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Abstract
This article presents a local knot method (LKM) to solve inverse Cauchy
problems of Helmholtz equations in arbitrary 2D and 3D domains. The
Moore–Penrose pseudoinverse using the truncated singular value decomposi-
tion is employed in the local approximation of supporting domain instead of the
moving least squares method. The developed approach is a semi-analytical and
local radial basis function collocation method using the non-singular general
solution as the basis function. Like the traditional boundary knot method, the
LKM is simple, accurate and easy-to-program in solving inverse Cauchy prob-
lems associated with Helmholtz equations. Unlike the boundary knot method,
the new scheme can directly reconstruct the unknowns both inside the physi-
cal domain and along its boundary by solving a sparse linear system, and can
achieve a satisfactory solution. Numerical experiments, involving the compli-
cated geometry and the high noise level, confirm the accuracy and reliability
of the proposed method for solving inverse Cauchy problems of Helmholtz
equations.
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1 INTRODUCTION

The Helmholtz equations arise in various applications of science and engineering, such as acoustics, electromagnetic
scattering, and heat conduction in nuclear reactors. In general, boundary conditions on the complete boundary are pro-
vided in the numerical computation. This is the so-called forward problem, which is well-posed and is relatively easy to
solve. Up to now, various numerical methods have been proposed for solving such problems, such as the method of funda-
mental solutions,1,2 the boundary element method,3 and coupling with other methods.4,5 In many real-world problems,
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however, a part of boundary conditions cannot be specified due to the difficulty in measurement.6 To address this problem
effectively, additional data must be obtained from the measurable or accessible boundary. With this regard, an
over-determined problem will need to be addressed to determine the boundary conditions on the unspecified part
of boundary, and to approximate the unknowns inside the computational domain. This is called the inverse Cauchy
problem,7–10 which is usually ill-conditioned in the sense that a small perturbation in the boundary data may result in
enormous deviation in the solution.

In the numerical simulation of the inverse Cauchy problems, boundary-type methods are widely used due to their
merits in the reconstruction of boundary data. Marin et al.11,12 proposed the method of fundamental solutions for the
Cauchy problem associated with Helmholtz-type equations. Chen et al.13 used the boundary particle method for solving
inverse Cauchy problems of inhomogeneous Helmholtz equations. Fan et al.14 proposed a local radial basis function
collocation method for solving two-dimensional inverse Cauchy problem. Liu et al.15 introduced a novel Trefftz method
to solve the inverse Cauchy problem of 3D modified Helmholtz equation. Jin et al.16,17 employed the boundary knot
method (BKM) to solve the Cauchy problem associated with the Helmholtz equation, and their main work focuses on the
2D cases. The BKM is boundary-type radial basis function method using the non-singular general solution as the basis
function, and has the merits of simplicity, accuracy, and meshless. However, its matrices are usually ill-conditioned,18,19

and the appropriate regularization techniques have to be introduced in solving the resultant system.16,17 Furthermore, as
a boundary-type meshless scheme with global discretization, the BKM encounters the challenge of simulating large-scale
and/or high-dimensional problems.

Recently, the localized boundary knot method (LBKM)20,21 has been proposed to overcome above shortcomings. The
LBKM is a domain-type meshfree approach using the non-singular general solution as the basis function. In fact, it can
be regarded as a localized version of traditional boundary-type BKM. When this method was first proposed, the artificial
boundaries and boundary nodes on it are required for every local subdomain. Latter, the LBKM is modified into the local
knot method (LKM)22,23 without designing the artificial boundaries, which likes a local radial basis function collocation
method. Consequently, the calculation process is simplified, and the calculation efficiency is improved with the same
calculation accuracy. Recently, the LKM has been used to simulate acoustics and convection-diffusion problems, and has
demonstrated the advantages of truly meshless, high-accuracy, and large-scale calculation.

In recent years, the local semi-analytical meshless collocation methods, such as the localized method of fundamental
solutions (LMFS),24,25 localized singular boundary method (LSBM)26 and LKM, have attracted more and more attention
due to their high-accuracy and meshless. This kind of method adopts semi-analytical basis functions satisfied governing
equations to approximate the solution of partial differential equation. The LMFS and LSBM use the singular fundamental
solution, while the LKM uses the non-singular general solution. To deal with the singularity, the first two methods respec-
tively introduce the fictitious boundary and the origin intensity factor, which is troublesome and has a certain impact
on the calculation accuracy. However, the latter approach does not require the additional operating procedure thanks to
the use of non-singular basis functions. In conclusion, the LKM is more stable and easy-to-program compared with the
LMFS and LSBM. At present, this method only focuses on the numerical simulation of the forward problem. It should be
pointed out that the solution of the inverse problem is much more difficult than the forward problem due to the absence
of boundary conditions.

In this article, we propose a novel numerical method to solve inverse Cauchy problems of Helmholtz equations on
complicated two- and three-dimensional domains, by combining the LKM the Moore–Penrose pseudoinverse technique.
It is not an easy work to solve acoustic inverse problems related to high-dimensional complex geometries by using the
traditional finite element and finite difference methods for a long time. The main novelty of this article lies in that we
established a simple, accurate, and stable numerical framework for addressing the inverse Cauchy problems of Helmholtz
equations on arbitrarily complicated domains. The Moore–Penrose pseudoinverse in the local approximation employs
the truncated singular value decomposition to eliminate the ill-condition of the local system, so that a well-conditioned
system of sparse equations can be generated. Compared with the traditional boundary-type BKM in which regularization
techniques have to be used in solving the resultant system, the present scheme can greatly reduce the computational
expense. Moreover, the unknowns both inside the physical domain and along its boundary can be directly and accurately
reconstructed by solving a sparse linear system.

The organization of this article is as follows. Section 2 briefly reviews the inverse Cauchy problems of
Helmholtz equations. In Section 3, the numerical procedures of proposed LKM are described for dealing with
the inverse Cauchy problems of Helmholtz equations on two- and three-dimensional domains. Section 4 intro-
duces two local approximation techniques (the Moore–Penrose pseudoinverse and the moving least-squares
(MLS)) of supporting domain in the LKM. Followed by Section 5 presents four examples to illustrate
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the validity and accuracy of the proposed methodology. Finally, some conclusions and remarks are drawn
in Section 6.

2 MATHEMATICAL PRELIMINARIES

The inverse Cauchy problem of Helmholtz-type equation is stated in the following general form:

Lu(x) = 0, x ∈ Ω ⊂ Rd
, (1)

u(x) = f (x) for x ∈ Γ1, (2)

𝜕u(x)
𝜕n

= g(x) for x ∈ Γ1, (3)

where L = ∇2 ± k is the Helmholtz-type differential operator (Equation (1) is known as the Helmholtz equation when
L = ∇2 + k, and it is called the modified Helmholtz equation when L = ∇2 − k), Ω the problem domain whose boundary
is 𝜕Ω = Γ1 + Γ2, d the space dimension, k the wave number, n the unit outward normal vector, f (x) and g(x) are given
functions on the accessible boundary Γ1. In this model, no boundary condition is available on the rest part of boundary
(Γ2), called the inaccessible boundary. Figure 1 shows a sketch of the inverse Cauchy problems in 2D case. The 3D case
is similar, only differing in that the boundary becomes a surface.

The non-singular general solution of Equation (1) can be given by16,20

G(r) =

{
J0(kr), d = 2,
sin(kr)∕r, d = 3,

for L = ∇2 + k, (4)

G(r) =

{
I0(kr), d = 2,
sinh(kr)∕r, d = 3,

for L = ∇2 − k, (5)

where J0 and I0 are the zero-order Bessel function of the first kind and the zero-order modified Bessel function of the first
kind, respectively.

The solution of the above inverse problem usually requires the reconstruction of sound field on the inaccessible
boundary and inside the physical domain, based on the known information on the accessible boundary. Unlike the direct
problem, the inverse problem has always been a difficult issue in computational mathematics and mechanics, especially
for 3D complex geometries. Most of the existing methods need regularization techniques when solving the final system of
algebraic equations, and are troublesome and time-consuming. This article will introduce a novel LKM to address such
problems in the next section.

3 LOCAL KNOT METHOD FOR INVERSE CAUCHY PROBLEM OF
HELMHOLTZ EQUATION

First of all, N = ni + nb1 + nb2 discrete nodes x(i), i = 1, 2, … ,N are placed over the computational domain Ω, where N
is the number of nodes inside the domain, nb1 and nb2 indicate the numbers of nodes along the accessible and inaccessible

F I G U R E 1 Sketch of the inverse Cauchy problems in 2D case
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F I G U R E 2 Schematic diagram of the LKM for inverse Cauchy problems of 2D Helmholtz equations

boundary, respectively. Considering an arbitrary node x(i) called as the central node, its m supporting nodes x(i)j , j =
1, 2, … ,m can be determined from nearest nodes. Figure 2 shows the schematic diagram of the LKM for 2D problem,
the 3D problem has the same principle.

Using x(i)0 to represent x(i), the unknowns at nodes x(i)j , j = 0, 1, … ,m are expressed as

u
(

x(i)j

)
=

m∑
k=0
𝛼

(i)
k G

(
rjk

)
, j = 0, 1, … ,m, (6)

where rjk =
‖‖‖x(i)k − x(i)j

‖‖‖2
, and 𝜶(i) =

[
𝛼

(i)
0 , 𝛼

(i)
1 , 𝛼

(i)
2 , … , 𝛼

(i)
m

]T
are the unknown coefficients. Equation (6) can be rewritten

in the following matrix form:

u(i) = G(i)
𝜶
(i)
. (7)

In general, 𝜶(i) can be calculated by solving Equation (7) in the BKM. However, u(i) is unknown in the LKM, and thus is
used to express 𝜶(i),

𝜶
(i) = H(i)u(i), (8)

where H(i) is a matrix of order (m + 1) × (m + 1). It is noticed that the matrix G(i) usually has a large condition number,
due to the properties of nonsingular general solutions. Therefore, a proper approach should be adopted to approximate
the unknown coefficient vector 𝜶(i) in the supporting domain. Two simple and effective methods will be discussed in the
next section.

Replacing x(i)j in Equation (6) with x(i), the following formula is yielded

u
(

x(i)
)
=

m∑
k=0
𝛼

(i)
k G (r0k) = C(i)

𝜶
(i)
, (9)

and then substituting Equation (8) into Equation (9), we have

u
(

x(i)
)
= C(i)H(i)u(i) = D(i)u(i). (10)

If x(i) is a node on the boundary, the normal derivative can be calculated by

𝜕u
(

x(i)
)

𝜕n
= N(i)

𝜶
(i) = N(i)H(i)u(i) = E(i)u(i), (11)

where

⎧⎪⎨⎪⎩
N(i) = n1𝝈

(i)
1 + · · · + nd𝝈

(i)
d ,

𝝈
(i)
l =

[
G(ri0)
𝜕x(i)l

,

G(ri1)
𝜕x(i)l

, … ,

G(rim)
𝜕x(i)l

]
, l = 1, … , d.

(12)
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In above equations, n1, … ,nd denote the components of the vector n, and x(i)1 , … , x(i)d denote the coordinate components
of the node x(i).

Taking into account all the nodes x(i), i = 1, 2, … ,N and boundary data given in Equations (2) and (3), the following
overdetermined equations can be obtained,

⎧⎪⎨⎪⎩
ui −D(i)u(i) = 0, i ∈ {1, 2, … ,ni} ∪ {ni + nb1 + 1, … ,N}
ui = fi, i ∈ {ni + 1, … ,ni + nb1}
E(i)u(i) = gi, i ∈ {ni + 1, … ,ni + nb1}

or Au = b, (13)

where u =
[
u
(

x(1)
)
, u

(
x(2)

)
, … , u

(
x(N)

)]T , b(N+nb1)×1 is a vector composed of zero elements and boundary data, and
A(N+nb1)×N is a sparse matrix. Equation (13) is a well-conditioned system, and is solved by MATLAB routine “A∖b” in this
study.

4 APPROXIMATION OF UNKNOWN COEFFICIENTS IN THE
SUPPORTING DOMAIN

The accurate calculation of the matrix H(i) in Equation (8) plays a crucial role for the accuracy and efficiency of the LKM.
This study investigates two commonly used methods: the MLS approximation and the Moore–Penrose pseudoinverse.
The following is a brief introduction to these two techniques.

4.1 The Moore–Penrose pseudoinverse (MPP)

The most straightforward way to obtain the matrix H(i) in Equation (8) is by solving the inverse matrix of G(i). Consid-
ering the singularity and ill-condition of the matrix G(i), the Moore–Penrose pseudoinverse H(i) =

[
G(i)]+ is used. The

Moore–Penrose pseudoinverse27 is a matrix that can act as a partial replacement for the matrix inverse in cases where
it does not exist or cannot solved accurately. The matrix

[
G(i)]+ is called the generalized inverse of the matrix G(i), and

satisfies the following conditions:

⎧⎪⎪⎪⎨⎪⎪⎪⎩

G(i)[G(i)]+G(i) = G(i)
,[

G(i)]+G(i)[G(i)]+ = [
G(i)]+

,(
G(i)[G(i)]+)∗ = G(i)[G(i)]+

,([
G(i)]+G(i)

)∗
=

[
G(i)]+G(i)

.

(14)

There are many approaches for computing the Moore–Penrose inverse of a matrix. Among them, the truncated singular
value decomposition (TSVD) is one of the most frequently used method. This method is the algorithm behind the in-built
pseudoinverse computing function “pinv(A, tol)” in MATLAB.28 Here, tol is the singular value tolerance, specified as a
scalar. Pinv treats singular values that are smaller than tol as zeros during the computation of the pseudoinverse.

By using the SVD, G(i) can be decomposed into

G(i) = USV∗
, (15)

where U(m+1)×(m+1) and V(m+1)×(m+1) are the unit orthogonal matrixes, S = diag (s1, s2, … , sm+1) is a diagonal matrix with
non-negative elements in non-increasing order,

{
sj
}m+1

j=1 are called the singular values of matrix G(i). Let sj = 0 when
sj < tol, Equation (15) can be rewritten as

G(i) = USV∗ = [U1 U2]

[
S1 0
0 0

]
[V1 V2]∗ = U1S1V∗

1. (16)
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Then, the pseudoinverse of G(i) can be calculated by the following formula:

[
G(i)]+ = V1S−1

1 U∗
1. (17)

4.2 The moving least-squares (MLS)

The MLS approximation is a widely used technique in various meshless/meshfree methods. According to its basic idea,
the vector 𝜶(i) is deduced by minimizing the following functional,

𝓁u(i) =
(

G(i)
𝜶
(i) − u(i)

)T
𝝎
(i) (G(i)

𝜶
(i) − u(i)

)
, (18)

where

⎧⎪⎪⎪⎨⎪⎪⎪⎩

𝝎
(i) = diag

(
w(i)

0 ,w
(i)
1 , … ,w(i)

m

)
,

𝜔

(i)
j = 1 − 6

(
dj∕dmax

)2 + 8
(

dj∕dmax
)3 − 3

(
dj∕dmax

)4
,

dj =
‖‖‖x(i)j − x(i)‖‖‖2

,

dmax = max
j=0,1,… ,m

(
dj
)
.

(19)

Hence, we have

𝜕𝓁u(i)

𝜕𝜶
(i) = 0. (20)

By calculating and reorganizing Equation (20), we can get a system equation in matrix form,

L(i)𝜶(i) = P(i), (21)

where

L(i) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

m∑
j=0

[
G
(

rj0
)]2
𝜔

(i)
j

m∑
j=0

G
(

rj0
)

G
(

rj1
)
𝜔

(i)
j

m∑
j=0

G
(

rj0
)

G
(

rj2
)
𝜔

(i)
j · · ·

m∑
j=0

G
(

rj0
)

G
(

rjm
)
𝜔

(i)
j

m∑
j=0

[
G
(

rj1
)]2
𝜔

(i)
j

m∑
j=0

G
(

rj1
)

G
(

rj2
)
𝜔

(i)
j · · ·

m∑
j=0

G
(

rj1
)

G
(

rjm
)
𝜔

(i)
j

m∑
j=0

[
G
(

rj2
)]2
𝜔

(i)
j · · ·

m∑
j=0

G
(

rj2
)

G
(

rjm
)
𝜔

(i)
j

SYM ⋱ ⋮
m∑

j=0

[
G
(

rjm
)]2
𝜔

(i)
j

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (22)

P(i) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

∑m
j=0G

(
rj0

)
𝜔

(i)
j u

(
x(i)j

)
∑m

j=0G
(

rj1
)
𝜔

(i)
j u

(
x(i)j

)
∑m

j=0G
(

rj2
)
𝜔

(i)
j u

(
x(i)j

)
⋮∑m

j=0G
(

rjm
)
𝜔

(i)
j u

(
x(i)j

)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎣

G (r00)𝜔(i)0 G (r10)𝜔(i)1 · · · G (rm0)𝜔(i)m

G (r01)𝜔(i)0 G (r11)𝜔(i)1 · · · G (rm1)𝜔(i)m

⋮ ⋮ ⋱ ⋮

G (r0m)𝜔(i)0 G (r1m)𝜔(i)1 · · · G (rmm)𝜔(i)m

⎤⎥⎥⎥⎥⎥⎦

⎛⎜⎜⎜⎜⎜⎜⎝

u
(

x(i)0

)
u
(

x(i)1

)
⋮

u
(

x(i)m

)

⎞⎟⎟⎟⎟⎟⎟⎠
= Q(i)u(i). (23)

Substituting Equation (23) into Equation (21), we have

L(i)𝜶(i) = Q(i)u(i). (24)

Let H(i) =
[
L(i)

]−1Q(i), then 𝜶(i) = H(i)u(i). It should be pointed out that we directly use the MATLAB’s mldivide (matrix
left divide) function (L(i)∖Q(i)) to get H(i), instead of the matrix inversion.
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5 NUMERICAL RESULTS AND DISCUSSIONS

In this section, two numerical examples are investigated to verify the performance of the proposed algorithm. The
maximum absolute error (MAE) and root mean square error (RMSE) are calculated as:

MAE = max
1≤i≤N

|||ua
(

x(i)
)
− un

(
x(i)

)||| , (25)

RMSE =

[
1
N

N∑
i=1

(
ua

(
x(i)

)
− un

(
x(i)

))2
]1∕2

, (26)

where ua and un denote the analytical and numerical solutions at the node x(i), respectively. The noise with the level 𝛿 is
imposed in the boundary conditions by

fi = fi(1 + 𝛿R), gi = gi(1 + 𝛿R), (27)

where R is a random number between [−1, 1]. In addition, the percentage of the accessible boundary is assumed as 𝜎,
and the rest part is the inaccessible boundary.

Example 1. The first example considers a circular domain Ω =
{
(x1, x2) |x2

1 + x2
2 ≤ 1

}
, and we investigate the following

two analytical solutions satisfied Helmholtz equation with k =
√

2 and k = 1:

Solution I ∶ u (x1, x2) = sin (x1) sin (x2) , (28)

Solution II ∶ u (x1, x2) = sin
(√

2x1

)
sinh (x2) + cos (x2) . (29)

First, the accessible and inaccessible boundaries are assumed to be Γ1 = {(R, 𝜃) ∣ 0 ≤ 𝜃 < 3𝜋∕2, R = 1} and Γ2 =
{(R, 𝜃)|3𝜋∕2 ≤ 𝜃 < 2𝜋, R = 1}, respectively. In other word, the percentage of the accessible boundary is 𝜎 = 75%. To
numerically solve this problem, N = 2118 total nodes including 200 uniformly distributed boundary nodes are chosen,
and m = 30 supporting nodes are fixed. Adding 2% noise to the boundary data, Figure 3 shows the comparisons of ana-
lytical solution and LKM solutions on the inaccessible boundary for the solutions I and II. In the present calculation, the
LKM uses the different local approximation techniques (MLS and MPP). The MLS adopted the quartic spline function,
exponential function and Gaussian function as the weighting functions, and the MPP set the singular value tolerance to
1e-03, 1e-04, 1e-05, and 1e-06. We can see from Figure 3 that the results from the MPPs with tol = 1e-05 and tol = 1e-06
are overlapped absolutely, and have the highest accuracy compared to other local approximation techniques.

Next, we set 𝛿 = 3% with other parameters constant. Table 1 lists the MAEs and RMSEs obtained by the LKM with
various techniques of local approximation. Noted that the errors from the MPPs with tol= 1e-05 and tol= 1e-06 are exactly
the same for two different solutions. On the whole, the MPPs with tol = 1e-05 and tol = 1e-06 have better accuracy and
stability compared to other local approximation techniques. For the sake of simplicity, the MPP with tol = 1e-05 will be
adopted in the following calculations unless otherwise specified.

To investigate the influence of the noise level and the percentage of the accessible boundary on the numerical accuracy,
Figure 4 plots the error curves of the LKM under the different values of 𝛿 and 𝜎, where N = 2118 and m = 30. 𝜎 is taken to
be 75% in the first test (Figure 4A), and 𝛿 is taken to be 3% in the second test (Figure 4B). As expected, the error gradually
decreases with the decreasing noise level as well as the increasing percentage of the accessible boundary, indicating the
good convergence of the proposed approach.

Finally, Table 2 gives the MAEs, RMSEs, CPU-times under different numbers of supporting node, where solution
I is tested, 𝛿 = 3% and 𝜎 = 75% are chosen. As can be seen, the proposed scheme is accurate and stable. The errors
remain roughly constant for various values of m. Moreover, more CPU-time is consumed as the number (m) increases.
Comprehensively speaking, the relatively few supporting nodes (20 ≤ m ≤ 40) can achieve satisfactory accuracy.

Example 2. A Helmholtz equation on a piecewise smooth domain (see Figure 5A) is considered in this example.16 The
boundary is divided into two disjointed parts, the accessible part Γ1 and the inaccessible part Γ2. For the convenience of
comparison and illustration of the accuracy of the method, the following analytical solution with k = 1 is investigated,

u (x1, x2) = x1 sin (x2) . (30)
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(A)

(B)

F I G U R E 3 Comparison of analytical solution and LKM solutions on the inaccessible boundary for (A) solution I and (B) solution II,
under 𝛿 = 2% and 𝜎 = 75%. The LKM used the MLS and the MPP for the local approximation of supporting domain, the MLS adopted three
different types of weighting function, and the MPP used four different values of the singular value tolerance.

T A B L E 1 The MAEs and RMSEs obtained by the LKM with various techniques of local approximation, under 𝛿 = 3% and 𝜎 = 75%

Local approximation Solution I Solution II

techniques MAE RMSE MAE RMSE

MLS with Quartic spline 1.158e-02 3.403e-03 2.384e-01 2.891e-02

MLS with Exponention 1.869e-02 3.238e-03 4.113e-02 1.099e-02

MLS with Gaussian 7.833e-03 1.980e-03 4.556e-02 1.130e-02

MPP with tol = 1e-03 8.507e-03 3.625e-03 7.097e-02 1.615e-02

MPP with tol = 1e-04 1.518e-02 3.406e-03 7.097e-02 1.615e-02

MPP with tol = 1e-05 8.124e-03 2.078e-03 2.729e-02 1.010e-02

MPP with tol = 1e-06 8.124e-03 2.078e-03 2.729e-02 1.010e-02

As shown in Figure 5B, N = 659 total nodes including 138 boundary nodes are chosen over the computational domain.
When the number of supporting nodes is set to m = 30, Figure 6 illustrates the reconstructed results on the inaccessible
boundary under various noise levels. It is observed from Figure 6 that the predicted results converge to the analytical
solution as the amount of noise in the data decreases. Even for a relatively high amount of noise (3%) added into the
data, the numerical results still agree well with the analytical solutions. In addition, Figure 7 displays the numerical and
analytical solutions on the computational domain with 2% noise level. Noted that the predicted result coincide with the
analytical one quite well.
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(A) (B)

F I G U R E 4 Convergence curves of the LKM with respect to (A) the noise level and (B) the percentage of the accessible boundary. In the
investigation of the noise level, the percentage of the accessible boundary is fixed with (A) 𝜎 = 75%. In the investigation of the noise level, the
noise level is fixed with (B) 𝛿 = 3%

T A B L E 2 The MAEs and RMSEs obtained by the LKM with various techniques of local approximation, under 𝛿 = 3% and 𝜎 = 75%

m 10 20 30 40 50 60 70 80

MAE 1.308e-02 1.209e-02 1.314e-02 1.132e-02 1.263e-02 1.158e-02 1.125e-02 1.156e-02

RMSE 3.370e-03 3.338e-03 3.151e-03 3.455e-03 3.490e-03 3.795e-03 3.719e-03 4.017e-03

CPU-time(s) 0.231 0.401 0.539 0.785 1.125 1.449 1.922 2.371

(A) (B)

F I G U R E 5 (A) Geometry configuration and (B) nodal distribution for example 2

It should be noticed that the use of a regularization method is normally required whenever attempting to solve sta-
bly an inverse problem. In order to investigate the accuracy of the proposed method in conjunction with regularization
techniques, Figure 8 shows the predicted results on the inaccessible boundary obtained by using the LKM without and
with regularization techniques in solving final system, when 3% noise is added to the known boundary data. In the calcu-
lation, four regularization methods (TSVD-LC, TSVD-GCV, Tikhonov-LC, Tikhonov-GCV) are introduced into the LKM
for solving the resultant linear system (Equation 13). The performance of the algorithm uses the MATLAB functions
in Hansen’s regularization toolbox.29 For more details of the regularization methods, we refer to References 30, 31. It
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(A) (B)

F I G U R E 6 Reconstructed data on the inaccessible boundary under various noise levels. (A) Dirichlet boundary condition;
(B) Neumann boundary condition

F I G U R E 7 Comparison of (B) numerical and (A) analytical solutions on the computational domain under the noise level 𝛿 = 2%

(A) (B)

F I G U R E 8 Reconstructed data on the inaccessible boundary obtained by using the LKM, when 3% noise is added to the known
boundary data. (A) Dirichlet boundary condition; (B) Neumann boundary condition
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(A) (B)

F I G U R E 9 (A) Geometry configuration and (B) nodal distribution for example 3

F I G U R E 10 Reconstructed data on the inaccessible boundary with various noise levels

F I G U R E 11 Comparison of numerical and analytical solution in the computational domain with 𝛿 = 3% noise level. (A) Analytical
solution; (B) LKM solution
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F I G U R E 12 Geometry model and nodal distribution in Example 3

F I G U R E 13 Comparison of numerical results on the boundary under the noise level 𝛿 = 2%: (A) exact solution, (B) reconstruction
solution, (C) absolute error
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T A B L E 3 The RMSEs of the LKM under different values of 𝛿, 𝜎, and m

m = 50, 𝝈 = 70% m = 50, 𝜹 = 2% 𝜹 = 2%, 𝝈 = 70%

𝜹 RMSE 𝝈 RMSE m RMSE

0 1.417e-04 50% 6.960e-03 40 4.286e-03

1% 2.451e-03 60% 5.486e-03 50 4.356e-03

3% 5.812e-03 70% 4.356e-03 60 4.361e-03

5% 1.267e-02 80% 3.780e-03 70 3.470e-03

can be seen from Figure 8 that the LKM without regularization method has the highest accuracy among all the tested
methods. The TSVD-LC and Tikhonov-LC are highly inaccurate. Although there is a certain agreement, the numerical
results from the TSVD-GCV and Tikhonov-GCV show huge errors, and cannot be considered as the reasonable solutions.
This investigation demonstrate that the proposed LKM is accurate and stable, and does not need any regularization tech-
nique in solving the final system. On the contrary, the introduction of the regularization technique greatly reduces the
accuracy of the proposed method.

Example 3. This example considers a Helmholtz equation in a doubly connected domain (see Figure 9A). The ana-
lytical solution is u (x1, x2) = cos (ax1 + bx2),11 where k = 1, a = 0.5, and b =

√
k2 − a2. Here, the outer boundary Γ1 ={

(x1, x2) |x2
1 + x2

2 = 2
}

is specified as the accessible part, and the inner boundary Γ2 = {(𝜌 cos(𝜃), 𝜌 sin(𝜃)) ∣ 𝜌 = (111 −
36 cos(5𝜃))∕125, 0 ≤ 𝜃 ≤ 2𝜋} is specified as the inaccessible one.

In the simulation, N = 1830 total nodes, including 200 and 100 outer and inner boundary nodes, are placed on the
computational domain, as illustrated in Figure 9B. The number of supporting nodes is fixed as m = 30, Figure 10 com-
pares the numerical solutions on the inner boundary under various noise levels. Noted that the inversion results are
in good agreement with the exact solutions, and the predicted values converge to the analytical solution decreasing
noise level.

In order to examine the effect of the reconstruction in the computational domain, Figure 11 shows the numerical
and analytical solutions in the computational domain with 3% noise level. The predicted result shown a quite agreement
with the analytical one. This example indicates that the proposed approach is of relatively high accuracy and numerical
stability in addressing inverse Cauchy problems of Helmholtz equations in a doubly connected domain.

Example 4. The third example considers an inverse Cauchy problem of Helmholtz equation on a 3D gear-shaped domain
shown in Figure 12. The size of model is 0.6 m× 0.6 m× 0.1 m. To test the proposed method, the analytical solution
u (x1, x2, x3) = sin (x1) cos (x2) cos (x3) with k =

√
3 is used in this model.

Set N = 12546, ni = 2092, nb1 = 7318, nb2 = 3136, m = 50, 𝜎 = 70%, and 𝛿 = 2%, Figure 12 depicts the nodal distri-
bution of the LKM, the accessible and inaccessible parts of the boundary. Figure 13 gives the comparison of analytical
and reconstructed results on the surface, where the errors of LKM are MAE = 1.987e − 02 and RMSE = 4.356e − 03. The
LKM solution is in good agreement with the analytical one, indicating to the accuracy and effectiveness of the proposed
method.

To investigate the influence of parameters on the LKM, Table 3 lists the RMSEs under different values of 𝛿, 𝜎, and
m. In the calculation, N = 21153 is fixed, the remaining parameters remain unchanged when one of the parameters is
considered. It is obvious from Table 3 that the LKM converges with the decrease of noise level as well as the increase of
accessible boundary. Moreover, various values of 40 ≤ m ≤ 70 can guarantee reliable numerical results.

Example 4. The second example considers an inverse Cauchy problem of modified Helmholtz equation on a 3D
car-shaped domain shown in Figure 14. The accessible part of the boundary and nodal distribution of the LKM are also
plotted in Figure 14. The size of model is 1 m× 0.5 m× 2 m. In this investigation, we employ the analytical solution

u (x1, x2, x3) = e
(

x1+x2∕2+
√

11x3∕2
)

with k = 2.

Under N = 82840, ni = 36412, nb1 = 27857, nb2 = 18571, m = 60, 𝜎 = 60%, and 𝛿 = 3%, numerical results of u(x) and
𝜕u(x)∕𝜕n on the boundary are plotted in Figures 15 and 16, respectively. It can be observed that the present LKM can
achieve an accurate and stable approximation of unknowns on the unmeasurable boundary, even for a relatively high
noise level (3%) and a larger proportion of the inaccessible boundary (40%).
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F I G U R E 14 Geometry model and nodal distribution in Example 4

F I G U R E 15 Comparison for analytical and numerical results of u(x) on the boundary. (A) Analytical solution; (B) LKM solution

F I G U R E 16 Comparison for analytical and numerical results of 𝜕u(x)∕𝜕n on the boundary. (A) Analytical solution; (B) LKM solution

The above numerical experiments with complicated geometries confirm the capacity and potential of the proposed
methodology in solving the inverse Cauchy problems of Helmholtz equations on the high dimensional and complex
domains.

6 CONCLUSIONS

This study established a new meshless model for solving the inverse Cauchy problems of Helmholtz equations on arbi-
trary domains with the help of the LKM and the Moore–Penrose pseudoinverse. Numerical experiments including 3D
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simply- and multi-connected domains shown the reconstruction results under various noise levels, and indicated the
good performance of the new methodology. Compared with the existing methods, the proposed LKM formulation has
the following merits.

1. The proposed approach uses the non-singular general solution satisfied governing equation, and captures the charac-
teristics of semi-analytical and local approximation. Therefore, it can achieve an accurate and stable numerical result,
and is suitable for the simulations of inverse problem with a large-scale and/or complicated geometry.

2. The proposed scheme uses the truncated singular value decomposition to obtained the Moore–Penrose inverse in the
local approximation of supporting domain, and thus other regularization techniques are not needed in solving the
resultant line system. The use of Moore–Penrose pseudoinverse guarantees a good behavior of local approximation
system, which leads to a well-conditioned resultant system.

3. The inverse Cauchy problem of Helmholtz equations on 3D complicated domains is a difficult issue. The present
method and program are easy to use in both 2D and 3D problems. Therefore, this study provides a novel, accu-
rate and efficient tool for addressing the high dimensional and complex inverse problems associated with Helmholtz
equations.
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