃ and leads to the following boundary element formulation
oupled by finite element equation

𝐇 −𝐆𝐘] 𝐩̃ = 𝐆𝐪̃𝑠 (48)

here 𝐘 is a global admittance matrix and 𝐪̃𝑠 accounts for the con-
ribution of acoustic velocities from the structural domain. They are
xpressed by

= 𝜔2𝜌𝑓𝐂𝑓𝑠𝐀−1𝐂𝑠𝑓

̃ 𝑠 = 𝜔2𝜌𝑓𝐂𝑓𝑠𝐀−1𝐟𝑠 (49)

It is worth noting that singular value decomposition (SVD) or modal
nalysis approach can be used to approximate inverse of matrix 𝐀 in
q. (49). Actually, directly solving the term 𝐀−1 is not needed in this
ork. One can calculate 𝐀−1𝐟𝑠 in Eq. (49) by solving the algebraic
quation 𝐀𝐱 = 𝐟𝑠 using an iterative solver, for example, generalized
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inimal residual method (GMRES).
. Topology optimization for acoustic-structure interaction sys-
em

A mathematical model of topology optimization for acoustic-
tructure interaction systems can be expressed by

min
𝝁

𝛱 = 𝛱(𝐮̃, 𝐩̃)

s.t. 𝑉 (𝝁) − 𝑉0 ⩽ 0

𝐀𝐮̃ = 𝐂𝑠𝑓 𝐩̃ + 𝐟𝑠
𝐇𝐩̃ = 𝐆𝜔2𝜌𝑓𝐂𝑓𝑠𝐮̃
0 ⩽ 𝜇𝑒 ⩽ 1, 𝑒 = 1,… , 𝑁𝑒

(50)

here 𝛱 is the objective function in terms of 𝐮̃ and 𝐩̃, 𝝁 = [𝜇1, 𝜇2,… ,
𝑁𝑒

] represents the number of elements, 𝑉 (𝝁) denotes the volume of
ound-absorbing materials, and 𝑉0 the prescribed maximum volume.

The most commonly used objective functions in acoustic optimiza-
ion are the sound pressure in the reference area and the sound power
adiated from the structure. Among them, the sound pressure can only
eflect the local noise level, whereas the radiated sound power is able
o represent the radiated energy level of the whole structure vibration.
herefore, the radiated sound power level (SWL) is often used as the
ibration and noise index of the full system in the practical project:

= 𝛱(𝐮̃, 𝐩̃) = 10 log
𝑊 (𝐮̃, 𝐩̃)
𝑊0

(51)

where 𝑊0 is the reference sound power, and 𝑊 denotes the radiated
sound power that is independent on space and distance from the
vibrating structure, as follows

𝑊 (𝐮̃, 𝐩̃) = −1
2
ℜ

(

𝐩̃H𝛩𝐯∗𝑓
)

= −1
2
ℜ

(

𝐩̃H𝛩𝐯𝑓
)

= −1
2
ℜ

(

i𝜔𝐩̃H𝛩𝐂𝑓𝑠𝐮̃
)

(52)

where ℜ indicates the real part, ()∗ stands for conjugate complex, and
()H represents conjugation after transposition.

Sensitivity analysis of the objective function directly determines the
reliability and efficiency of the optimization. To handle a large number
of design variables, the adjoint variable method is employed in the
present work. We first rewrite the objective function by adding the zero
function:

𝛱̃ = 𝛱 +ℜ
[

𝝀T1
(

𝐀𝐮̃ − 𝐟𝑠 − 𝐂𝑠𝑓 𝐩̃
)

+ 𝝀T2
(

𝐇𝐩̃ −𝐆𝜔2𝜌𝑓𝐂𝑓𝑠𝐮̃
)]

(53)

where 𝝀1 and 𝝀2 are adjoint variable vectors, whose values can be
arbitrarily selected to maintain 𝛱̃ = 𝛱 because 𝐀𝐮̃ − 𝐟𝑠 − 𝐂𝑠𝑓 𝐩̃ = 0
and 𝐇𝐩̃ −𝐆𝜔2𝜌𝑓𝐂𝑓𝑠𝐮̃ = 0.

Then the derivative of the objective function in Eq. (53) with respect
to any design variable 𝜇𝑒 is written as

𝜕𝛱̃
𝜕𝜇𝑒

= ℜ
{

𝐳T1
𝜕𝐮̃
𝜕𝜇𝑒

+ 𝐳T2
𝜕𝐩̃
𝜕𝜇𝑒

+ 𝑧3

}

+
{

𝜕𝝀T
1

𝜕𝜇𝑒

(

𝐀𝐮̃ − 𝐟𝑠 − 𝐂𝑠𝑓 𝐩̃
)

+ 𝝀T
1

[

𝜕𝐀
𝜕𝜇𝑒

𝐮̃ + 𝐀 𝜕𝐮̃
𝜕𝜇𝑒

−
𝜕𝐟𝑠
𝜕𝜇𝑒

−
𝜕𝐂𝑠𝑓

𝜕𝜇𝑒
𝐩̃ − 𝐂𝑠𝑓

𝜕𝐩̃
𝜕𝜇𝑒

]

}

+

{

𝜕𝝀T
2

𝜕𝜇𝑒

(

𝐇𝐩̃ −𝐆𝜔2𝜌𝑓𝐂𝑓𝑠𝐮̃
)

+ 𝝀T
2

[

𝜕𝐇
𝜕𝜇𝑒

𝐩̃ +𝐇 𝜕𝐩̃
𝜕𝜇𝑒

− 𝜔2𝜌𝑓
𝜕𝐆𝐂𝑓𝑠

𝜕𝜇𝑒
𝐮̃ −𝐆𝜔2𝜌𝑓𝐂𝑓𝑠

𝜕𝐮̃
𝜕𝜇𝑒

]}

(54)

where 𝐳T1 = − i𝜔5
𝑊 ln 10 𝐩̃

H𝛩𝐂𝑓𝑠, 𝐳T2 = i𝜔5
𝑊 ln 10 𝐮̃

H𝐂𝑠𝑓 , and 𝑧3 = 0, and the
erms 𝜕𝐟𝑠

𝜕𝜇𝑒
, 𝜕𝐂𝑠𝑓

𝜕𝜇𝑒
, 𝜕𝐇
𝜕𝜇𝑒

, 𝜕𝐆
𝜕𝜇𝑒

, and 𝜕𝐂𝑓𝑠
𝜕𝜇𝑒

vanish because they are independent
of design variables. Thus, Eq. (54) can in turn be written as

𝜕𝛱̃
𝜕𝜇𝑒

=ℜ
{

𝐳T1
𝜕𝐮̃
𝜕𝜇𝑒

+ 𝐳T2
𝜕𝐩̃
𝜕𝜇𝑒

+ 𝝀T1

(

𝜕𝐀
𝜕𝜇𝑒

𝐮̃ + 𝐀 𝜕𝐮̃
𝜕𝜇𝑒

− 𝐂𝑠𝑓
𝜕𝐩̃
𝜕𝜇𝑒

)}

+

ℜ
{

𝝀T2

[

𝐇 𝜕𝐩̃
𝜕𝜇𝑒

− 𝜔2𝜌𝑓𝐆𝐂𝑓𝑠
𝜕𝐮̃
𝜕𝜇𝑒

]}

(55)

After rearrangement of the terms, Eq. (55) can be rewritten as

𝜕𝛱̃ =ℜ
{

[

𝐳T + 𝝀T𝐀 − 𝝀T𝜔2𝜌𝑓𝐆𝐂𝑓𝑠
] 𝜕𝐮̃

}

+

𝜕𝜇𝑒 1 1 2 𝜕𝜇𝑒
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[

𝐳T2 − 𝝀T1𝐂𝑠𝑓 + 𝝀T2𝐇
] 𝜕𝐩̃
𝜕𝜇𝑒

+ 𝝀T1
𝜕𝐀
𝜕𝜇𝑒

𝐮̃
}

(56)

By letting the adjoint variables satisfy the following adjoint equations

𝐳T2 − 𝝀T1𝐂𝑠𝑓 + 𝝀T2𝐇 = 0

𝐳T1 + 𝝀T1𝐀 − 𝜔2𝜌𝑓𝝀T2𝐆𝐂𝑓𝑠 = 0
(57)

the derivative of objective function with respect to any design variable
can be expressed as a function of the adjoint variables as follows

𝜕𝛱
𝜕𝜇𝑒

= 𝜕𝛱̃
𝜕𝜇𝑒

= ℜ
(

𝝀T1
𝜕𝐀
𝜕𝜇𝑒

𝐮̃
)

(58)

ence, a key step in sensitivity analysis with adjoint variable methods
s to evaluate the adjoint variable by solving the adjoint equation
Eq. (57)). Upon substitution of the second formulation of Eq. (57) into
ts first formulation, we obtain that
T
2 (𝐆𝐘 −𝐇) = 𝐳T2 + 𝐳T1𝐀

−1𝐂𝑠𝑓 (59)

y using GMRES to solve Eq. (59), we can obtain solution of 𝝀T2 . Using
he second formulation in Eq. (57) again, 𝝀T1 can be computed as

T
1 =

(

𝜔2𝜌𝑓𝝀T2𝐆𝐂𝑓𝑠 − 𝐳T1
)

𝐀−1 (60)

t is worth noting that the adjoint variable 𝝀1 is independent of the
esign variables, so the adjoint equation needs to be solved only once
o get the sensitivities for all of the design variables.

After the sensitivity analysis, the gradients are used in the method
f moving asymptote (MMA) [57] to realize the continuous updating
f design variables. The iteration converges when the relative error
etween the objective functions of two adjacent iterations is less than
certain value:

hange =
|

|

|

𝛱 𝑗+1 −𝛱 𝑗 |
|

|

𝛱 𝑗 < 𝜏 (61)

where 𝛱 𝑗 represents the objective function value of the 𝑗th step in the
optimization process, and 𝜏 denotes the convergence tolerance.

In this work, the design variables 𝜇𝑒 are the parameters correspond-
ing to the state of the structural elements. The density-based topology
optimization algorithm is used herein. The material parameters of every
structural element can be represented by the exponential function of
artificial density. For example, the elastic modulus and density of the
material are expressed as

𝐸(𝜇𝑒) = 𝐸1 + 𝜇𝜂1
𝑒 (𝐸2 − 𝐸1),

𝜌(𝜇𝑒) = 𝜌1 + 𝜇𝜂2
𝑒 (𝜌2 − 𝜌1)

(62)

where 𝜇𝑒 ∈ [0, 1], 𝜂1 and 𝜂2 are penalization factors, (𝐸1, 𝜌1) and
(𝐸2, 𝜌2) denote elastic modulus and density of two different materials,
respectively.

5. Numerical examples

In this section, several numerical tests are presented to investigate
the correctness and validity of this proposed algorithm. The code for
solving acoustic-structure interaction system is written using Fortran 90
language and run on a PC with an Intel(R) Core(TM) i7-7700 CPU and
8 GB RAM. To investigate the validity and applicability of the proposed
algorithm for topology optimization, several numerical examples are
presented in this section. The tolerances of GMRES is set to be 10−4,
and the iterative convergence criterion 𝜏 is set to be 10−5. The objective
functions in all optimization examples are set as radiated sound power
level (SWL) presented in Eq. (51).

5.1. Elastic spherical shell excited by a unit force

In this subsection, the correctness and effectiveness of the proposed
algorithm are verified by using an example with analytical solution.
This subsection is devoted to verify the numerical analysis of coupling
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Fig. 6. Acoustic-structure interaction system of a sphere shell excited by a force in
an infinite fluid domain. The sphere shell with a radius 𝑟𝑠= 0.95 m is filled with air.
Parameter for geometry and material properties can be seen.

effects. The topology optimization will be studied in the following
subsections. The vibration response analysis of a submerged elastic
spherical shell excited by a harmonic point excitation 𝐹 = 𝐹0𝑒−i𝜔𝑡 is
taken as a test example, as shown in Fig. 6. Speed of sound in the water
is 1482 m∕s. Point A is the load action point. The viscous resistance
of water to the structure balances the concentrated load and keeps the
whole position of the structure unchanged. The distribution of viscous
resistance on a sphere is given in [27], as follows

𝑓𝑎 =
∑

𝑛
𝑓𝑛𝑝𝑛(cos 𝜃)𝑒−i𝜔𝑡 (63)

where

𝑓𝑛 =
(2𝑛 + 1)𝐹0

4𝜋𝑟2𝑠
(64)

he solution to this test can be obtained analytically which we repro-
uce for completeness herein. The angle 𝜃 represents the central angle
etween the field point and the point of excitation. The sound pressure
(𝜃) and the displacement 𝑢(𝜃) at the spherical surface, respectively, are
iven as

(𝜃) = 𝐹
4𝜋𝑟2𝑠

∞
∑

𝑛=0

(2𝑛 + 1)𝑧𝑛
𝑍𝑛 + 𝑧𝑛

𝑃𝑛(𝑐𝑜𝑠𝜃) (65)

nd

(𝜃) = − 𝐹
4𝜋𝑟2𝑠 i𝜔

∞
∑

𝑛=0

2𝑛 + 1
𝑍𝑛 + 𝑧𝑛

𝑃𝑛(𝑐𝑜𝑠𝜃) (66)

here 𝑃𝑛 is the 𝑛th Legendre function. The modal specific acoustic
adiation impedance 𝑧𝑛 and the invacuo modal impedance of shell 𝑍𝑛
an be obtained in [27].

The sound pressure 𝑝(𝑅, 𝜃) at a point (𝑅, 𝜃) in fluid domain is given
s

(𝑅, 𝜃) =
i𝜌𝑐𝐹0

4𝜋𝑟2𝑠

∞
∑

𝑛=0

(2𝑛 + 1)
(𝑍𝑛 + 𝑧𝑛)

ℎ𝑛(𝑘𝑅)𝑃𝑛(𝑐𝑜𝑠𝜃)
(

𝜕ℎ𝑛(𝑘𝑟𝑠)
𝜕(𝑘𝑟𝑠)

)−1
(67)

where ℎ𝑛 is the 𝑛th Hankel function.
Using Eq. (51) and considering the axisymmetry along the 𝑥 axis,

the radiated sound power is derived by

𝑃 = 𝜋𝑟2𝑠 ∫

𝜋

0
ℜ

{

𝑝(𝜃)𝑣∗𝑓 (𝜃)
}

sin(𝜃)𝑑𝜃

≈
𝜋2𝑟2𝑠

𝑛
∑

ℜ
{

𝑝(𝜃𝑚)𝑣∗𝑓 (𝜃𝑚)
}

sin(𝜃𝑚) (68)

𝑛 𝑚=1
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Fig. 7. Meshes of sphere model. (A) the initial coarse Catmull–Clark subdivision discretization with 98 vertices used to generate control meshes, where the initial control vertices
are located on a sphere with a radius 𝑟 = 1 m; (B) the limited surface with 6146 vertices.
Fig. 8. Comparison between the analytical results and numerical results obtained
by the IGA-FEM/BEM with subdivision surface and with the Burton–Miller boundary
integral equations (BM) for the sound pressure, calculated at (2r,0,0) as function of
frequency. The frequency step is 0.1 Hz.

Fig. 9. Comparison between the analytical solutions and numerical results obtained by
the IGA-FEM/BEM with subdivision surface for the displacement, calculated at excited
point A as function of frequency.

where 𝜃𝑚 = 𝑚𝜋∕𝑛 and 𝑣∗𝑓 (𝜃𝑚) = 𝑖𝜔𝑢∗(𝜃𝑚) with a sufficiently large 𝑛.

First, we use subdivision surface method to construct a smooth
spherical shell model. Fig. 7 shows the distribution of the initial control
189
points of the spherical shell model. The Catmull–Clark subdivision
scheme is used to modify the coordinates of the original geometric con-
trol points and insert new control points. The parent quadrilateral mesh
is successfully divided into four children elements, and the refinement
operation is repeated until the limited smooth surface is obtained. It is
worth noting that although the control points and mesh models in each
level of subdivision mesh are different, the same surface expression can
be obtained after the fitting operation. The fitting surface for every level
of subdivision mesh is consistent with the limited surface, similar to the
ℎ-refinement property of NURBS.

The spherical shell with subdivision surface is set as the coupling
surface for acoustic-structure interaction in this work. It keeps the
consistency requirements of the acoustic-structure coupling surface,
and avoids the problem that the structure shape changes when the
traditional Lagrangian elements are used to encrypt the grid. Therefore,
accurate coupling surface can effectively improve the reliability and
effectiveness of numerical analysis. Then, we verify the correctness of
this algorithm proposed in this work.

The distance between the initial control points and the center point
is set as 1. The limited smooth surface constructed by subdivision
operation is a smooth spherical surface with a radius of 0.95 m. Herein,
the limited surface with 6146 vertices is used for numerical calculation.
First of all, we investigate the variation of the amplitude of sound
pressure with frequency at the calculated point 2𝑟 from the spherical
center on the 𝑥 axis in the fluid domain, as shown in Fig. 8. In
this figure, ‘‘IGABEM-Sub’’ represents the solution obtained by IGA-
FEM/BEM with subdivision surface. By observing the graph, it can
be found that the numerical solution is consistent with the analytical
solution, which verifies the correctness of the algorithm developed in
this work.

Fig. 9 shows that the displacement at the point of action of point
force changes with frequency. We can also find that the numerical
results are in good agreement with the analytical solutions. In addi-
tion, we calculate that the radiated sound power on the structural
surface varies with the frequency, as shown in Fig. 10. The radiated
sound power reflects the radiated energy of the vibrating structure.
If the damping is not considered, the radiated sound power on the
closed surface around the structure is the same. We also find that the
numerical solution obtained by the algorithm is consistent with the
analytical solution. Besides, the relative error between the analytical
and numerical solutions of sound pressure at a point (10, 0, 0) is pre-
sented in Fig. 11, which proves the correctness of the algorithm. For
the last symbol in Fig. 11, the computational time required for solving
the structural-acoustic coupling system with 95258 DOFs is 2.1 h.

5.2. Elastic spherical shell

A submersed spherical shell excited by a harmonic force as shown
in Fig. 6 is considered in this section. The load excitation point in this
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E

Fig. 10. Comparison between the analytical solutions and numerical results obtained
by the IGA-FEM/BEM with subdivision surface for the radiated sound power on the
shell structural surface as function of frequency.

Fig. 11. The relative error between the analytical and numerical solutions of sound
pressure at a point (10, 0, 0) with 𝑓 = 50 Hz.

section lies at (0, 0, 𝑟) on the 𝑧 axis. The hemispherical surface with 𝑦 < 0
is set to be design domain. Two kinds of materials will be selected
for the design area, namely, steel material and aluminum material.
For aluminum material, density 𝜌𝑠 = 2100 kg∕m3, Young’s modulus
𝐸 = 70 GPa, and Poisson’ ratio 𝜈 = 0.32. The remaining hemispherical
surface with 𝑦 > 0 is full of steel material.

In the process of material optimization, penalization factor 𝜂 in
q. (62) is set as 5, the volume fraction constraint 𝑓𝑣 = 0.5, and the

initial values of design variables are set to be 1. In this work, the
sensitivity filter technique with a filter radius of 𝑟𝑚𝑖𝑛 = 0.2 m is used to
suppress the checkerboard patterns and decrease the mesh dependency
of the optimization analysis.

Fig. 12 is the convergence plot of objective functions at different
frequencies during the optimization process. It can be found that at
200 Hz, the value of the objective function oscillates in the initial stage,
and then declines steadily until it converges. Hence, the algorithm
developed in this work can effectively reduce sound pressure level and
find the corresponding material layout.

The final material layouts obtained by topology optimization at
different frequencies are presented in Fig. 13. Purple color represents
steel material, and red represents aluminum material. It can be found
that the optimization results are frequency dependent, and the material
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layout at high frequency is more complex. Because of the penalty of
material interpolation, a small amount of intermediate densities that
are denoted by green units appear at the interface between the red area
and the purple area.

After obtaining the optimization results of material distribution
at different frequencies, we present the corresponding distribution of
sound pressure level on spherical surface, as depicted in Fig. 14. The
sound pressure level is represented by the symbol ‘‘𝑆𝑃𝐿’’, which is
defined as follows

𝑆𝑃𝐿 = 20log10
[

𝑝(𝑒)∕𝑝(𝑟𝑒𝑓 )
]

(69)

where 𝑝(𝑒) denotes the sound pressure at a computing point, and 𝑝(𝑟𝑒𝑓 )
is the reference sound pressure. We also find that the sound pressure
level near the excitation is larger than that in other regions, because the
larger the displacement and vibration velocity of the excitation point,
the larger the sound pressure value is.

5.3. Cube shell

A submersed cube shell excited by a harmonic force as shown in
Fig. 15 is considered in this section. The control grid of the geometric
model used for numerical solution has 8066 vertices. The approxi-
mately rectangular surface with 𝑧 > 0.178 is set to be design domain.
Similar to the spherical model above, the design domain is filled by two
materials. During the optimization process, the filter radius 𝑟𝑚𝑖𝑛 used
for sensitivity filter is set to be 0.08 m. The other parameter values are
the same as that of the above spherical model.

Fig. 16 is the convergence plot of objective functions at different
frequencies during the optimization process. It can be found that the
value of the objective function declines steadily until it converges.
Hence, the algorithm developed in this work can effectively reduce
sound pressure level and find the corresponding material layout.

The optimization results of material distribution at several dif-
ferent frequencies show good symmetry (Fig. 17). A small number
of intermediate density elements exist at the interface between the
two selected materials, which proves that the algorithm developed in
this work is capable of solving practical optimization problems. The
frequency dependence of the optimization results is still observable, so
it is necessary to develop an optimization analysis method suitable for
frequency band instead of the single frequency.

Moreover, the sound pressure distribution over the structural sur-
face corresponding to the optimized material layout at different fre-
quencies is shown in Fig. 18. It can be seen that with the increase of
frequency, the optimized sound pressure level exhibits a growing trend,
which is particularly manifest for the material layout on the surface
portion excited by force.

5.4. Acoustic probe

An acoustic probe model is constructed with Catmull–Clark subdi-
vision surfaces as shown in Fig. 19, which replicates a physical device
used for the measurement of acoustic intensity in full-scale rocket
motor testing. A similar model built with T-splines was adopted in [41]
for acoustic analysis with isogeometric boundary element method. The
initial control mesh model for acoustic probe has sharp edges, but the
geometric surface constructed from it is smooth. The minimum bound-
ing box of this acoustic probe is defined as [𝑣𝑚𝑖𝑛𝑖 , 𝑣𝑚𝑎𝑥𝑖 ]3 = [−1.9, 1] ×
[−0.8, 2.2] × [−1.66, 1.66]. The thickness of this model is 0.02 m. The
control grid of the geometric model obtained after one subdivision has
24768 vertices and is used for numerical solution.

The structure is made of two types of materials and subjected to
time harmonic concentrated force. Through optimization analysis, the
optimal material layout is obtained to achieve the lowest radiated
sound power value. During the optimization process, the filter radius

𝑟𝑚𝑖𝑛 used for sensitivity filter is set to be 0.1 m. The volume fraction
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Fig. 12. The convergence of the objective function at different frequencies.
Fig. 13. Topological design of the half-spherical shell at several different frequencies. (A), 50 Hz; (B), 100 Hz; (C), 200 Hz; (D), 300 Hz. (For interpretation of the references to
color in this figure legend, the reader is referred to the web version of this article.)
Fig. 14. Sound pressure level on structure surface. (A) 50 Hz; (B) 100 Hz; (C) 200 Hz; (D) 300 Hz.
Fig. 15. Cube model setup. (A) the initial coarse subdivision discretization with 128 vertices used to generate control meshes; (B) the limited surface with 8066 vertices. The
smoothing effects can be observed in particular at the junction. Subdivision schemes may be applied to manifold meshes, thereby having less restrictions than the spline-based
methods; (C) the right surface of cube is selected as design domain and the center point of the surface is the load action point.
constraint is set to be 𝑓𝑣 = 0.5, and the initial values of the design vari-
ables are specified as one. The other parameter values are consistent
with that for spherical model.

Fig. 20 is the convergence plot of objective functions at different fre-
quencies during the optimization process. Good convergence is found.
This result proves the validity of the algorithm in this paper.
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The optimization results of material distribution at several different
frequencies are shown in Fig. 21. Herein, four different excitation
frequencies, 𝑓 = 100, 200, 400, and 500 Hz are considered. The sound
pressure level distribution on the structural surface with optimized
material layout is shown in Fig. 22. The material distributions and
sound pressure level layout vary with frequencies, so the optimized
results are frequency dependent.
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Fig. 16. The convergence of the objective function at different frequencies.
Fig. 17. Topological design of the right surface of cube model at several different frequencies. (A) 300 Hz; (B) 400 Hz; (C) 500 Hz; (D) 600 Hz.
Fig. 18. Sound pressure level on the structure surface. (A) 300 Hz; (B) 400 Hz; (C) 500 Hz; (D) 600 Hz. (Top surface is the design domain).
6. Conclusion

Taking into account the effect of structural-acoustic interaction,
we coupled isogeometric FEM and BEM for topology optimization of
bimaterial structures. Coupling of the two methods fully exploits their
192
complementary advantages in simulating shell vibration and exterior
acoustic problems, respectively. The reasons for introducing isogeomet-
ric analysis are threefold: (1) The exactness of geometric models are
retained that is crucial to the accuracy of structural-acoustic interaction
analysis; (2) High order continuity is achieved that eases the use of
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Fig. 19. Acoustic probe model setup. (A), the initial coarse subdivision discretization with 6192 vertices used to generate control meshes; (B), the limited surface with 99072
vertices; (C), selection of design domain and definition of concentrated load.
Fig. 20. The convergence of the objective function at different frequencies.
Fig. 21. Topological design of the design surface of acoustic probe model at several different frequencies. (A) 100 Hz; (B) 200 Hz; (C) 400 Hz; (D) 500 Hz.
Fig. 22. Sound pressure level on the structure surface. (A) 100 Hz; (B) 200 Hz; (C) 400 Hz; (D) 500 Hz.
Kirchhoff–Love elements; (3) meshing procedures can be eliminated.
We adopted Catmull–Clark subdivision surfaces to construct geomet-
ric models and discretize physical fields, due to their capability of
generating water-tight geometries and tackling extraordinary points.
The numerical tests show the superior performance of the present
methods in topology optimization for structural-acoustic interaction
systems. The examples also indicate that the optimized design is heavily
dependent on frequencies. Hence, topology optimization in a frequency
band and robust optimization considering frequency variation is of
practical significance [58,59]. Furthermore, in our examples all of the
geometries are smooth everywhere. In some cases, it is desirable to
preserve sharp edges and corners, but it is difficult for the classical
193
subdivision surface method to do that. To overcome this difficulty, ex-
tended versions of subdivision surfaces were proposed [60,61], which
will be incorporated into our future work.
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