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We introduce a coupled finite and boundary element method for elastic-plastic analysis
over multiscale electronic packaging structures. Based on the finite element-boundary
element (FE-BE) coupling algorithm, an automatic implementation procedure for the
coupling of the ABAQUS with a self-written elastic BE code is introduced for elastic prob-
lems. In the mixed finite element method (FEM)-boundary element method (BEM) model,
the effective stiffness and effective forces at the interfacial boundary are evaluated by the
self-written BE code. Then, the obtained effective stiffness and effective forces are
assembled to the global FE formulations by using the user subroutine (UEL) in ABAQUS.
Numerical simulation of structures with plastic deformation, stress concentration, etc. is
carried out by using FEM theory. The boundary element method is used for linear elastic
domains with large-scale structures. The proposed method offers several key improve-
ments compared with current analysis methods available for multiscale electronic pack-
aging structures. The benefits are: (i) the powerful pre- and postprocessing of ABAQUS; (ii)
the higher accuracy of the solution; (iii) the computational cost and time can be reduced
by using the scheme; and (iv) solving systems with infinite extension by using the BEM as
a supplement. Furthermore, we demonstrate the ability of the proposed approach to han-
dle multiscale structures in electronic packaging problems. [DOI: 10.1115/1.4055125]
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1 Introduction

With the rapid development of advanced electronic systems,
electronic packaging which plays the role of support and protec-
tion in integrated circuits gets more and more important [1]. How-
ever, during the operation of the electronic device, a lot of heat
will be generated due to the resistance to the current transmitted
through the transistors, thus generating a significant temperature
gradient on each packaged component. The presence of tempera-
ture gradient brings challenges to the reliability of electronic devi-
ces. Therefore, the long-term packaging reliability is becoming
one of the key requirements for the design of electronic packaging
structures.

With characteristics of easy implementation, saving resources,
no environmental restriction, etc., the simulation-based design for
electronic packaging structures is becoming the mainstream tech-
nique. Currently, various programs, focused on mechanics reli-
ability analysis and based on the finite element method (FEM),
are available (i.e., ABAQUS, ANSYS, COMSOL, etc.) [2–4]. In Ref. [5],
Cheng et al. constructed a three-dimensional (3D) through-silicon
via (TSV) stacked-chips packages model by the commercial soft-
ware ANSYS to investigate the thermo-mechanical behavior for
packages stressed under temperature cycle test. It’s obvious that
there are many large-scale parts and small-scale parts in TSV
model, which increased the number of elements and the comput-
ing time greatly. Zhang et al. [6] investigated the impact reliabil-
ity of a microsystem based on rigid-flex printed circuit board
using the commercial ABAQUS/EXPLICIT solver and determined the
relationship between the stress distribution and the layout of the
rigid circuit boards. In Ref. [7], the vibration reliability of lead-
free solder joints of package-on-package is investigated by using
FEM and verified by experimental tests. The authors developed a
finite element model and analyzed the natural frequencies and
modes by FEM.

From these works, we can find that the FEM plays an important
role in the simulation analysis of electronic packaging structure.
However, due to the multiscale structures in the electronic pack-
aging, the numerical model must be discretized into plenty of ele-
ments to ensure the calculation accuracy, which has increased the
computational time and cost. To solve this problem, the boundary
element method is extended and used to analyze electronic

packaging problems. In Ref. [8], Yu et al. presented a boundary
element method (BEM) to study the heat transfer problems of
electronic packaging structures. Since advantages of reduction
dimensionality of the problem by one, only boundary discretiza-
tion required and high accurate stress analysis, BEM seems to be
a promising method in packaging reliability for electronic devices.
Vallepuga-Espinosa et al. [9] used BEM to study the thermoelas-
tic contact problem of micro-electronic packaging with low heat
generation. By using the BEM, the values of the final thermal and
mechanical variables of the micro-electronic packaging and the
thermal contact resistance are obtained with a small number of
boundary elements. In Ref. [10], Khatir et al. present an analysis
method based on the boundary element method (BEM) to investi-
gate thermal behavior of high power semiconductor packages sub-
jected to power cycling loads. The BEM was used to carry out
stress analysis of integrated circuit packages under the remote
loading or the pressure acting on the delamination surfaces by
Dong and Lee [11]. Fundamental solutions derived from symmet-
rical property of the problems were adopted to further reduce the
number of elements used in the discretization of the problem
boundary. The authors found that the BEM can produce accurate
numerical results for the analysis of electronic packaging prob-
lems. The advantages of BEM can be summarized as follows. (i)
The reduction of dimensionality by one, which is a direct result of
the ’surface-only’ modeling. (ii) Stresses are exact (and fully con-
tinuous) inside the domain because no further approximation is
imposed on the solution at interior points. (iii) Compared with
other schemes, BEM needs less computer time and storage for the
same level of accuracy.

Although the number of elements can be largely reduced by
BEM in the analysis of complex electronic packaging structures,
the BEM is not a preferable approach for the complicated nonlin-
ear and nonhomogeneous problems. Therefore, a large research
community proposed the coupling scheme to use the best features
of FEM and BEM. In 1977, Zienkiewicz and Bettess [12] first
introduced how the BEM can be utilized in conventional FEM
context. Then, the initial work attracted a large research
community and the coupling scheme expanded rapidly from heat
transfer problems [12] to many other applications, including
fluid–structure interaction [13–15], acoustic problems [16,17],
magnetostatic field problems [18–21], soil and rock [22–24], etc.
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Actually, most of the early coupling schemes are implemented by
noncommercial (or self-written) code packages. With the develop-
ment of FEM, the commercial software is more and more pre-
ferred due to its powerful pre/postprocessing capabilities.
Therefore, lots of coupling scheme based on commercial FEM
software are developed. In Ref. [25], Liu and Dong coupled the
self-written linear elastic boundary element code to the commer-
cial finite element system ABAQUS by using the user-defined ele-
ment (UEL) subroutine. Sharma et al. [26] analyzed the acoustic
radiation characteristic of vibrating laminated composite conical
shell panels by using the coupled FEM-BEM technique. Helldor-
fer et al. [27] presented an automatic procedure for the coupling
of FEM and BEM. The coupling procedure was implemented
using the inhouse symmetric Galerkin boundary element method
code and the commercial finite element package ABAQUS. Actually,
the FEM and BEM coupling method has been successfully imple-
mented using the built-in UEL subroutine in ABAQUS. More details
about the coupling scheme are given in Refs. [25], [27], and [28].

In this paper, we will develop a FEM-BEM coupling scheme to
analyze the mechanical problems in electronic packaging. Since
the user element implementation in the ABAQUS permits the ele-
ment to function in a way similar to any standard ABAQUS finite
element, the boundary element region is treated as a “finite ele-
ment” and incorporated into ABAQUS by user subroutine. In the
implementation of the current coupling scheme, the considered
model will be divided into two parts: the finite element (FE) sub-
domain and boundary element (BE) subdomain. It should be noted
that the subdomain with nonlinear or inhomogeneous behavior
will be deemed as the FE subdomain and solved by ABAQUS. BEM
will be used to solve the subdomain with linear behavior (or unim-
portant areas). It is for this reason that, when we use BEM to ana-
lyze these regions, only the boundary information or quantities are
needed and the number of degree-of-freedom can be largely
reduced. What’s more, the accuracy of the numerical results can
be guaranteed due to the features of BEM. Then, the interface
between the FE subdomain and BE subdomain (a line element for
two-dimensional (2D) model and a surface element for 3D model)
will be treated as “super-elements” [29]. Here, the super-elements
are equivalent to the user-defined elements built in ABAQUS. The
self-written BE code will be started inside UEL to get the effec-
tive stiffness and effective nodal forces for the user-defined ele-
ments. Then, the FE subdomain can be solved by using ABAQUS.

This paper is organized as follows: In Sec. 2, some fundamental
formulations about FEM and BEM are given. Section 3 presents
the implementation of the coupling scheme for elasticity. The pro-
cess of coupling ABAQUS and the self-written BEM code is pre-
sented in Sec. 4. Some numerical examples are analyzed in Sec. 5
to demonstrate the correctness and efficiency of the coupled
method. Finally, some conclusions are given in Sec. 6.

2 Fundamental Formulations for Finite Element

Method and Boundary Element Method

2.1 Finite Element Formulations. Consider a 2D solid
model occupying X, in which the internal stresses frg, the distrib-
uted volume force ffg and the external applied tractions ftg form
an equilibrating field. The total potential energy Pp of the system
is given as [30,31]

Pp ¼
1

2

ð
X

ef gT rf gdX�
ð

X
df gT

ff gdX�
ð

C
df gT

tf gdC (1)

where feg and fdg represent the strain tensor and internal dis-
placement tensor, respectively. X and C denote the computational
domain and its boundary.

By the use of the total potential energy principle, the final sys-
tems of the assembled finite element equations in elasticity are
written as [30,31]

½K�fug ¼ fFg (2)

2.2 Boundary Element Formulations for Elastic Problems.
Boundary element method is an efficient and powerful tool to
solve boundary value problems in linear elasticity, see, e.g., Refs.
[32–34], in which the governing partial differential equation is
reformulated as a boundary integral equation allowing the compu-
tational model to be restricted to the boundary only. This section
focuses on showing the methodology of BEM for plane elasticity.
More formulations about BEM are given in the original papers
[33,34] written by Chen and Hong. Let X be a bounded domain
with boundary C, in which the corresponding boundary integral
equation can be written as

cijðyÞujðyÞ þ
ð

C
t�ijðx; yÞujðxÞdCðxÞ ¼

ð
C

u�ijðx; yÞtjðxÞdCðxÞ (3)

where x 2 C and y 2 C are called the source point and field point,
respectively. Subscripts i; j ¼ 1; 2 denote the coordinate directions
in 2D problems. u�ij and t�ij are the displacement and traction funda-
mental solutions. cij is the jump term which is commonly calcu-
lated indirectly by using a simple physical consideration. The
displacement fundamental solutions in 2D for isotropic materials
are given as

u�ij ¼
1

8p 1� vð Þl
3� 4vð Þdijln

1

r

� �
þ r;ir;j

� �
(4)

where l and v are the shear modulus and Poisson’s ratio, respec-
tively. r is the distance between the source point and field point,
i.e.,

r ¼ rðx; yÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðyi � xiÞðyi � xiÞ

p
(5)

in which the summation convention is used. The normal deriva-
tive of displacement fundamental solutions t�ij are given as

t�ij ¼
�1

4p 1� vð Þr
1� 2vð Þdij þ 2r;ir;j

� �	 
 @r

@n

� 1� 2vð Þ r;inj � r;jnið Þg (6)

r;i ¼ @r
@xi

, and ni is the ith component of the unit outward normal
vector n to the boundary.

In the implementation of BEM, the boundary C may thus be
considered to be divided into elements Ce, e ¼ 1; 2;…;Ne. The
displacement and traction components around the boundary can
be expressed by using the interpolation functions, i.e.,

uðnÞ ¼
Xn

i¼1

NiðnÞ~ui (7)

tðnÞ ¼
Xn

i¼1

NiðnÞ~ti (8)

where ~ui and ~ti are the local displacement and traction associated
with the nodal point with index i; n is the local coordinates and n
represents the number of nodal points for each element; NiðnÞ is
the interpolation function.

Replacing the continuous functions u and t by the expansions in
Eqs. (7) and (8), the boundary integral equation in Eq. (3) is writ-
ten in a Discretized form:

cijðncÞujðncÞ þ
XNe

e¼1

Xn

j¼1

ð1

�1

t�ijðn; ncÞNjðnÞdn

" #
ue

j

¼
XNe

e¼1

Xn

j¼1

ð1

�1

u�ijðn; ncÞNjðnÞdn

" #
te
j (9)

If the discretized boundary integral equation is applied consec-
utively for all the source points located at the boundary C, the
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Eq. (9) can be assembled into a system of linear algebraic equa-
tions, i.e.,

Hu ¼ Gt (10)

where u and t represent the vectors containing the nodal displace-
ments and tractions, respectively. H ¼ ½Hij� and G ¼ ½Gij� denote
the coefficient matrix with

Hij ¼
ð1

�1

t�ijðn; ncÞNjðnÞdn (11)

and

Gij ¼
ð1

�1

u�ijðn; ncÞNjðnÞdn (12)

2.3 Boundary Element Method for Multiple Domains. For
the multiple domain cases where we have layers or zones of dif-
ferent materials, special solution methods based on the fundamen-
tal solutions for homogeneous materials might be adopted. Each
region is treated in the same way as discussed previously but can
now be assigned different material properties. It should be pointed
out that since at the interfaces between different regions both dis-
placement u and traction t are not known, the number of
unknowns will be increased. Additional equations including the
conditions of equilibrium and compatibility at the interfaces are
required to solve these problems. In this work, an assembly proce-
dure that is similar to the approach taken by the finite element
method is used [35]. We construct a stiffness matrix K for BEM,
of each domain, the coefficients of which are the tractions under
unit displacements. The matrices K for all domains are then
assembled in the same way as with the finite element method.
This assembly procedure is efficient and amenable to implementa-
tion on coupling boundary with finite element method as outlined
in Secs. 2.3.1 and 2.3.2.

The assembly procedure used in this work is explained in detail
on a simple example (shown in Figs. 1(a) and 1(b)) for elasticity
problem.

2.3.1 Stiffness Matrix KN for Fully Coupled Problems. Con-
sider the model in Fig. 1(a), the region II is completely covered
by region I, and the outward normals of the two regions point in
directions opposite to each other. In this work, we call this kind of
coupled case as fully coupled problems. To solve the problem
with two regions, the “stiffness matrix KN” for each region
N ð¼ I; IIÞ should be computed. Coefficients of KN are values of
nodal tractions t due to unit values of displacements u at all nodes
in turn. The first column of KN can be obtained by applying a unit
value of displacement in i ði ¼ 1; 2Þ direction at a node and set all
other node values to 0. Therefore, we can obtain the stiffness
matrix KN of a domain by solving a Dirichlet problem M times
(M represents the number of degrees-of-freedom of the BE
region).

For the implementation of 2D Dirichlet problem, the i¼ 1
direction of the first node is subjected to the unit displacement,
i.e., u1

1 ¼ 1. The i¼ 2 direction of the first node and all the direc-
tions of other nodes are subjected to 0 displacement. Then, vector
u1 is written as

For the implementation of 2D Dirichlet problem, the i¼ 1
direction of the first node is subjected to the unit displacement
(u1

1 ¼ 1). While the i¼ 2 direction of the first node and all the
directions of other nodes are subjected to 0 displacement. Then,
vector u1 is written as

u1 ¼ ½1; 0;…; 0�T (13)

By substituting Eq. (13) to Eq. (10), it follows that:

Gt1 ¼ Hu1 (14)

where Hu1 is the first column of H and represented by F1. There-
fore, the stiffness matrix can be computed by solving the systems
in Eq. (14) by applying all the displacement vectors
uiði ¼ 1; 2;…; nÞ, where n is the number of degree-of-freedom.
Here, ui is a vector with the ith value equalling 1. Each unknown
traction vector ti in Eq. (14) represents a column in K, i.e.,

K ¼ ½t1; t2;…; tn� (15)

2.3.2 Interfacial Stiffness Matrix KN for Partially Coupled
Problems. Consider the model in Fig. 1(b), which contains two
homogeneous domains (I and II). In this model, not all the nodes
of the regions are connected. Thus, we call this problem as par-
tially coupled problems. As is shown in Fig. 1(b), the displace-
ments at boundary Cu are fixed. A pressure is subjected to Ct. To
solve the problem with two regions, the stiffness matrix KN for
each region N ð¼ I; IIÞ should be computed. For these problems,
two types of problems need to be solved. We first solve a problem
with zero values of displacements u at the interface between two
regions and then solve the problem where unit values of u are
applied at each node in turn.

Step 1: Evaluation of ftN
a0g.

The nodes at interface are subjected to the Dirichlet boundary
condition with zero prescribed values ua ¼ 0. For nodes that are
not connected to other regions, the original boundary conditions
are applied. Then, the system equation for each domain N can be
written as

HN
a0 HN

b0

� 
 uN
a0

uN
b0

( )
¼ GN

a0 GN
b0

� 
 tN
a0

tN
b0

( )
(16)

where the subscripts a0 and b0 represent the quantities at the inter-
face and noninterface, respectively. The unknown interface trac-
tion tNa0

	 �
(at the coupled nodes) and other physical quantities xN

f 0

can be obtained by solving the following equation

BN
tN
a0

xN
f 0

2
4

3
5 ¼ FN

0 (17)

where matrix BN is the assembled left-hand side and vector FN
0

contains the right-hand side. The vector xf 0 contains either dis-
placements or tractions at the free nodes of the corresponding
region.

Step 2: Evaluation of interfacial stiffness matrix KN
B .

In this step, Dirichlet problem subjected to a unit displacement
value at the ith direction of each of the interface nodes in turn will
be solved. For free nodes, zero prescribed displacement values are
used. The system equation of each region can be written as

HN
cn

HN
fn

h i uN
cn

uN
fn

( )
¼ GN

cn
GN

fn

h i tNcn

tN
fn

( )
(18)

where vector ucnf g and tcnf g represent the displacement and trac-
tion at the coupled nodes, respectively. n ¼ 1; 2;…;Nc; Nc is the
number of interface degrees-of-freedom. ufnf g and tfnf g are the
displacement and traction at the free nodes. Based on the known
quantities, Eq. (18) can be expressed as

BN
tN
cn

xN
fn

" #
¼ FN

n (19)

where FN
n is the right-hand side computed for a unit value of u at

node n. tN
cn is the traction at the coupled nodes. xN

fn contains the
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displacement or traction at the free nodes when the unit Dirichlet
boundary condition is applied at node n. BN is the left-hand side
of the system of equations. Fn is a vector corresponding to the nth
column of H in Eq. (14).

The relationship between displacements and traction at inter-
face can be expressed as

tN
c ¼ tNc0

n o
þ KN

B

� 

uN

c

	 �
(20)

where uN
c

	 �
containing the displacements at the interface nodes

of region N and the stiffness matrices KN
B is defined by

KN
B ¼ tc1f g tc2f g � � � tcNcf g

� 
N (21)

Since the equations of compatibility or preservation of displace-
ment and traction at the interface can be written as

tI
c þ tII

c ¼ 0; uI
c ¼ uII

c (22)

Substituting Eq. (22) into Eq. (20) we obtain

Kuc þ F ¼ 0 (23)

where K is the assembled “stiffness matrix” of the interface nodes
and F is the assembled right-hand side. By solving the above
Eq. (23), the unknown interface displacements uc at the nodes are
obtained. Therefore, the unknown interface tractions tc at the
nodes can be obtained by Eq. (20). Finally, the calculation of all
the unknowns at free nodes can be done separately for each region
by Eq. (10).

3 Linking of Finite Element Method With Boundary

Element Method

In general, there are two kinds of schemes for coupling the
BEM and FEM. In the first scheme, the BE domain is treated as a
large finite element. After the stiffness matrix KBE of BEM being
computed, the matrix is assembled into the global stiffness matrix
KFE of finite element. For the second approach, finite elements
are treated as equivalent BE domain. Then the stiffness matrix
KBE can be determined and assembled as explained in Secs. 2.3.1
and 2.3.2 for multiple domains. In this work, the first approach is
adopted to realize the coupling procedure. In the following, we
will give a brief introduction to the theoretical basis and imple-
mentation of the first approach. More details about the coupling
scheme are given in Ref. [35].

For the finite element method, the resulted system of equations
has related the displacements at all the nodes to nodal forces. In

the BEM, a relationship between nodal displacements and nodal
tractions is established, which is different from the quantities in
finite element method. Hence, to couple BEM to FEM, the surface
tractions tc (in BEM) should be converted into equivalent nodal
forces Fc used in FEM. Consider the model in Fig. 2, consisting
of one BE region and one FE region. For an element e, we apply
an arbitrary virtual displacement due

x in x-direction at a node along
the interface element e. Then, the work obtained by nodal forces
Fx can be written as

dW eð Þ
x ¼ due

xð ÞFx ¼
Xn

i¼1

Fxð Þi due
xð Þi

� 

(24)

where n represents the number of nodes for an element.
For equilibrium to be satisfied, the work done by the surface

traction (tx) equals that done by the equivalent nodal forces (Fx),
which gives

dW eð Þ
x ¼

ð
Ce

txduxð ÞdC (25)

For element e, the tractions and displacements can be easily inter-
polated as

dux ¼
Xn

i¼1

Nid ue
xð Þi (26)

tx ¼
Xn

j¼1

Nj te
xð Þj (27)

Fig. 1 Multiregion analysis models: (a) fully coupled problem and (b) partially coupled problem

Fig. 2 Interface between FE and BE regions showing interface
forces
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From Eqs. (24)–(27), we can obtain that

Fxð Þi ¼
Xn

j¼1

txð Þi
ð

Ce

NiNjdC (28)

A similar equation can be obtained by applying virtual dis-
placement in y-direction, which can be shown as

Fyð Þi ¼
Xn

j¼1

tyð Þi
ð

Ce

NiNjdC (29)

The boundary integral on the right-hand side of Eqs. (28) and (29)
can be evaluated by using a regular Gauss quadrature.

Let

Me½ � ¼
Xn

j¼1

ð
Ce

NiNjdC (30)

the relationship between surface tractions and equivalent nodal
forces can be expressed as

Fc½ � ¼ M½ � tcf g (31)

where Fc is nodal forces at the interface. Matrix M which is
assembled by Me denotes transformation matrix for the whole
interface.

Then, Eq. (20) can be expressed in terms of equivalent nodal
point forces by premultiplying with the matrix M½ �

Fcf g ¼ M½ � tNc
	 �

¼ M½ � tN
c0

n o
þ M½ � KN

B

� 

uN

c

	 �
(32)

where M½ � tNc
	 �

is the effective initial nodal force and written as

FB
c0

; MKN
B denotes the effective stiffness matrix and written as KB

c0
.

Here, the KB
c0

becomes a stiffness matrix in the FEM sense (relates

the nodal point displacements to nodal point forces). Through

Eq. (32), the linking of FEM with BEM can be achieved by using

the transformation matrix M½ �. More details about the linking of
FEM with BEM are given in Ref. [35]. It should be noted that,
since the matrix is obtained from BEM, the stiffness matrix is
unsymmetrical. Thus, we can convert it to a symmetric matrix or
use the symmetric equation solution capability of ABAQUS.

In the computation of the coupling scheme, the BEM domain
can be treated as a finite element and its stiffness matrix KBE can
be evaluated by the above description.

4 Implementation of Coupling Scheme by ABAQUS

To make the current scheme more acceptable, we will introduce
an automatic procedure to realize the coupling scheme. The soft-
ware ABAQUS is currently one of the most powerful finite element
analysis implementation in the world. On one hand, ABAQUS

includes many kinds of material models and adaptive remeshing
module. On the other hand, it is a powerful tool to solve some
highly nonlinear problems. In this work, the coupling scheme
described can be readily implemented in ABAQUS by making use of
the UEL subroutine provided by ABAQUS. The technique that com-
bines the BEM-code and the commercial finite element program
ABAQUS is presented in Fig. 3. The numerical implementation pro-
cess is as follows:

� The considered model is divided into FE and BE sub-
domains according to their geometric features or material
properties.

� Then, two deformable parts should be built by ABAQUS: one is
FE part and the other is the new-BE part. The FE part is built
by a standard operation in ABAQUS. While the new-BE part is
just one line (along the interface) and is called the effective
BE part. The two parts are connected by the command ‘tie’.

� After the FE part and effective BE part are built, the model-
ing procedure (including material data definition, meshing,
and boundary condition application) for the coupled scheme
is the same as a pure FE model.

Fig. 3 The flowchart of coupling scheme
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� The input file obtained by ABAQUS needs to be edited to define
the effective-BE part as a user-defined element according to
the user’s manual of ABAQUS [36].

� After the above modeling procedure, we will import the input
file into ABAQUS for the coupling numerical analysis.

� Based on the prepared input file, a new job is created. In the
calculation, the user subroutine UEL including the self-
written BEM code is then called to perform the coupling
scheme. All the necessary BE data (nodes, boundary ele-
ments, geometry properties, materials, interfaces, boundary
conditions) will be provided in the UEL. The effective initial
nodal forces and stiffness matrix of the user-defined element
can be obtained by the BE-code. Based on the above formu-
lations and the obtained effective initial nodal forces and
stiffness matrix, the final coupled equation will be formed.

5 Numerical Examples

In this section, several representative numerical examples are
used to demonstrate the performance of the proposed coupling
method. For a start, we focus on the accuracy and convergence

Fig. 6 von Mises stress contours computed by the present method and FEM: (a) contour of present results and (b) contour
of FEM results

Fig. 5 Meshes used in the computation: quadrilateral element for FEM region and boundary
element for BEM region

Fig. 4 Plane plate model under uniaxial tension
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analysis of the proposed coupling scheme. Then, the effectiveness
of the method is illustrated by the comparison of the computation
time and using memory for different methods. To further study
the accuracy and effectiveness of the coupling method, we exam-
ine several physical problems in electronic packaging.

5.1 A Plane Plate Under Uniaxial Tension. To verify the
accuracy of the proposed method, a plane plate with two regions
under uniaxial tension is analyzed. Although the plane plate is a
simple structure, it can be used to show strengths and weaknesses
of the proposed method. As is shown in Fig. 4, the left side of the
plate is fixed, i.e., ux¼ 0 and uy¼ 0. Geometric dimensions of the
model are a ¼ b ¼ 4mm; c ¼ d ¼ e ¼ f ¼ 2mm. The right-hand
side of the plate is subjected to a distributed load of
q ¼ 1000 N=mm along the x direction. The material properties are
assumed to be E ¼ 1000 MPa and � ¼ 0. In the computation, the
left part (shown in Fig. 4) is simulated by the finite element
method and the boundary element method is used to study the
right part.

For the boundary element region, quadratic element (three
nodes per element) is used to describe the boundary geometry and
physical quantities. To guarantee the identical interface nodes,
four-node quadrilateral element is used for the descritization of
finite element region. The meshes of the two regions are shown in
Fig. 5, from which we can find that the number of elements used
in the proposed coupling method is much less than that in a pure
FEM analysis.

Here, a pure finite element model is constructed with the com-
mercial software ABAQUS using a very refined mesh. The mesh
consists of 198,146 nodes with 38,400 quadrilateral elements.
Figures 6(a) and 6(b) show the von Mises stress distribution of the
left part for the coupling method and reference solution. Figures
6(a) and 6(b) also imply that the accuracy of the present method is
satisfactory in the whole field of the problem.

In order to study the convergence 283 of the numerical method,
two sets of nodes ((a) 1–9 and (b) 10–17) along curves L1 and L2

(shown in Fig. 5) are selected and the displacements for different
n-DOFs at these nodes are listed in Table 1. Figures 7(a) and 7(b)
show the displacements (ux) along curves L1 and L2 for different
methods, respectively. From Table 1, Figs. 7(a) and 7(b) we can
find that the results obtained by the present coupling method have
a great agreement with the reference solutions. The convergence
of the present solutions can be clearly seen even though the
selected point lies on the interface boundary of two regions.

Fig. 7 Displacements (ux) obtained by different methods: (a) ux along L1 and (b) ux along L2

Fig. 8 Displacements convergence for different methods

Table 1 Displacement results obtained by two methods for dif-
ferent n-DOFs

Present solutions Reference solutions

Point
index

n-DOFs
¼ 930

n-DOFs
¼ 3138

n-DOFs
¼ 6626

n-DOFs
¼ 396,292

1 0 0 0 0
2 0.23133 0.25111 0.25962 0.26226
3 0.45833 0.47683 0.48270 0.48391
4 0.67909 0.69706 0.70300 0.70391
5 0.89804 0.91761 0.92449 0.92556
6 1.11694 1.13946 1.14788 1.1496
7 1.33571 1.36243 1.37304 1.37626
8 1.55249 1.58521 1.59911 1.60559
9 1.83752 1.83756 1.83761 1.83766
10 1.83145 1.83146 1.83151 1.83155
11 1.82730 1.82728 1.82732 1.82736
12 1.82488 1.82485 1.82487 1.82491
13 1.82408 1.82404 1.82427 1.8241
14 1.82488 1.82485 1.82487 1.82491
15 1.82730 1.82728 1.82732 1.82736
16 1.83145 1.83146 1.83151 1.83155
17 1.83750 1.83755 1.83761 1.83766
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For this model, the convergence of the problem is established
by taking a very refined FEM model as the reference solution.
Thus, we define an error metric

Average relative error AREð Þ ¼ 1

N

XN

i¼1

���� ui
num � ui

ref

ui
ref

���� (33)

where N is the number of evaluation points along lines L1 and L2

used to compute the error, and ui
num (or ui

ref ) represents the numer-
ical (or reference) result at the ith point. Figure 8 studies the con-
vergence of the proposed method and a pure FEM (reference)
when we refine the mesh for different locations (L1 and L2). For
results along curve L1, the convergence of the proposed method is
demonstrated well with increasing n-DOF. The average relative
errors obtained by the present method along the interface curve L2

are small even when the n-DOF is less than 103 and remain stable
as the number of degrees-of-freedom increases from 103 to 104.
Although the convergence of the reference results obtained by a
pure FEM can be seen, the average relative error is much higher
than that evaluated by the proposed coupling scheme. The reason
for this is that the boundary element results are used in the inter-
face of the two regions. Again, we can find that the proposed cou-
pling scheme gives some advantages over pure FEM in the
computation accuracy.

5.2 Plane Plate With Different Materials and Complex
Interfaces. Here, a 14 mm� 10 mm plane plate with different
materials and complex interfaces is studied, as shown in Fig. 9.
The geometry parameters of the model are given as a¼ 4 mm,
b ¼ c ¼ 10 mm, d¼ 2 mm, e¼ 2 mm, R¼ 2 mm. The elastic mod-
ulus and Poisson’s ratio of the left part and right part are given as
El ¼ 3000 MPa, l ¼ 0.3 and Er¼ 1000 MPa, vr ¼ 0:1. As shown
in Fig. 9, the end of the right part is subjected to a pressure of
q¼ 1000 MPa, and the left surface of the left part is fixed. The tie
constraint is imposed on the interface of the two parts. In the
numerical analysis, the left part (FEM domain) is studied by FEM
and the right part (FEM domain) is analyzed by BEM.

Figure 10 shows the numerical results of displacement (ux)
along the interface obtained by the present coupling method. In
Fig. 10, results obtained by a pure FEM are also used as compari-
son. From the figure, it can be seen that the current results are in

Fig. 11 Computation time and memory comparison between the coupling method and pure FEM by ABAQUS: (a) time
comparison and (b) memory comparison

Fig. 10 Displacement (ux) along the interface for different
methods

Fig. 9 Plane plate with complex interfaces
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excellent agreement with the FEM results, even when the n-DOF
equals 928 for current method and n-DOF¼ 257,698 for FEM
solutions.

To study the effectiveness of current coupling scheme, Figs.
11(a) and 11(b) show the comparison of computational time and

memory requirement between the proposed coupling method and
a pure FEM. From the two figures, we can find that both the com-
putational time and memory requirement of the two methods
increase with the increasing of n-DOF. While the current coupling
scheme requires less computational time and memory than that of

Fig. 14 Contour plot of von Mises stress: (a) results obtained by BEM and (b) results obtained by FEM

Fig. 13 Meshes used in the TSV model by using the coupling method

Fig. 12 TSV model: (a) SEM image of TSV cross section and (b) schematic of TSV model
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FEM when same n-DOF is used. Since the level of approximation
in the BE solution is confined to the surface, BE meshes should
not be compared to FE meshes with the internal points removed.
To achieve comparable accuracy in stress values, FE meshes
would need more boundary divisions than the equivalent BE
meshes. Therefore, the FEM-BEM coupling method can reduce
the number of degrees-of-freedom for electronic packaging
problems.

5.3 Through Silicon Via-Cu. To further study the applica-
tion of the coupling method in real physical problems, a TSV-Cu
(Through silicon via-Cu) model which is a promising technology
in the 3D stacked packaging [37] is analyzed. Figure 12(a) shows
a SEM image of TSV cross section and the mechanical properties
of the TSV can be found in Ref. [37]. TSV-Cu is prepared by dry
etching holes in silicon (Si) wafers and then filling them with

Copper (Cu) to achieve mechanical support and electrical inter-
connection of transistors. After the electroplating and filling pro-
cess, Cu over-burden is usually retained on the surface. To form a
smooth surface of low roughness, the over-burden needs to be
removed.

In this example, a simplified 2D model (shown in Fig. 12(b)) is
developed to study the stress and displacement distribution inside
the TSV-Cu by using the coupling method. The diameter of TSV-
Cu is 10 lm, and its depth is about 100 lm. The depth of the over-
burden is 6 lm. In the numerical model, the geometry parameters
a and b of Si are 630 lm� 250 lm, respectively. As shown in
Fig. 12(b), the bottom of Si model is fixed (i.e., ux ¼ uy ¼ 0) and
the surface of over-burden is subjected to shear traction t¼ 0.25
N/m. In the computation, the elastic modulus of Si and TSV-Cu
used in this work are ESi ¼ 140 GPa and ECu ¼ 155 GPa, respec-
tively. The Poisson’s ratio of Si and TSV-Cu are taken as vSi ¼
0:25 and vCu ¼ 0:3.

As introduced above, the numerical model will be divided into
two regions, i.e., FE subdomain and BE subdomain. Due to the
influence range of the subjected traction on the model being near
the TSV-Cu, and the boundary condition has limited influence on
the other domain. In the numerical analysis, the finite element

Fig. 16 The computed TSV-Cu/Si model: (a) model considering roughness of TSV-Cu/Si interface
and (b) parameters of TSVCu/Si interface

Fig. 15 The von Mises stresses at points lying on the contour
L3

Fig. 17 Meshes used in the TSV model by using the coupling
method
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method is used to study the TSV-Cu structure and the boundary
element method is used to analyze the Si part. Figure 13 shows
the meshes used in the coupling method, from which we can find
that quadrilateral element is used in the TSV-Cu region and
boundary element is used to discretize the boundary of Si region.
We conclude that the number of elements used in the coupling
scheme could be largely reduced.

Figure 14(a) shows the contour plot of the von Mises stresses in
the TSV domain obtained by the proposed scheme. For compari-
son, the contour plot of FEM is provided in Fig. 14(b).

To further illustrate the accuracy of the current method to solve
practical problem, we plot in Fig. 15 the von Mises stresses at
points lying on the contour L3, which is shown in Fig. 12(b). From
Fig. 15, we can find that the results obtained by the proposed cou-
pling method have a great agreement with that obtained by FEM.

6 Through-Silicon Via-Cu Structures With Different

Interface Roughness

To further demonstrate the performance of the coupling
method, a simplified TSV-Cu structure with different interface
roughness (shown in Fig. 16(a)) is simulated in this section. More
researches about interface roughness of TSV-Cu/Si can be found
in Ref. [38]. In this paper, the problem is simplified as a 2D
model, as shown in Figs. 16(a) and 16(b). To describe the inter-
face roughness, we introduce the following dimensionless rough-
ness ratio:

Fig. 20 Elastic-plastic model with R�5 0
Fig. 19 von Mises stress along the interface of TSV-Cu/Si for
different roughness ratios

Fig. 18 von Mises stress contour plots in TSV-Cu: (a) R* 5 0, (b) R* 5 0.25, (c) R* 5 0.50, and (d) R* 5 0.75
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Interface roughness R�ð Þ ¼ h

k
(34)

where k represents the wavelength and h is the peak amplitude of
the scalloped interface (as shown in Fig. 16(b)).

The material constants for this TSV-Cu model are the same as
above. The diameter of TSV-Cu is 10 lm, and its depth is 100 lm.
The geometry of Si domain is defined as 210 lm� 200 lm. The
bottom side of Si region is fixed (i.e., ux ¼ uy ¼ 0) and the surface
of TSV-Cu is subjected a uniform surface traction f ¼ 25 N=m. In
the computation, the parameter h is taken as 0, 0.4, 0.8, and 1.2
and k are fixed as 1.6 lm, which results in the roughness values of
R� ¼ 0; 0:25; 0 and 0.75. Figure 17 shows the schematic of mesh
used in proposed coupling scheme. From Fig. 17, we can find that
the region of TSV-Cu is studied by FEM with (four-node

element), and quadratic elements are used to discretize the bound-
ary of BE subdomain (Si region).

Figures 18(a)–18(d) show the von Mises stress contour plots in
TSV-Cu for different interface roughness. Meanwhile, the von
Mises stress along interface of TSV-Cu under different interface
roughness is shown clearly in Fig. 19. From these figures, we can
clearly see the influence of the different interface roughness on
the von Mises stress. As the interface roughness ratio increases,
the stress on the surface of TSV-Cu decrease, especially at the
connection area of two regions.

Actually, the coupling scheme is also applicable to elastic-
plastic problems. Here, an elastic-plastic model with interface
roughness ratio R� ¼ 0 is used to demonstrate the effectiveness of
the proposed coupling method. As shown in Fig. 20, a part of the
top surface (along the curve a¼ 2) of TSV-Cu is subjected to a

Fig. 22 Equivalent plastic strains (PEEQ) contour plots in TSV-Cu by different methods: (a)
PEEQ obtained by the coupling scheme and (b) PEEQ obtained by FEM

Fig. 21 Stress–strain relationship of TSV-Cu [39]

Fig. 23 PEEQs along line AB
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surface traction q¼ 0.2 N/m. In the computation, Si is regarded as
a linear elastic material, and TSV-Cu will be studied by an
elastic-plastic model. The stress–strain relationship of TSV-Cu is
from the following equation [39] and its stress–strain relationship
is given in Fig. 21

r ¼ 155; 000e; r � 47:91 MPað Þ
11052:25ep þ 47:91; r > 47:91 MPað Þ



(35)

where the yield strength is 47.91 MPa and ep is the plastic strain.
Since ABAQUS is convenient and powerful for elastic-plastic

problems, the TSV-Cu is studied by FEM in this model. That is
to, say, the TSV part will be the FE region. The Si domain will be
studied by BEM, which can largely reduce the number of ele-
ments. The values of PEEQ along the curve AB (shown in Fig. 20

with b¼ 1) are given in Fig. 23. From Figs. 22(a), 22(b), and 23,
we can find that the results obtained by the proposed coupling
method are in good agreement with the reference (FEM) results.
The figures also imply that the proposed coupling method is effec-
tive for the elastic-plastic problem.

6.1 Ball Grid Array. In the final example, as shown in
Fig. 24, a ball grid array (BGA) is used to show the stability of the
coupling method. The geometry parameters are given as l1 ¼ 3
mm, l2 ¼ l3 ¼ 1 mm, h1 ¼ 0:4 mm, h2 ¼ h3 ¼ 0:1 mm and
R¼ 0.94 mm. The material parameters are listed in Table 2. As
shown in Fig. 24, the bottom of the printed circuit board (PCB) is
fixed and the top of solder ball is subjected to a traction ty¼ 10 N/m.
In this example, FEM is used to analyze the PCB and Cu parts,
and the solder ball is studied by BEM. The meshes used in the
coupling method and FEM are shown in Figs. 25(a) and 25(b),
respectively.

Figure 26 shows the von Mises stress distribution at the inter-
face between Cu layer and solder ball obtained by the present cou-
pling scheme and a pure FEM model. As shown in Fig. 26, there
is an excellent agreement between the curves from the present
coupling scheme and FEM. To further investigate the stability of
the coupling scheme, the von Mises stress behavior at the inter-
face is given in Fig. 27. In the computation, fixed n-DOF is used

Fig. 24 BGA model

Table 2 Material parameters used in the computation

Young’s modulus E/Pa Poisson’s ratio v

PCB 22,000 0.15
Cu 110,000 0.35
Solder ball 10,000 0.4

Fig. 25 Comparison of mesh used in different methods: (a) mesh used in the coupling scheme and (b) mesh used in the FEM
model

Fig. 26 von Mises stress distribution along the interface
between Cu layer and solder ball
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in the FE-region and the n-DOF used in BE-region varies from
392 to 1000. These results demonstrate that the coupling method
can obtain very accuracy results.

7 Conclusions

This paper presents an automatic procedure of the commercial
finite element system ABAQUS with a self-written elastic boundary
element code by using a UEL subroutine. In the implementation
of the current coupling scheme, the numerical model is divided
into the FE part and BE part. Obviously, FE part is studied by
finite element method, and BE part is analyzed by boundary ele-
ment method. BEM, regarded as an effective super-element is
implemented in ABAQUS via UEL. The effective stiffness and
effective tractions along the interface of BE and FE regions are
evaluated by the self-written BE code. Application of the bound-
ary conditions (including the obtained effective stiffness and
effective tractions) then yields the final form of the FEM system
through which the unknown quantities in the FE part can be
obtained.

Using the advantages of both methods and avoiding their
respective disadvantages, the coupling scheme allows user to
study infinite and semi-infinite electronic packaging structures
with local nonlinearities, stress concentration problems, and linear
elastic fracture mechanics.
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