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Maxwell stress refers to the mechanical stress exerted on a dielectric material due to the presence 
of electric fields. It plays a significant role in the interaction between a dielectric material and 
the surrounding free space under finite deformation. Previous research on finite deformation of 
flexoelectricity mainly adopted a modified form of Maxwell stress, potentially not able to correctly 
capture some physical phenomena, such as the compression of a dielectric droplet in an electric 
field. In this work, we propose a consistent and complete variational principle for flexoelectricity, 
in which the Maxwell stress emerges naturally from the derivation, without introducing additional 
assumptions. An Isogeometric analysis-based numerical framework is developed accordingly and 
verified by both linear and nonlinear benchmark cases compared with experimental results. The 
present framework successfully captures and quantifies the behaviors of conductive liquids and 
soft dielectric solids subjected to an external electric field. Finally, a novel scenario is investigated 
in which a flexoelectric beam immersed in free space is analyzed, showing the interesting 
distribution of Maxwell stress-induced tractions at opposing boundaries. The test demonstrates 
that a higher dielectric constant can effectively enhance the material’s stiffness in response to the 
external electric loading.

1. Introduction

Flexoelectricity, the electro-mechanical coupling effect between electric field and strain gradient (or strain and electric field gra
dient), has gained prominence as electronic and mechanical devices continue to shrink while demanding higher efficiency [1]. Unlike 
piezoelectricity, which appears only in noncentrosymmetric crystals, flexoelectricity is inherent to every dielectric because a strain 
gradient locally breaks inversion symmetry. Experimental studies cover a wide spectrum of materials. Substantial flexoelectric coeffi
cients have been measured in hard ferroelectric perovskites such as barium titanate and lead zirconate titanate [2]. Two dimensional 
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Fig. 1. Schematic of Maxwell stress effect. 

Table 1
Representative formulations of the Maxwell stress tensor; 
𝜖0 : vacuum permittivity, 𝑒𝑖 : electric field, 𝑑𝑖 : electric dis
placement.

Proposer Maxwell stress tensor 𝜎MW
𝑖𝑗

Lorentz [33] 𝜖0𝑒𝑖𝑒𝑗 −
1
2
(𝜖0𝑒𝑖𝑒𝑖) 𝛿𝑖𝑗

Einstein and Laub [36] 𝑒𝑖𝑑𝑗 −
1
2
(𝜖0𝑒𝑖𝑒𝑖) 𝛿𝑖𝑗

Minkovski [34] 𝑒𝑖𝑑𝑗 −
1
2
(𝑒𝑖𝑑𝑖) 𝛿𝑖𝑗

Abraham [35] 1
2
(𝑒𝑖𝑑𝑗 + 𝑒𝑗𝑑𝑖) −

1
2
(𝑒𝑖𝑑𝑖) 𝛿𝑖𝑗

sheets, for example hexagonal boron nitride, also display pronounced responses [3]. In soft matter the effect can be even stronger. 
Liquid crystals [4], polymer films [5], and biological membranes [6] all produce sizable polarization when bent or otherwise de
formed. Because soft dielectrics combine large, reversible deformation with strong electromechanical coupling, they are attractive 
for practical devices. Recent prototypes include artificial muscles and grippers for soft robotics [7], skin-conforming pressure sensors 
[8], and energy harvesters [9].

Modeling flexoelectricity is crucial for understanding and predicting corresponding physical phenomena. Continuum theories 
of flexoelectricity, originating from early works of Toupin [10] and Mindlin [11] on elastic dielectrics, have developed over the 
years [12--17]. An overview on the mathematical modeling of flexoelectricity can be found in [18]. To address finite deformation 
in soft materials, a nonlinear framework is essential. However, few related works have emerged only recently [19--26]. The existing 
literature on modeling nonlinear flexoelectricity generally encounters two common limitations. The first, as argued in [23], is the 
loss of objectivity in defining polarization, which arises from using a mixed material-spatial coupling tensor to represent work done 
by flexoelectricity. The second limitation concerns the accurate quantification of Maxwell stress, which must be consistent with the 
variational principle in use. Maxwell stress refers to the stress exerted in a medium (dielectric or free space) due to electric fields 
[27]; magnetic field effects are not considered in this work. As schematically depicted in Fig. 1, a dielectric elastomer film deforms 
when exposed to the electric field created by applying a voltage via the electrodes attached to it. Maxwell stress has been identified 
as responsible for the deformation in this case and has been reported in many works [28--30]. While negligible under infinitesimal 
assumptions [20], it is of great importance in finite deformation, especially when considering the interaction with the surrounding 
medium [31].

In electrodynamics [32], there are various proposals for the formulation of the Maxwell stress tensor. The version proposed by 
Lorentz [33] applies to free space and is generally undisputed. The central issue, known as the ‘Abraham–Minkowski controversy’, 
arises from the fact that several distinct and non-equivalent formulations were proposed for ponderable (solid or fluidic) matter, 
most notably by Minkowski [34], Abraham [35], and Einstein and Laub [36]. These four representative forms of the Maxwell stress 
tensor are summarized in Table 1. While all of these formulations become equivalent in a vacuum, they predict different local body 
forces and surface tractions within a dielectric medium, leading to a long-standing debate over which is the most accurate. At present, 
Minkovski’s form is the generally accepted definition of the Maxwell stress tensor in solid mechanics [37]. In electroelasticity, the 
Maxwell stress can be fully determined through the variational principle when the system behavior can be characterized by a total 
energy functional. This principle also applied in related fields, such as the electrohydrodynamics of fluids [38]. In [19,21,22], the 
expression for Maxwell stress is adopted from a modified version, potentially inconsistent with the variational principle. Therefore, 
some physical phenomena cannot be correctly captured, such as the compression of a dielectric in an electric field. In contrast, 
the Maxwell stress defined in [23] is presented partially without taking into account all contributions of flexoelectricity. Therefore, 
deriving governing equations with a variationally consistent Maxwell stress fulfilling a complete variational principle is necessary to 
both form a solid theory of flexoelectricity and correctly simulate correlated physical phenomena. 

The influence of free space is often overlooked in simulations of dielectric materials, particularly for structures with significantly 
smaller thickness compared with their other dimensions [39]. However, for materials with a weak dielectric constant, such as those 
only one order greater than that of vacuum [40], the contribution of the free space may become significant. This influence is not 
limited to the distribution of electric potential within the dielectric solid; it also includes the exertion of a traction force on the body’s 
boundary due to Maxwell stress in free space, a crucial aspect for the functioning of some electro-active devices [41]. Free space is 
studied for general dielectrics in 2D [42] and 3D [43] through a coupled BEM-FEM approach, mixed variational formulation [39] with 
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mesh update method, and for topology optimization of electro-active polymers [44]. Research on flexoelectric materials interacting 
with free space, however, remains limited. While this topic is addressed in [21] and [22], flexoelectricity does not appear to play a 
significant role in the test examples they used.

Computational modeling of flexoelectricity necessitates numerical methods that guarantee the smoothness of strain within the 
domain of the dielectric solid, specifically ensuring the 𝐶1 continuity of the state variables. Various numerical approaches have 
been proposed, including the mesh-free method [45--48], the mixed Finite Element method [24,49--52], and Isogeometric analysis 
[22,23,53,54]. An extensive overview of the computational methods is available in [55], which compares the effectiveness of these 
three methods. Other numerical methods include 𝐶1-continuous Argyris-triangle-based finite element method [21], B-spline-based 
immersed boundary method [56] and micromorphic fields approach [57,58].

The main contributions of this study are threefold: (i)We derive an explicit Maxwell stress tensor that is fully consistent with 
a total-Lagrangian energy functional and embeds the flexoelectric contribution. (ii) The finite deformation flexoelectric framework 
is generalized to include the electrostatic energy stored in the surrounding free space, enabling body–environment coupling. (iii) A 
𝐶1-continuous NURBS formulation accurately reproduces standard benchmarks and captures bursting-drop evolutions, offering new 
insights into how dielectric permittivity governs the mechanical compliance of soft flexoelectric materials. These advances provide 
a rigorous foundation for practical systems such as soft-robotic actuators, flexoelectric sensors and micro-energy harvesters, and 
electromechanically tunable metamaterials operating in free space. The paper is structured as follows. Section 2 introduces a complete 
variational principle for a flexoelectric body immersed in free space, formulating strong governing equations in both electrical and 
mechanical aspects, and deriving the variationally consistent Maxwell stress in an explicit form. Section 3 establishes and linearizes 
the weak form formulation to facilitate numerical implementation. In Section 4, two benchmark cases, namely the cantilever beam 
and the truncated pyramid, are examined to validate the proposed numerical framework. Section 5 demonstrates the capability of the 
nonlinear flexoelectricity model in simulating problems involving finite deformation, using a cantilever beam subjected to mechanical 
or electrical loadings as examples. Finally, Section 6 explores the influence of free space using a well-established model, and presents 
a new study of a flexoelectric beam immersed in free space.

2. Variational principle

2.1. Background information

Consider a deformable dielectric solid represented by 0 in the reference or undeformed configuration, immersed by the surround
ing free space represented by ′

0. Their corresponding representations in the current or deformed configuration are respectively 
and ′. The whole space of concern is 𝑉0 =0 ∪′

0 and 𝑉𝑡 = ∪′. The boundary of 0 is denoted as 𝜕0 and coincide with 𝜕′
0

in the near field, while 𝜕′
∞ represents the bound of the free space in the far field. The deformation map 𝝌 ∶ 𝑉0 → 𝑉𝑡 maps every 

material point 𝑿 ∈ 𝑉0 to the spatial point 𝒙 = 𝝌(𝑿) ∈ 𝑉𝑡. Uppercase and lowercase notations are used to refer to quantities in the 
reference and current configurations throughout the paper. The deformation gradient tensor 𝐅, Jacobian determinant 𝐽 are defined 
as

𝐹𝑖𝐼 (𝑿) ∶=
𝜕𝜒𝑖(𝑿)
𝜕𝑋𝐼

= 𝜒𝑖,𝐼 , 𝐽 ∶= det(𝐅), (1)

and the right and left Cauchy-Green deformation tensor 𝐂 and 𝐁 are defined as

𝐶𝐼𝐽 ∶= 𝐹𝑘𝐼𝐹𝑘𝐽 , 𝐵𝑖𝑗 ∶= 𝐹𝑖𝐾𝐹𝑗𝐾 , (2)

where Einstein summation convention has been adopted for dummy indices. The Green-Lagrangian strain tensor  for the reference 
configuration and the Almansi-Eulerian strain tensor 𝜺 for the current configuration are defined as

 ∶= 1
2
(𝐶𝐼𝐽 − 𝛿𝐼𝐽 ), 𝜺 ∶= 1

2
(𝛿𝑖𝑗 −𝐵−1

𝑖𝑗 ). (3)

Flexoelectricity theory involves the measure of strain gradient in the material, which entails the gradient of the deformation gradient 
 , the gradient of the Cauchy-Green deformation tensor , and the Green-Lagrangian strain gradient tensor , represented as [23]

𝑖𝐽𝐾 ∶=
𝜕𝐹𝑖𝐽
𝜕𝑋𝐾

= 𝜒𝑖,𝐽𝐾 , 𝐼𝐽𝐾 ∶=
𝜕𝐶𝐼𝐽
𝜕𝑋𝐾

= 2 symm
𝐼𝐽 

(𝑘𝐼𝐾𝐹𝑘𝐽 ), 𝐼𝐽𝐾 ∶=
𝜕𝐼𝐽
𝜕𝑋𝐾

= 1
2
𝐼𝐽𝐾 , (4)

where symm𝐼𝐽 (𝐴𝐼𝐽 ) ∶= (𝐴𝐼𝐽 +𝐴𝐽𝐼 )∕2. Their Eulerian counterparts can be obtained similarly as

−1
𝐼𝑗𝑘

∶=
𝜕𝐹−1

𝐼𝑗

𝜕𝑥𝑘
=𝑋𝐼,𝑗𝑘, −1

𝑖𝑗𝑘
∶=

𝜕𝐵−1
𝑖𝑗

𝜕𝑥𝑘
= 2 symm

𝑖𝑗 
(−1

𝐾𝑖𝑘
𝐹−1
𝐾𝑗

), 𝑔𝑖𝑗𝑘 =
𝜕𝜀𝑖𝑗

𝜕𝑥𝑘
= −1

2
−1
𝑖𝑗𝑘
. (5)

The work conjugate to  is the so-called second Piola-Kirchhoff stress tensor 𝐒, which relates to the Cauchy stress 𝝈 (work conjugate 
to 𝜺) by

𝑆𝐼𝐽 = 𝐽𝐹−1
𝐼𝑖
𝐹−1
𝐽𝑗
𝜎𝑖𝑗 . (6)

Next, we introduce variables related to the electricity denoted by 𝑬 , 𝑫 and 𝑷 , respectively, the electric field, the electric displacement 
and the polarization in the reference configuration, and 𝒆, 𝒅 and 𝒑 are their counterparts in the current configuration. Derived from 
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the Maxwell’s equations in the absence of magnetic interactions, distributed charges and time dependence, the following equations 
are satisfied as

∇× 𝒆 = 𝟎, ∇ ⋅ 𝒅 = 0. (7)

The first equation of (7) implies the existence of an electric potential field 𝜙 such that 𝒆 = −∇𝜙. The polarization vector is considered 
as a derived quantity in terms of 𝒆 and 𝒅 by the standard equation

𝒑 = 𝒅 − 𝜖0𝒆, (8)

where 𝜖0 is the dielectric constant of air or vacuum. Denote the space split by 𝜕 as side ‘+’ and side ‘−’, assuming the absence of 
free surface charge, the continuity conditions for 𝒆 and 𝒅 are given by

𝒏 × ⟦𝒆⟧ = 0, 𝒏 ⋅ ⟦𝒅⟧ = 0 on 𝜕, (9)

where ⟦∙⟧ = (∙)+ − (∙)− is the jump of the vector on 𝜕 from side − to side + with 𝒏 the unit normal vector on 𝜕 pointing from side 
‘−’ to side ‘+’.

The electric potential can also be expressed in the Lagrangian frame as 𝛷(𝑿) = 𝜙(𝝌(𝑿)), from which the relation between 𝑬 and 
𝒆 can be established using the chain rule as

𝐸𝐿 = − 𝜕𝛷 
𝜕𝑋𝐿

= −𝛷,𝐿 = −𝛷,𝑘 𝜒𝑘,𝐿 = 𝑒𝑘𝐹𝑘𝐿. (10)

The relation between 𝑫 and 𝒅 can be found by the work-conjugacy 𝑑𝑙𝑒𝑙 =
1 
𝐽
𝐷𝐿𝐸𝐿, such that

𝐷𝐿 = 𝐽𝐹−1
𝐿𝑘
𝑑𝑘. (11)

As discussed in [23], the polarization vector defined in a complete Lagrangian frame should have the same relation with its Eulerian 
counterpart as (11) to ensure objectivity, denoted by

𝑃𝐿 = 𝐽𝐹−1
𝐿𝑘
𝑝𝑘. (12)

The Eulerian equations (7) can be transferred into their Lagrangian counterparts provided a sufficiently regular deformation as

∇×𝑬 = 𝟎, ∇ ⋅𝑫 = 0. (13)

The jump conditions can be analogously written with respect to their Eulerian counterpart (9) as

𝑵 × ⟦𝑬⟧ = 0, 𝑵 ⋅ ⟦𝑫⟧ = 0 on 𝜕0, (14)

where 𝑵 is the unit normal vector on 𝜕0, which relates to 𝒏 by Nanson’s formula as

𝒏d𝑎 = 𝐽𝐅−T𝑵d𝐴, (15)

where an area element d𝐴 on 𝜕0 relates to an area element d𝑎 on 𝜕.

2.2. Lagrangian electric Gibbs free energy density formed by constitutive relations

We derived our formulations followed the procedure proposed by Codony et al. [23]. The Lagrangian internal energy density per 
unit reference volume for a dielectric without assuming its symmetry, i.e. flexoelectric and piezoelectric effects may co-exist, can be 
expressed as

𝛹 Int (,,𝑷 ) = 𝛹Mech(,) +𝛹Diele(,𝑷 ) +𝛹Flexo(,𝑷 ) +𝛹Piezo(,𝑷 ), in 0. (16)

The first term of (16) shows the mechanical energy taking into account strain gradient elasticity and can be expressed as

𝛹Mech(,) = 𝛹Elast () + 1
2
𝐼𝐽𝐾 ℎ𝐼𝐽𝐾𝐿𝑀𝑁 𝐿𝑀𝑁, (17)

where 𝛹Elast is the elasticity energy density for any hyperelastic model, e.g. Neo-Hookean, and 𝐡 is a constant sixth-order stain 
gradient elasticity tensor. The second term of (16) denotes the dielectric energy density. For a linear isotropic dielectric solid, its 
energy density per unit current volume can be defined as 𝜓Diele = 1 

2(𝜖−𝜖0)
𝑝𝑖𝑝𝑖 [19], transforming into Lagrangian frame resulting in 

the energy density per unit reference volume using (12)

𝛹Diele(,𝑷 ) = 1 
2𝐽 (𝜖 − 𝜖0)

𝑃𝐼 𝐶𝐼𝐽 𝑃𝐽 , (18)

where 𝜖 is the dielectric constant of the material. The last two terms of (12) represent the electro-mechanical coupling due to 
flexoelectric and piezoelectric effect. Inspired by [23], we postulate the following coupling:
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𝛹Flexo(,𝑷 ) = −𝑃𝐿 𝑓𝐿𝐼𝐽𝐾 𝐼𝐽𝐾 , (19)

𝛹Piezo(,𝑷 ) = −𝑃𝐿 𝜅𝐿𝐼𝐽 𝐼𝐽 , (20)

where 𝑓𝐿𝐼𝐽𝐾 and 𝜅𝐿𝐼𝐽 are purely Lagrangian tensors and can be treated as material constants in this case. For dielectrics with 
centro-symmetric crystal structures, 𝜿 becomes a zero tensor.

To facilitate numerical computation, it is often useful to transfer the independent variable 𝑷 into 𝑬, and this can be done via the 
partial Legendre transformation, assuming one-to-one mapping [27], by defining the following dual internal potential

𝛹̄ Int (,,𝑬) = min
𝑷

(
𝛹 Int (,,𝑷 ) − 𝑷 ⋅𝑬

)
. (21)

The relation between independent variables 𝑷 and 𝑬 can be set through the stationary condition of (21) as 𝑬(,,𝑷 ) = 𝜕𝛹 Int∕𝜕𝑷 , 
which can be expanded explicitly as

𝐸𝐿 = 𝜕𝛹 Int

𝜕𝑃𝐿
= 1 
𝐽 (𝜖 − 𝜖0)

𝐶𝐿𝑀 𝑃𝑀 − 𝑓𝐿𝐼𝐽𝐾𝐼𝐽𝐾 − 𝜅𝐿𝐼𝐽 𝐼𝐽 . (22)

The explicit expression of 𝑷 can be inversely deduced from (22) as

𝑃𝐿 = 𝐽 (𝜖 − 𝜖0)𝐶−1
𝐿𝑀

(𝐸𝑀 + 𝑓𝑀𝐼𝐽𝐾 𝐼𝐽𝐾 + 𝜅𝑀𝐼𝐽 𝐼𝐽 ). (23)

Substituting (23) into (16), and defining 𝝁 = (𝜖−𝜖0) 𝒇 as the flexoelectric tensor, 𝜼 = (𝜖−𝜖0) 𝜿 as the piezoelectric tensor, rearranging 
terms to obtain the dual internal potential as

𝛹̄ Int (,,𝑬) = 𝛹̄Mech(,) + 𝛹̄Diele(,𝑬) + 𝛹̄Flexo(,,𝑬) + 𝛹̄Piezo(,𝑬), in 0, (24)

where

𝛹̄Mech(,) = 𝛹Elast () + 1
2
𝐼𝐽𝐾 ℎ𝐼𝐽𝐾𝐿𝑀𝑁 𝐿𝑀𝑁 − 𝐽

2(𝜖 − 𝜖0)
𝜇𝐼𝐴𝐵𝐾 𝐴𝐵𝐾 𝐶−1

𝐼𝐽
𝜇𝐽𝐴𝐵𝐾 𝐴𝐵𝐾

− 𝐽

2(𝜖 − 𝜖0)
𝜂𝐼𝐴𝐵 𝐴𝐵 𝐶−1

𝐼𝐽
𝜂𝐽𝐴𝐵 𝐴𝐵 − 𝐽

(𝜖 − 𝜖0)
𝜇𝐼𝐴𝐵𝐾 𝐴𝐵𝐾 𝐶−1

𝐼𝐽
𝜂𝐽𝐴𝐵 𝐴𝐵,

𝛹̄Diele(,𝑬) = −𝐽
2 
(𝜖 − 𝜖0)𝐸𝐼 𝐶

−1
𝐼𝐽
𝐸𝐽 ,

𝛹̄Flexo(,,𝑬) = −𝐽𝐸𝐼 𝐶
−1
𝐼𝐽
𝜇𝐽𝐴𝐵𝐾 𝐴𝐵𝐾 ,

𝛹̄Piezo(,𝑬) = −𝐽𝐸𝐼 𝐶
−1
𝐼𝐽
𝜂𝐽𝐴𝐵 𝐴𝐵.

(25)

In the final step, the electrostatic field energy in the whole space, i.e.  ∪ ′, should be taken into account to form the com
monly used electric Gibbs free energy density. The electrostatic field energy density per unit current volume is 𝜓Elec = 1

2 𝜖0𝑒𝑖 𝑒𝑖 [19], 
transforming into Lagrangian frame as energy density per unit reference volume as [31,59]

𝛹̄Elec(,𝑬) =
𝐽𝜖0
2 
𝐸𝐼 𝐶

−1
𝐼𝐽
𝐸𝐽 , in 0 ∪′

0. (26)

Therefore, the electric Gibbs free energy density can be readily formed as

𝛹̄Gib(,,𝑬) = 𝛹̄ Int (,,𝑬) − 𝛹̄Elec(,𝑬), in 0. (27)

2.3. Strong form governing equations through variational principle

In this section, to maintain a focus on flexoelectricity and ensure conciseness, the piezoelectric effect is not included; that is, we 
set 𝜿 = 𝟎. However, the piezoelectric effect will be incorporated in the weak form formulations and numerical implementation for 
the verification case, as will be detailed in Sec. 4. Building upon the derivation from the previous section, the total energy functional 
governing the dielectric system (both the solid and the surrounding free space) can be expressed as follows.

𝛱[𝝌 ,𝛷] = ∫
0

(
𝛹̄Gib(,,𝑬) −𝐵𝑖 𝜒𝑖 +𝑄𝛷

)
d𝑉 − ∫

′
0

𝛹̄Elec(,𝑬) d𝑉

− ∫
𝜕𝑇0

𝑇̄𝑖 𝜒𝑖 d𝛤 − ∫
𝜕𝑅0

𝑅̄𝑖 𝐷
(𝑛)𝜒𝑖 d𝛤 − ∫

𝜕𝑊0
𝑊̄ 𝛷 d𝛤

= ∫
0

(
𝛹Elast + 1

2
𝐼𝐽𝐾 ℎ̄𝐼𝐽𝐾𝐿𝑀𝑁 𝐿𝑀𝑁 − 𝐽𝜖

2 
𝐸𝐼 𝐶

−1
𝐼𝐽
𝐸𝐽 − 𝐽𝐸𝐼 𝐶

−1
𝐼𝐽
𝜇𝐽𝐴𝐵𝐾 𝐴𝐵𝐾 −𝐵𝑖 𝜒𝑖 +𝑄𝛷

)
d𝑉

+ ∫
′
0

(
−
𝐽𝜖0
2 
𝐸𝐼 𝐶

−1
𝐼𝐽
𝐸𝐽

)
d𝑉 − ∫

𝜕𝑇0
𝑇̄𝑖 𝜒𝑖 d𝛤 − ∫

𝜕𝑅0
𝑅̄𝑖 𝐷

(𝑛)𝜒𝑖 d𝛤 − ∫
𝜕𝑊0

𝑊̄ 𝛷 d𝛤 ,

(28)
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Fig. 2. Domain definition of the dielectric solid 0 immersed in free space ′
0. 

where the boundary of the reference body is split into disjoint Dirichlet and Neumann sets in view of different aspects such as 
𝜕0 = 𝜕𝜒

0 ∪ 𝜕𝑇
0 = 𝜕𝑆

0 ∪ 𝜕𝑅
0 = 𝜕𝛷

0 ∪ 𝜕𝑊
0 . The deformation map 𝝌 , normal derivatives of the deformation map 𝐷(𝑛)𝝌 and the 

electric potential 𝛷 are prescribed on the corresponding Dirichlet boundaries 𝜕𝜒

0 , 𝜕𝑆
0 ∪ and 𝜕𝛷

0 . The surface traction 𝑻̄ , surface 
double traction 𝑹̄ and surface charge 𝑊̄ are prescribed on the corresponding Neumann boundaries 𝜕𝑇

0 , 𝜕𝑅
0 and 𝜕𝑊

0 . The body 
force and free body charge densities are represented by 𝑩 and 𝑄, respectively. The domain definition is illustrated in Fig. 2. Note 
that for simplicity, the Dirichlet and Neumann boundary conditions for non-smooth regions of 𝜕0 are not discussed in this paper, 
as compared with [23]. However, these conditions can be straightforwardly incorporated as necessary.

To recover the strong form governing equations from (28), its variation 𝛿𝛱 should vanish with respect to 𝛿𝝌 and 𝛿𝛷, such that

𝛿𝛱(𝝌 ,𝛷;𝛿𝝌) = 0,

𝛿𝛱(𝝌 ,𝛷;𝛿𝛷) = 0.
(29)

The following variations can be derived through mathematical manipulations as

𝛿𝐹𝑖𝐼 (𝝌 ;𝛿𝝌) ∶= 𝛿𝜒𝑖,𝐼 , 𝛿𝑖𝐼𝐽 (𝝌 ;𝛿𝝌) ∶= 𝛿𝜒𝑖,𝐼𝐽 , 𝛿𝐼𝐽 (𝝌 ;𝛿𝝌) ∶= symm
𝐼𝐽 

(𝜒𝑘,𝐽 𝛿𝜒𝑘,𝐼 ),

𝛿𝐼𝐽𝐾 (𝝌 ;𝛿𝝌) ∶= symm
𝐼𝐽 

(𝜒𝑘,𝐽 𝛿𝜒𝑘,𝐼𝐾 + 𝜒𝑘,𝐼𝐾 𝛿𝜒𝑘,𝐽 ), 𝛿𝐽 (𝝌 ;𝛿𝝌) ∶= 𝐽 𝛿𝜒𝑖,𝑖,

𝛿𝐶−1
𝐼𝐽

(𝝌 ;𝛿𝝌) ∶= −(𝐹−1
𝐼𝑙
𝐹−1
𝐽𝑘

+ 𝐹−1
𝐼𝑘
𝐹−1
𝐽𝑙

) 𝛿𝜒𝑙,𝑘 = −(𝑋𝐼,𝑙𝑋𝐽,𝑘 +𝑋𝐼,𝑘𝑋𝐽,𝑙) 𝛿𝜒𝑙,𝑘,

𝛿𝐹−1
𝐼𝑘

(𝝌 ;𝛿𝝌) ∶= −𝐹−1
𝐼𝑙

𝛿𝜒𝑙,𝑘 = −𝑋𝐼,𝑙 𝛿𝜒𝑙,𝑘, 𝛿𝐸𝐿(𝛷;𝛿𝛷) ∶= −𝛿𝛷,𝐿.

(30)

For the ease of notation, the second Piola-Kirchhoff stress 𝐒, the second Piola-Kirchhoff double stress 𝚺, and the electric displacement 
of the dielectric solid 𝑫 and the surrounding free space 𝑫Env are defined as follows

𝑆𝐼𝐽 ∶= 𝜕𝛹̄Mech

𝜕𝐼𝐽 = 𝛹Elast

𝜕𝐼𝐽 in 0,

Σ𝐼𝐽𝐾 ∶= 𝛹̄Gib

𝜕 𝐼𝐽𝐾 = ℎ̄𝐼𝐽𝐾𝐿𝑀𝑁𝐿𝑀𝑁 − 𝐽𝐸𝑀 𝐶−1
𝑀𝐿

𝜇𝐿𝐼𝐽𝐾 in 0,

𝐷𝐿 ∶= − 𝜕𝛹̄
Gib

𝜕𝐸𝐿

= 𝐽𝐶−1
𝐿𝐾

(
𝜖𝐸𝐾 + 𝜇𝐾𝐴𝐵𝐶 𝐴𝐵𝐶) in 0,

𝐷Env
𝐿

∶= − 𝜕𝛹̄
Elec

𝜕𝐸𝐿

= 𝜖0𝐽𝐶
−1
𝐿𝐾

𝐸𝐾 in ′
0.

(31)

Note that in the formulation of 𝛹̄Mech(,) in (25), the second term and the third term have the same structure and thus can be 
combined and simplified by a new material constant ℎ̄𝐼𝐽𝐾𝐿𝑀𝑁 as:

ℎ̄𝐼𝐽𝐾𝐿𝑀𝑁 = ℎ𝐼𝐽𝐾𝐿𝑀𝑁 − 𝐽

(𝜖 − 𝜖0)
𝜇𝐴𝐼𝐽𝐾 𝐶

−1
𝐴𝐵

𝜇𝐵𝐿𝑀𝑁. (32)

The additional stability requirement for 𝒉̄ is that it has to be semidefinite positive [23].
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2.3.1. Mechanical governing equations

The variation of the total energy functional with respect to the deformation map can be written as

𝛿𝛱(𝝌 ,𝛷;𝛿𝝌) = ∫
0

(
𝛿𝛹̄Gib(,,𝑬;𝛿𝝌) −𝐵𝑖 𝛿𝜒𝑖

)
d𝑉 − ∫

′
0

𝛿𝛹̄Elec(,𝑬;𝛿𝝌) d𝑉

− ∫
𝜕𝑇0

𝑇̄𝑖 𝛿𝜒𝑖 d𝛤 − ∫
𝜕𝑅0

𝑅̄𝑖 𝐷
(𝑛)𝛿𝜒𝑖 d𝛤 .

(33)

To proceed, we first reformulate the first integral in (33) by applying the divergence theorem followed by integration by parts. 
For notational convenience, we also define an intermediate term 𝐷̂𝑀 ∶= 𝐽𝜖𝐸𝑀 + 2𝐽𝜇𝑀𝐴𝐵𝐾 𝐴𝐵𝐾 . After substituting (30), the first 
integral of (33) can be expressed as

∫
0

𝛿𝛹̄Gib(,,𝑬;𝛿𝝌) d𝑉

= ∫
0

{
𝑆𝐼𝐽 𝛿𝐼𝐽 (𝝌 ;𝛿𝝌) + Σ𝐼𝐽𝐾 𝛿𝐼𝐽𝐾 (𝝌 ;𝛿𝝌) − 1

2
𝐸𝐼𝐷̂𝐽 𝛿𝐶

−1
𝐼𝐽

(𝝌 ;𝛿𝝌) − 1 
2𝐽

𝐸𝐼𝐶
−1
𝐼𝐽
𝐷̂𝐽 𝛿𝐽 (𝝌 ;𝛿𝝌)

}
d𝑉

= ∫
0

1
2

{
∇𝐽 ⋅ (𝑆𝐼𝐽 𝜒𝑘,𝐼 𝛿𝜒𝑘) − (𝑆𝐼𝐽 𝜒𝑘,𝐼 ),𝐽 𝛿𝜒𝑘 +∇𝐼 ⋅ (𝑆𝐼𝐽 𝜒𝑘,𝐽 𝛿𝜒𝑘) − (𝑆𝐼𝐽 𝜒𝑘,𝐽 ),𝐼 𝛿𝜒𝑘

+∇𝐾 ⋅ (Σ𝐼𝐽𝐾 𝜒𝑘,𝐼 𝛿𝜒𝑘,𝐽 ) − ∇𝐽 ⋅
[
(Σ𝐼𝐽𝐾 𝜒𝑘,𝐼 ),𝐾 𝛿𝜒𝑘

]
+ (Σ𝐼𝐽𝐾 𝜒𝑘,𝐼 ),𝐾𝐽 𝛿𝜒𝑘

+∇𝐾 ⋅ (Σ𝐼𝐽𝐾 𝜒𝑘,𝐽 𝛿𝜒𝑘,𝐼 ) − ∇𝐼 ⋅
[
(Σ𝐼𝐽𝐾 𝜒𝑘,𝐽 ),𝐾 𝛿𝜒𝑘

]
+ (Σ𝐼𝐽𝐾 𝜒𝑘,𝐽 ),𝐾𝐼 𝛿𝜒𝑘

+∇𝐼 ⋅ (Σ𝐼𝐽𝐾 𝜒𝑘,𝐽𝐾 𝛿𝜒𝑘) − (Σ𝐼𝐽𝐾 𝜒𝑘,𝐽𝐾 ),𝐼 𝛿𝜒𝑘 +∇𝐽 ⋅ (Σ𝐼𝐽𝐾 𝜒𝑘,𝐼𝐾 𝛿𝜒𝑘) − (Σ𝐼𝐽𝐾 𝜒𝑘,𝐼𝐾 ),𝐽 𝛿𝜒𝑘
+∇𝐼 ⋅

[
(𝐸𝐿𝐶

−1
𝐿𝐼
𝐶−1
𝐽𝑀

𝐷̂𝑀 − 1
2
𝐸𝐿𝐶

−1
𝐿𝑀

𝐷̂𝑀𝐶−1
𝐼𝐽

) 𝜒𝑘,𝐽 𝛿𝜒𝑘
]
−
[
(𝐸𝐿𝐶

−1
𝐿𝐼
𝐶−1
𝐽𝑀

𝐷̂𝑀 − 1
2
𝐸𝐿𝐶

−1
𝐿𝑀

𝐷̂𝑀𝐶−1
𝐼𝐽

) 𝜒𝑘,𝐽
]
,𝐼
𝛿𝜒𝑘

+∇𝐽 ⋅
[
(𝐸𝐿𝐶

−1
𝐿𝐼
𝐶−1
𝐽𝑀

𝐷̂𝑀 − 1
2
𝐸𝐿𝐶

−1
𝐿𝑀

𝐷̂𝑀𝐶−1
𝐼𝐽

) 𝜒𝑘,𝐼 𝛿𝜒𝑘
]
−
[
(𝐸𝐿𝐶

−1
𝐿𝐼
𝐶−1
𝐽𝑀

𝐷̂𝑀 − 1
2
𝐸𝐿𝐶

−1
𝐿𝑀

𝐷̂𝑀𝐶−1
𝐼𝐽

) 𝜒𝑘,𝐼
]
,𝐽
𝛿𝜒𝑘

}
d𝑉

= ∫
𝜕0

1
2
[
(𝑆𝐼𝐽 −Σ𝐼𝐽𝐾,𝐾 +𝑆MW

𝐼𝐽
) 𝜒𝑘,𝐼𝑁𝐽

]
𝛿𝜒𝑘 d𝛤 + ∫

𝜕0

1
2
[
(𝑆𝐼𝐽 −Σ𝐼𝐽𝐾,𝐾 +𝑆MW

𝐼𝐽
) 𝜒𝑘,𝐽𝑁𝐼

]
𝛿𝜒𝑘 d𝛤

− ∫
0

1
2
[
(𝑆𝐼𝐽 −Σ𝐼𝐽𝐾,𝐾 + 𝑆MW

𝐼𝐽
) 𝜒𝑘,𝐼

]
,𝐽
𝛿𝜒𝑘 d𝑉 − ∫

0

1
2
[
(𝑆𝐼𝐽 −Σ𝐼𝐽𝐾,𝐾 +𝑆MW

𝐼𝐽
) 𝜒𝑘,𝐽

]
,𝐼
𝛿𝜒𝑘 d𝑉

+ ∫
𝜕0

1
2
(
Σ𝐼𝐽𝐾 𝜒𝑘,𝐼 𝛿𝜒𝑘,𝐽 +Σ𝐼𝐽𝐾 𝜒𝑘,𝐽 𝛿𝜒𝑘,𝐼

)
𝑁𝐾 d𝛤 .

(34)

In the last equation of (34), 𝐒MW is the second Piola-Maxwell stress tensor induced by polarization under external electric field and 
electromechanical coupling, and it is defined as

𝑆MW
𝐼𝐽

∶=𝐸𝐿𝐶
−1
𝐿𝐼
𝐶−1
𝐽𝑀

𝐷̂𝑀 − 1
2
𝐸𝐿𝐶

−1
𝐿𝑀

𝐷̂𝑀𝐶−1
𝐼𝐽
,

=𝐸𝐿𝐶
−1
𝐿𝐼
𝐷̃𝐽 − 1

2
𝐸𝐿𝐷̃𝐿𝐶

−1
𝐼𝐽
.

(35)

Note that in (35) 𝐷̃𝐿 = 𝐶−1
𝐿𝑀

𝐷̂𝑀 is the auxiliary electric displacement formed by applying an inverse deformation mapping to 𝐷𝑀 , 
which carries a more clear physical meaning. The Eulerian counterpart of 𝐒MW can be forwardly obtained, using (6) and (10), as

𝝈MW ∶= 𝒆⊗ 𝒅 − 1
2
(𝒆 ⋅ 𝒅) 𝐈, (36)

where 𝑑𝑙 ∶=
1 
𝐽
𝐹𝑙𝐿𝐷̃𝐿 is the Eulerian counterpart of 𝐷̃𝐿 .1 We would like to note that (35) and (36) satisfy Minkovski’s formulation 

in Table 1 and apply to a broad range of materials, extending and complementing the current body of research on Maxwell stress.

Remark 1. The auxiliary electric displacement apparently has the following relation with the actual electric displacement defined in 
(31): 𝐷̃𝐿 =𝐷𝐿 + 𝐽𝐶−1

𝐿𝑀
𝜇𝑀𝐴𝐵𝐾𝐴𝐵𝐾 . The reason for this additional term lies in that, when defining 𝐷𝐿 by differentiating the free 

energy with respect to 𝐸𝐿, symmetric quadratic contributions involving electric field is evenly ``split''. In contrast, when deriving the 
Maxwell stress, these same terms are not symmetrically partitioned and an additional term appears. This discrepancy does not imply 

1 The complete expression is 𝑑𝑙 = 𝜖𝑒𝑙 + 2𝜇𝑀𝐴𝐵𝐾𝐹
−1
𝑀𝑙

(𝑎𝐴𝐾𝐹𝑏𝐵𝜀𝑎𝑏 + 𝐹𝑎𝐴𝑏𝐵𝐾𝜀𝑎𝑏 + 𝐹𝑎𝐴𝐹𝑏𝐵𝐹𝑘𝐾𝑔𝑎𝑏𝑘).
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any new physical effect; it simply reflects that the symmetrical reduction inherent in the definition of 𝐷𝐿 does not occur when the 
variation is taken with respect to mechanical quantities.

The last integral in the last equation of (34) can be calculated by splitting the variation 𝛿𝜒𝑘,𝐽 into tangential and normal gradient 
components as

𝛿𝜒𝑘,𝐽 =𝐷
(𝑡)
𝐽
𝛿𝜒𝑘 +𝑁𝐽𝐷

(𝑛)𝛿𝜒𝑘,

𝐷
(𝑡)
𝐽

≡ (𝛿𝐽𝐾 −𝑁𝐽𝑁𝐾 )𝜕𝐾 ,

𝐷(𝑛) ≡𝑁𝐾𝜕𝐾,

(37)

so that it can be simplified into

∫
𝜕0

1
2
(
Σ𝐼𝐽𝐾 𝜒𝑘,𝐼 𝛿𝜒𝑘,𝐽 +Σ𝐼𝐽𝐾 𝜒𝑘,𝐽 𝛿𝜒𝑘,𝐼

)
𝑁𝐾 d𝛤 = ∫

𝜕0

𝑇
(𝑡)
𝑘
𝛿𝜒𝑘 d𝛤 + ∫

𝜕0

𝑇
(𝑛)
𝑘
𝐷(𝑛)𝛿𝜒𝑘 d𝛤 , (38)

where

𝑇
(𝑡)
𝑘

= 1
2
[
Σ𝐼𝐽𝐾𝑁𝐾 (𝑁𝐽 𝜒𝑘,𝐼 +𝑁𝐼 𝜒𝑘,𝐽 )𝐷

(𝑡)
𝐿
𝑁𝐿 −𝑁𝐾 (𝜒𝑘,𝐼𝐷

(𝑡)
𝐽
Σ𝐼𝐽𝐾 + 𝜒𝑘,𝐽𝐷

(𝑡)
𝐼
Σ𝐼𝐽𝐾 )

− Σ𝐼𝐽𝐾 (𝜒𝑘,𝐼𝐷
(𝑡)
𝐽
𝑁𝐾 + 𝜒𝑘,𝐽𝐷

(𝑡)
𝐼
𝑁𝐾 )

]
,

𝑇
(𝑛)
𝑘

= 1
2
Σ𝐼𝐽𝐾𝑁𝐾

(
𝜒𝑘,𝐼𝑁𝐽 + 𝜒𝑘,𝐽𝑁𝐼

)
.

(39)

Detailed derivations can be found in Appendix A.
In a similar approach, the second integral of (33) can be derived as

∫
′
0

−𝛿𝛹̄Elec(,𝑬;𝛿𝝌) d𝑉 = ∫
𝜕′

0

𝑆MWE
𝐼𝐽

𝜒𝑘,𝐼𝑁
′
𝐽
𝛿𝜒𝑘 d𝛤 + ∫

𝜕′
∞

𝑆MWE
𝐼𝐽

𝜒𝑘,𝐼𝑁
′
𝐽
𝛿𝜒𝑘 d𝛤 − ∫

′
0

(𝑆MWE
𝐼𝐽

𝜒𝑘,𝐼 ),𝐽 𝛿𝜒𝑘 d𝑉 , (40)

where the second Piola-Maxwell stress in the surrounding free space 𝐒MWE is defined as

𝑆MWE
𝐼𝐽

∶= 𝐽𝜖0𝐸𝐿𝐶
−1
𝐿𝐼
𝐶−1
𝐽𝑀

𝐸𝑀 − 1
2
𝐽𝜖0𝐸𝐿𝐶

−1
𝐿𝑀

𝐸𝑀𝐶−1
𝐼𝐽
. (41)

The Eulerian counterpart of 𝑆MWE
𝐼𝐽

can thus be obtained as

𝝈MWE ∶= 𝜖0 𝒆⊗ 𝒆− 1
2
𝜖0(𝒆 ⋅ 𝒆) 𝐈. (42)

On use of 𝐸𝐿 = −∇𝐿𝛷 and 𝛷 must satisfy (13) in ′, it can be assumed that 𝛷 ∼ 1∕|𝐱| as |𝐱|→∞, so that 𝐸𝐿 ∼ 1∕|𝐱2| as |𝐱|→∞
and thus the second integral in (40) vanishes [31]. It is immediately evident that 𝐒MWE is symmetric, as there is no polarization in the 
free space, and thus 𝒅Env = 𝜖0𝒆. However, in the dielectric solid 𝐒MW may not be symmetric. Nonetheless, the rotational balance of 
the dielectric solid mandates that the total stress 𝐒tot ∶= 𝐒−∇𝚺+𝐒MW must be symmetric [60]. Therefore, the terms with alternating 
indices in the last equation of (34) can be combined and thus simplified. Collecting all parts, (33) can be reformulated as

𝛿𝛱(𝝌 ,𝛷;𝛿𝝌) = ∫
𝜕𝑇0

[
(𝑆𝐼𝐽 −Σ𝐼𝐽𝐾,𝐾 + 𝑆MW

𝐼𝐽
− 𝑆MWE

𝐼𝐽
) 𝜒𝑘,𝐼𝑁𝐽 + 𝑇

(𝑡)
𝑘

− 𝑇̄𝑘
]
𝛿𝜒𝑘 d𝛤

− ∫
0

[(
(𝑆𝐼𝐽 −Σ𝐼𝐽𝐾,𝐾 + 𝑆MW

𝐼𝐽
) 𝜒𝑘,𝐼

)
,𝐽
+𝐵𝑘

]
𝛿𝜒𝑘 d𝑉 − ∫

′
0

(𝑆MWE
𝐼𝐽

𝜒𝑘,𝐼 ),𝐽 𝛿𝜒𝑘 d𝑉

+ ∫
𝜕𝑅0

(𝑇 (𝑛)
𝑘

− 𝑅̄𝑘)𝐷(𝑛)𝛿𝜒𝑘 d𝛤 ,

(43)

where 𝑵 ′ = −𝑵 on 𝜕0 has been applied in the first integral. The mechanical governing equations can be obtained by satisfying the 
stationary conditions (29) as

⎧⎪⎪⎨⎪⎪⎩

(
(𝑆𝐼𝐽 −Σ𝐼𝐽𝐾,𝐾 + 𝑆MW

𝐼𝐽
) 𝜒𝑘,𝐼

)
,𝐽
+𝐵𝑘 = 0 in 0,

(𝑆𝐼𝐽 −Σ𝐼𝐽𝐾,𝐾 + 𝑆MW
𝐼𝐽

− 𝑆MWE
𝐼𝐽

) 𝜒𝑘,𝐼𝑁𝐽 + 𝑇
(𝑡)
𝑘

= 𝑇̄𝑘 on 𝜕𝑇
0 ,

(𝑆MWE
𝐼𝐽

𝜒𝑘,𝐼 ),𝐽 = 0 in ′
0,

𝑇
(𝑛)
𝑘

= 𝑅̄𝑘 on 𝜕𝑅
0 .

(44)
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2.3.2. Electric governing equations

The variation of the total energy functional with respect to the electric potential can be written as

𝛿𝛱(𝝌 ,𝛷;𝛿𝛷) = ∫
0

(
𝛿𝛹̄Gib(,,𝑬;𝛿𝛷) +𝑄 𝛿𝛷

)
d𝑉 − ∫

′
0

𝛿𝛹̄Elec(,𝑬;𝛿𝛷) d𝑉 − ∫
𝜕𝑊0

𝑊̄ 𝛿𝛷 d𝛤

= ∫
0

(
−𝐷𝐿 𝛿𝐸𝐿 +𝑄 𝛿𝛷

)
d𝑉 + ∫

′
0

(
−𝐷Env

𝐿
𝛿𝐸𝐿

)
d𝑉 − ∫

𝜕𝑊0
𝑊̄ 𝛿𝛷 d𝛤

= ∫
𝜕𝑊0

(
𝐷𝐿𝑁𝐿 −𝐷Env

𝐿
𝑁𝐿 − 𝑊̄

)
𝛿𝛷 d𝛤 − ∫

0

(
𝐷𝐿,𝐿 −𝑄

)
𝛿𝛷 d𝑉 − ∫

′
0

𝐷Env
𝐿,𝐿

𝛿𝛷 d𝑉 + ∫
𝜕′

∞

𝐷Env
𝐿

𝑁 ′
𝐿
d𝛤 ,

(45)

where the last integral over 𝜕′
∞ vanishes due to the same reason mentioned in the last section. The electric governing equations can 

thus be obtained by (29) as

⎧⎪⎨⎪⎩
𝐷𝐿,𝐿 =𝑄 in 0,(
𝐷𝐿 −𝐷Env

𝐿

)
𝑁𝐿 = 𝑊̄ on 𝜕𝑊

0 ,

𝐷Env
𝐿,𝐿

= 0 in ′
0.

(46)

Therefore, (44) and (46) form the complete strong form governing equations for the dielectric system.

3. Consistent linearization and numerical implementation

In this section, a numerical approach is developed to solve the boundary value problem as defined by the strong form governing 
equations (44) and (46). Isogeometric analysis (IGA) framework is employed to model the higher order continuity required by 
the smoothness of strain gradient in the dielectric solid. For this purpose, a degree 𝑝 = 3 is utilized. Given the involvement of 
electromechanical coupling and finite deformation, the problem inherently becomes highly nonlinear. This complexity necessitates 
the linearization of the residual term, enabling the application of the Newton-Raphson algorithm for iterative solution searching. For 
implementation the code is developed based on an open-source MATLAB library NLIGA [61].

In light of (34), the weak form formulation for total energy functional with respect to both 𝛿𝝌 and 𝛿𝛷 can be rewritten as

𝛿𝛱(𝝌 ,𝛷;𝛿𝝌 , 𝛿𝛷) = ∫
0

(
(𝑆𝐼𝐽 + 𝑆MW

𝐼𝐽
) 𝛿𝐼𝐽 +Σ𝐼𝐽𝐾 𝛿𝐼𝐽𝐾 −𝐷𝐿 𝛿𝐸𝐿 +𝑄 𝛿𝛷 −𝐵𝑖 𝛿𝜒𝑖

)
d𝑉

+ ∫
′
0

(
𝑆MWE
𝐼𝐽

𝛿𝐼𝐽 −𝐷Env
𝐿

𝛿𝐸𝐿

)
d𝑉 − ∫

𝜕𝑇0
𝑇̄𝑖 𝛿𝜒𝑖 d𝛤 − ∫

𝜕𝑅0
𝑅̄𝑖 𝐷

(𝑛)𝛿𝜒𝑖 d𝛤 − ∫
𝜕𝑊0

𝑊̄ 𝛿𝛷 d𝛤 .
(47)

Within each time step 𝑖, the residual of the discrete total energy functional can be defined as 𝑒𝑠(𝝌 𝑖,𝛷𝑖, 𝛿𝝌 , 𝛿𝛷) = 𝛿𝛱(𝝌 𝑖,𝛷𝑖;𝛿𝝌 , 𝛿𝛷). 
The residual is then linearized for the construction of the tangent stiffness matrix. Subsequently, the Newton-Raphson method is 
employed to solve the resultant linear system and iteratively update the values of displacement and electric potential until they meet 
a predefined convergence criterion. The linearization process begins with the calculation of a truncated Taylor expansion of the 
residual as

Lin𝑒𝑠(𝝌 𝑖,𝛷𝑖, 𝛿𝝌 , 𝛿𝛷) =𝑒𝑠(𝝌 𝑖,𝛷𝑖, 𝛿𝝌 , 𝛿𝛷) +
𝜕𝑒𝑠(𝝌 ,𝛷, 𝛿𝝌 , 𝛿𝛷)

𝜕𝝌

|||𝑖Δ𝝌 +
𝜕𝑒𝑠(𝝌 ,𝛷, 𝛿𝝌 , 𝛿𝛷)

𝜕𝛷 
|||𝑖Δ𝛷. (48)

The solution is sought by requiring the residual to vanish, yielding

𝜕𝑒𝑠(𝝌 ,𝛷, 𝛿𝝌 , 𝛿𝛷)
𝜕𝝌

|||𝑖Δ𝝌 +
𝜕𝑒𝑠(𝝌 ,𝛷, 𝛿𝝌 , 𝛿𝛷)

𝜕𝛷 
|||𝑖Δ𝛷 = −𝑒𝑠(𝝌 𝑖,𝛷𝑖, 𝛿𝝌 , 𝛿𝛷), (49)

which can be rearranged into the following algebraic system of equations for increments {Δ𝝌 ,Δ𝛷} in matrix-vector notation:[
𝐊𝜒𝜒 𝐊𝜒𝛷

𝐊𝛷𝜒 𝐊𝛷𝛷

]
⋅
[
Δ𝝌
Δ𝛷

]
= −

[𝜒𝛷

]
. (50)

Detailed derivation of the variation of the residual 𝑒𝑠 can be found in Appendix B. After solving the linear system, the nodal 
displacements and electric potentials are updated until reaching the convergence criterion via

𝝌 𝑖+1 = 𝝌 𝑖 +Δ𝝌 ,

𝛷𝑖+1 =𝛷𝑖 +Δ𝛷.
(51)
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Fig. 3. Schematic of a cantilever beam with (a) open circuit setting and (b) closed circuit setting. 

4. Numerical examples of linear flexoelectricity

This section presents a cantilever beam subjected to a tip load, which is a widely adopted benchmark case in the context of linear 
flexoelectricity, to verify the proposed nonlinear flexoelectric framework. For material characterization in both scenarios, we employ 
the Saint-Venant-Kirchhoff model, details of which can be found in Appendix C.

The cantilever beam model is the simplest model for the illustration of a nanogenerator. As shown in Fig. 3, the beam with 
dimensions 𝐿 ×𝐻 is fixed at the left-end and a tip load is applied to the top right-end. Two electrical boundary conditions, namely 
open and closed circuit settings, are studied. In the open circuit setting, the right end is grounded, i.e. zero electrical potential is 
applied. In the closed circuit setting, the top edge of the beam is grounded while an electrode is deposited on the bottom edge to 
prescribe an electric potential 𝑉 . Due to the electromechanical coupling effect, the mechanical deformation can generate electric 
energy. The performance of the energy conversion can be evaluated by the electromechanical coupling factor, defined as

𝑘2eff ∶=
𝑊elec
𝑊mech

=
∫ 1

2 𝜖𝑬 ⋅𝑬 d𝑉

∫ 1
2 𝝈 ∶ 𝜺d𝑉 

, (52)

where 𝑊elec and 𝑊mech represent electrical energy and mechanical energy, respectively. The normalized effective piezoelectric coef
ficient (NEPC) 𝜂⋆ can thus be defined as

𝜂⋆ ∶=
𝑘eff
𝑘piezo

, (53)

where 𝑘piezo represents the electromechanical coupling factor for nonflexoelectric materials.
If the problem is restricted to 1D, i.e. only 𝜎11 in stress 𝝈 and 𝐸2 in electric field 𝑬 are non-zero, the analytical solution of the 

electromechanical coupling factor has been derived (originally in [62] and corrected in [55]) as

𝑘1Deff =
𝛼

1 + 𝛼

√
1 
𝜖𝑌

(
𝜂2T + 12

(𝜇T
𝐻

)2
)
, (54)

where 𝛼 ∶= 𝜖∕𝜖0 −1 is the electric susceptibility, 𝑌 is the Young’s modulus of the dielectric, 𝜂T and 𝜇T are the transversal piezoelectric 
and transversal flexoelectric coefficient, respectively. In this case, the NEPC can be expressed analytically as

𝜂⋆1D =
𝑘1Deff

𝑘1Dpiezo

=

√
1 + 12

(
𝜇T
𝜂T𝐻

)2
. (55)

A simplified model is numerically computed for comparison with the analytical solution. The material parameters for a single barium 
titanate (BaTiO3) crystal are adopted from [45] and are listed as follows: 𝑌 = 100 GPa, Poisson’s ratio 𝜈 = 0, 𝜂211 = 𝜂T = −4.4 C∕m2, 
𝜇1221 = 𝜇2112 = 𝜇T = 1 𝜇C∕m, 𝜖 = 12.48 nC∕Vm, 𝜖0 = 8.854 × 10−12 C∕Vm. The load data is 𝐹 = 100 μN. The beam thickness is 
normalized by 𝐻0 = −𝜇T∕𝜂T and the beam length is set at 𝐿 = 20𝐻 . The analytical and numerical results for this simplified 1D 
problem can be seen in Fig. 4 and an excellent agreement is observed. It is also observed that the electric performance of the beam 
enhances with decreasing thickness, attributable to the size-dependent nature of flexoelectricity. Conversely, as the beam thickness 
increases, the Normalized Electric Polarization Coefficient (NEPC) steadily decreases and converges to 1, indicating the diminishing 
significance of the flexoelectric effect in thicker beams.

A more realistic case study considering the 2D effect of the material has also been conducted. For this analysis, a Poisson’s 
ratio 𝜈 = 0.37 is employed. Besides the transversal flexoelectric effect, the longitudinal flexoelectric effect is incorporated, assigning 
𝜇1111 = 𝜇2222 = 𝜇𝐿 = 1 𝜇C∕m. The remaining parameters are kept consistent with the 1D case. The results, presented in Fig. 4, indicate 
that while the trend of the Normalized Electric Polarization Coefficient (NEPC) with normalized beam thickness remains consistent, 
the magnitude of NEPC is notably lower compared with the 1D case. Specifically, at the reference thickness 𝐻0 , the NEPC is almost 
half of what it is in the 1D case. Additionally, NEPC values are evaluated under a closed circuit setting, keeping the same material 
parameters and allowing the electric potential of the bottom edge to be free. NEPC values in the closed circuit setting are slightly 
lower than those in the open circuit setting in 2D case, which aligns with findings reported in previous literature [45].

In the second case, which focuses on the closed circuit setting, we investigate a scenario of pure electric loading by setting 𝐹 = 0 N
and 𝑉 = −8𝐻 MV. Under this electric loading, the beam undergoes deflection. This occurs because the flexoelectric effect couples 
the electric field with the strain gradient, causing the beam to bend similarly to an actuator, thereby generating a bending curvature. 
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Fig. 4. (a) Normalized effective piezoelectric coefficient 𝜂⋆ with normalized beam thickness 𝐻∕𝐻0 . 

Fig. 5. Results of the closed circuit setting: (a) curvature of the beam with respect to the size; (b) electric field over the thickness of the cantilever beam. 

The magnitude of the bending curvature is dependent on the size of the beam. As shown in Fig. 5(a), the results demonstrate good 
agreement with experimental findings reported in [63]. The distribution of the vertical electric field across the beam, as depicted 
in Fig. 5, reveals that the electric field remains approximately uniform throughout most of the beam’s thickness, with an exception 
near the edges where a sudden drop occurs. This high electric field gradient, characterized by an opposite sign at the edges, induces 
significant local stress due to the converse flexoelectric effect, consequently generating a clockwise moment. These findings are 
consistent with the literature [45,55]. Notably, the nonlinear flexoelectric model exhibits more fluctuations in the electric field 
compared with its linear counterpart.

5. Numerical examples of nonlinear flexoelectricity undergoing finite deformation

This section showcases the capability of the proposed nonlinear flexoelectric model to simulate finite deformations in a cantilever 
beam. The deformations are induced either by mechanical loading in the open circuit setting or by electric loading in the closed 
circuit setting. The model setups are similar to those depicted in Fig. 3, with adjustments to the external load conditions. The same 
geometrical and material parameters are used for both cases: thickness 𝐻 = 1 μm, length 𝐿 = 20𝐻 , Young’s modulus 𝑌 = 1 GPa, 
Poisson’s ratio 𝜈 = 0.3, dielectric constant 𝜖 = 0.092 nC∕Vm and characteristic length 𝑙𝑠 = 0, corresponding to polyvinylidene fluoride 
(PVDF). The Neo-Hookean model, detailed in Appendix C, is utilized to characterize the properties of the hyperelastic material, 
including the mechanical stress term and the related tangent stiffness tensor. The flexoelectric coefficient tensor 𝝁 includes three 
independent constants: the longitudinal coefficient 𝜇𝐿 (corresponding to components 𝜇1111 and 𝜇2222 in 2D case), the transversal 
coefficient 𝜇𝑇 (corresponding to 𝜇1221 and 𝜇2112), and the shear coefficient 𝜇𝑆 (corresponding to 𝜇1122, 𝜇2211, 𝜇1212 and 𝜇2121). In the 
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Fig. 6. (a) Screenshots on deformed configuration and electric distribution of the beam under incrementally applied moments with 𝜇𝐿 = 0 and 𝜇𝑇 = 10 nC∕m. (b) 
Evolution of the maximum electric potential with normalized applied moment.

forthcoming simulations, the impact of 𝜇𝑇 and 𝜇𝐿 will be studied, whereas 𝜇𝑆 is assumed zero as its significance is comparatively 
negligible [23]. Electric breakdown concerns are also omitted, implying that the dielectric can withstand any electric field without 
turning conductive. A convergence rate criterion tolerance of 10−3 and a mesh size of 𝐻∕5 are maintained in all simulations.

5.1. Finite deformation under mechanical loading

The first example involves finite deformation resulting from mechanical causes. Specifically, a moment (directed inwards, as 
per the paper’s perspective) instead of a force is applied to the right end of the beam depicted in Fig. 3(a). Due to the flexoelectric 
coupling, an electric potential redistribution across the beam is expected. As the applied moment increases, the beam undergoes finite 
deformation and eventually rolls up to form a circle at a certain level of applied moment, as illustrated in Fig. 6(a). It is observed 
that after deformation, the top edge of the beam exhibits positive electric potentials, while negative potentials are attributed to the 
bottom edge. Furthermore, the absolute value of the electric potential escalates with the degree of deformation. 

In light of such phenomenon, various combinations of 𝜇𝑇 and 𝜇𝐿 are explored to compare the maximum electric potential gen
erated during deformation. The outcomes of these comparisons are presented in Fig. 6, where the 𝑥-axis is normalized by a moment 
𝑀0 = 30 Nm. These results highlight that 𝜇𝑇 plays a pivotal role in the electric performance, as the highest electric potential is 
achieved when 𝜇𝑇 alone is assigned a large value. It is also noted that when either 𝜇𝑇 or 𝜇𝐿 is used independently, the electric 
potential increases linearly with the applied moment. This near-linear behavior, despite the nonlinear material model, is attributed 
to the pure bending load, where the resulting strain gradients are approximately proportional to the applied moment over the defor
mation range studied. However, when both are used simultaneously, the relationship between electric potential and applied moment 
transitions into a nonlinear one, due to the more complex coupling terms in the energy functional.

5.2. Finite deformation under electric loading

In the previous example, the direct flexoelectric effect in the nonlinear regime was demonstrated. In this example, we focus on 
the converse effect, where the beam functions as an actuator under electric loading. As depicted in Fig. 3(b), a large electric potential 
is applied to the top edge of the beam under closed circuit conditions, while the tip load is removed. The applied electric potential 
induces a transversal electric field across the beam’s thickness, resulting in a non-uniform strain field due to the flexoelectric effect, 
and elongation of the beam due to the Maxwell effect. Fig. 7 exhibits the axial elongations of the beam assigning various transversal 
flexoelectric coefficients. The numerical results obtained by our model agree well with the referenced first-order approximation 
derived in [23], especially for low applied electric potentials based on which the analytical results are obtained. Remarkably, the 
elongations tend to increase under large transversal flexoelectric coefficients, indicating perfectly the contribution of flexoelectricity 
to the Maxwell stress.

Upon the same electric loading, the bending curvature of the beam has been theoretically derived to be uniform [23]. Conse
quently, the beam can deform into a circular shape with sufficient electric loading, as demonstrated in Fig. 8(a). Numerically, the 
bending curvature is recorded at each incremental time step under various combinations of flexoelectric coefficients. This curvature 
is normalized by the curvature needed to form a closed circle, denoted as 𝜌−1o (𝛷) = 2𝜋∕𝐿̂(𝛷), where 𝐿̂(𝛷) represents the axial length 
of the beam after elongation. The results are presented in Fig. 8(b). It is observed that the transversal flexoelectric coefficient 𝜇𝑇
significantly influences the rate of curvature evolution. A negative longitudinal flexoelectric coefficient 𝜇𝐿 enhances this rate, while 
a positive 𝜇𝐿 diminishes it. If only a positive 𝜇𝐿 is applied to the flexoelectric tensor, the beam bends in the opposite direction 
(clockwise). This finding aligns with the results reported in [23]. 

Applied Mathematical Modelling 150 (2026) 116327 

12 



X. Zhuang, H. Hu, S.S. Nanthakumar et al. 

Fig. 7. Normalized elongation of the beam under an increasing applied electric potential. 𝛷0 = 1 [kV]. Unit of 𝜇𝑇 : [nC/m]. 

Fig. 8. Screenshots on deformed configuration and electric distribution under incrementally applied electric loading on the top edge with 𝜇𝐿 = 0 and 𝜇𝑇 = 10 nC∕m. 
(b) Evolution of the normalized curvature with the normalized electric loading. 𝛷0 = 1.5 [kV].

6. Numerical examples on dielectric solid immersed in free space

6.1. Dielectric bulk in free space

This section investigates problems concerning dielectric solids immersed in free space. It includes a well-established problem, as 
presented by Vu and Steinmann [42], which serves to verify the proposed framework. A square plate with a square hole at center is 
considered to be immersed in the free space, as shown in Fig. 9. To facilitate simulation, the infinite outer free space is truncated. The 
dimension of the truncated outer free space, the plate and the inner free space are 120 μm×120 μm, 60 μm×60 μm, and 30 μm×30 μm, 
respectively. Two electrodes, with applied electric potential +𝛷𝑎 and −𝛷𝑎, are attached to the upper and lower edge of the plate, 
forming a closed circuit, where 𝛷𝑎 = 500 V. In this setup, the lower-left corner of the plate is fixed. Vertical displacements are 
restrained on the upper and lower edges of the plate within specific ranges: for −30 μm ≤ 𝑥 ≤ −24 μm and +24 μm ≤ 𝑥 ≤ +30 μm, 
taking the center point as the origin. Fig. 9 also illustrates the IGA mesh used in the simulation. Both the outer free space and the 
plate are composed of multi-patch IGA meshes.

To align with numerical examples in [42], for this particular case the electric Gibbs free energy density of the material is tailored 
into

𝛹̄Gib
bulk(,𝑬) = 𝛹Elast () + 𝛼𝑰 ∶𝑬 ⊗𝑬 + 𝛽𝐂 ∶𝑬 ⊗𝑬 − 1

2
𝜖𝐽𝐂−1 ∶𝑬 ⊗𝑬, (56)

where Neo-Hookean material model is used for the determination of 𝛹Elast with Lamé constants 𝜆̂ = 0.06 MPa and 𝜇̂ = 0.05 MPa, 
𝛼 = 0.2𝜖0 and 𝛽 = 2𝜖0 are material constants and 𝜖 = 5𝜖0. Note that the electromechanical coupling effects (piezoelectricity and 
flexoelectricity) are not considered in this case. The two extra energy terms are constructed based on the invariants 𝐼4 ∶= 𝑰 ∶𝑬⊗𝑬

and 𝐼5 ∶=𝐂 ∶𝑬 ⊗𝑬 [42].
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Fig. 9. IGA mesh exhibiting the bulk (red) and the free space (blue). 

When modeling free space, a key consideration is the absence of elastic bonds among the nodes representing air (or vacuum). This 
characteristic renders the displacement of these degrees of freedom extremely sensitive to even slight external stimuli, often leading 
to numerical instabilities. To address this challenge effectively, the energy density functional for free space is modified as suggested 
by Ortigosa et al. [64]. This modification ensures stable simulation results by accounting for the unique nature of free space in the 
computational model.

𝛹̄space(,𝑬) = 𝛾

2 
(𝐅− 𝐈) ∶ 0 ∶ (𝐅− 𝐈) − 1

2
𝜖0(𝑬 ⋅𝑬). (57)

The first term in (57) represents a pseudoelastic energy term, designed to ensure smooth interpolation of energy between the 
bulk material and the free space. This is achieved by using a dimensionless coefficient 𝛾 = 10−15 and 0, the fourth-order linear 
elasticity tensor, which can be numerically determined by evaluating the elasticity tensor of the bulk material in its undeformed 
state, where 𝐅 = 𝐈. Regarding the second term in (28), a notable modification compared to the original functional (28) is the removal 
of the dependency on the deformation gradient. This adaptation is necessary due to the high non-convexity of the original energy 
functional with respect to the deformation gradient, leading to instability as discussed in [64]. Therefore, we use this stable version 
of the energy functional for free space (57) in both this and the following sections. It is important to note that this simplification 
might lead to accuracy losses in evaluating the Maxwell stress in free space. However, as suggested in [44], the difference between 
the two formulations in post-evaluation tests falls within an acceptable tolerance.

The simulation results are plotted in Fig. 10. In addition to the results for the plate with its surrounding free space, results for a 
single plate under identical boundary conditions and electric charge are presented for comparison. It is apparent that the material 
exhibits increased deformation when the influence of free space is considered. For a more detailed analysis, the vertical displacements 
along the top edge of the bulk material in both scenarios are extracted and illustrated in Fig. 11(a). These results align closely with 
those reported in previous literature [42,44]. Furthermore, the findings underscore the increased importance of considering free space 
in the context of finite deformation. This is evident as the results derived from a small electric charge display a smaller difference 
between the two scenarios, as shown in Fig. 11(b). Indeed, the Maxwell stress is considered significant only for soft materials with 
Young’s modulus at the order of 0.1 GPa, where the Maxwell stress before electric breakdown can account for around 1% strain 
[19].

6.2. Flexoelectric beam in free space

A novel case study investigates the bending of a flexoelectric beam in free space, subject to an external electric field applied at 
a distance. This setup is depicted in Fig. 12. The free space surrounding the beam is truncated to dimensions of 100 μm × 80 μm
while the beam itself measures 50 μm × 10 μm. Constant electric potentials, +𝛷𝑎 and −𝛷𝑎, are applied to the top and bottom edges 
of the truncated free space, respectively, creating a vertical electric field within it. Initially, the beam is positioned horizontally, 
with its center point aligned with that of the truncated free space. The material parameters for the beam in the simulation include 
Young’s modulus 𝑌 = 1 MPa, Poisson’s ratio 𝜈 = 0.1, dielectric constant 𝜖 = 5𝜖0, transversal flexoelectric coefficient 𝜇𝑇 = 10 nC∕m, 
and material length parameter 𝑙𝑠 = 0.1 μm for the strain gradient elasticity. The piezoelectric effect is not considered in this scenario. 
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Fig. 10. Distribution of electric potential in deformed configuration for (a) bulk in free space; (b) bulk only. Unit: [V]. 

Fig. 11. Distribution of vertical displacement on the top edge of the bulk under electric charge (a) 𝛷𝑎 = 500 V; (b) 𝛷𝑎 = 50 V. 

Fig. 12. Schematic of a beam immersed in the free space with electric potential applied at far field. 
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Fig. 13. (a) Electric potential distribution of the computing area; (b) schematic of traction forces due to the Maxwell stress; (c) magnitude of traction forces due to the 
Maxwell stress with respect to the normalized time. 𝛷𝑎 = 20 kV and 𝜖 = 5𝜖0 . The dashed boundary indicates the initial state.

The mechanical boundary conditions are as follows: the top and bottom edges of the truncated free space are fixed, while the 
remaining edges are free. The vertical midline across the beam’s thickness is constrained in the 𝑥 direction, and only the center point 
is additionally restrained in the 𝑦 direction to prevent rigid body motion. All edges of the beam are traction-free.

The impact of the Maxwell stress effect is firstly examined by setting the flexoelectric coefficient to zero and the applied electric 
potential 𝛷𝑎 to 20 kV. Consequently, the beam elongates in the length direction and shortens in the thickness direction, as shown in 
Fig. 13(a), where the dashed red boundary represents the beam’s initial configuration. This phenomenon aligns with experimental 
evidence reported in the literature [28,30,65]. Furthermore, the presence of the dielectric modifies the distribution of electric potential 
throughout the computing area, reducing the potential gradient around itself. In the absence of a dielectric in the free space or if its 
dielectric constant is equal to 𝜖0 , the electric potential would typically decrease linearly from the top to the bottom edge. However, 
to satisfy the jump condition (9) at the interface between the dielectric and free space, the electric field inside the dielectric becomes 
smaller than that outside. This observation suggests that the Maxwell stress near the interface in the free space is greater than 
that within the dielectric, as per (36) and (42). To corroborate this hypothesis, traction forces attributable to Maxwell stress are 
evaluated on both sides of the free space-dielectric interface. These forces are depicted in Fig. 13(b), where their magnitudes are 
scaled for visualization, but their directions and reaction locations are accurately represented. It is observed that the traction force 
due to Maxwell stress in free space indeed exceeds that within the dielectric, leading to a net compressive force along the beam. In 
Fig. 13(b), two points on the interface, labeled as point ‘A’ and point ‘B’, are examined further. Due to the symmetric conditions of the 
setup, the Maxwell-induced traction forces at these points possess only vertical components. The evolution of these forces, relative to 
normalized time, is depicted in Fig. 13(c). Given the symmetric deformation of the beam with respect to its horizontal midline, the 
magnitudes of the Maxwell-induced traction forces at points ‘A’ and ‘B’ are identical when measured on the same side of the interface. 
It is observed that the net compression forces, which result from the difference in Maxwell stress across the interface, escalate more 
rapidly than a linear relationship with respect to normalized time.

Incorporating the flexoelectric effect, the beam exhibits bending in response to the electric field, as depicted in Fig. 14. Besides, the 
convergence analysis is provided in Fig. 15. The figures on the left side of Fig. 14 illustrate the electric field in the vertical direction, 
as the horizontal component is insignificant in comparison. The results demonstrate a decrease in the electric field intensity within 
the beam with an increase in the dielectric constant, leading to a reduced bending extent. This phenomenon is attributed to the fact 
that the double stress driving the bending motion is directly influenced by the electric field, as established in (31). Upon bending, the 
magnitude of traction forces due to Maxwell stress at points ‘A’ and ‘B’ on both the free space and dielectric sides begins to diverge, 
as shown on the right side of Fig. 14. This divergence indicates a loss of symmetry relative to the horizontal midline. However, 
this symmetry can be partially restored by employing a high dielectric constant for the material. In such scenarios, as illustrated in 
Fig. 14(e)(f), the mechanical response of the beam becomes less distinct, suggesting that the beam gets ‘stiffened’ with an increased 
dielectric constant. Consequently, it becomes less responsive to external electrical or mechanical stimuli, and the influence of the free 
space on its behavior becomes minimal. 

The influence of the Maxwell stress effect is further investigated by comparing the results obtained using the proposed numerical 
framework with those from linear flexoelectricity. In the theory of linear flexoelectricity, the state variables are not deformation
dependent. The variations in dielectric and flexoelectric energy with respect to deformation become zero, and thus the Maxwell stress 
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Fig. 14. Schematic of electric field distribution and beam bending (a)(c)(e) and magnitude of traction forces due to the Maxwell stress with respect to the normalized 
time (b)(d)(f). The applied electric potential 𝛷𝑎 = 5 kV and dielectric constant for (a)(b) 𝜖 = 5𝜖0 ; (c)(d) 𝜖 = 10𝜖0 ; (e)(f) 𝜖 = 20𝜖0 . Unit of 𝐸𝑒𝑦

: [V/m].

vanishes. Using the same material parameters as in linear elasticity, the differences in displacement and electric potential distribution 
of the dielectric solid are quantified, as shown in Fig. 16. A total of 50×50 points are equidistantly sampled in the parametric space, 
and the difference is computed in percentage with increasing applied voltage up to 15 [kV]. It is observed that the differences in both 
displacement and electric potential increase steadily with the applied voltage. When the applied voltage reaches 10 kV, the Maxwell 
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Fig. 15. Convergence analysis of 𝑒𝑟𝑟ℎ = |𝛷 −𝛷𝑟𝑒𝑓 |∕|𝛷𝑟𝑒𝑓 | with respect to the element size ℎ. 𝛷𝑟𝑒𝑓 is taken from the results of ℎ= 10−6 [m]. 

Fig. 16. The influence of Maxwell stress effect in the results difference in percentage of (a) displacement and (b) electric potential by comparing results obtained using 
the proposed numerical framework and those using linear flexoelectricity.

stress effect becomes significant, accounting for around 8% of the deformation and electric potential. The influence of the Maxwell 
stress effect on deformation is illustrated in Fig. 17, where the dielectric is further compressed in the direction of the electric field as 
a result of the Maxwell stress compared with linear flexoelectricity results. 

Finally, we would like to note that the use of the pure Lagrangian frame in this study may limit the extent of large deformations 
in simulations involving free space, due to the potential for significant mesh distortion. Despite these computational challenges, it’s 
worth noting that these limitations do not detract from the validity of our findings, as the trends observed when varying control 
parameters remain consistent and reasonable. Nevertheless, techniques that can potentially overcome these drawbacks, e.g. adopting 
an Eulerian frame, will be the focus of our future investigations.

6.3. Bursting drops in high voltage electric field

In this final example, we aim to elucidate the numerical simulation of a well-documented physical phenomenon—the bursting 
drops under a high voltage electric field, leading to the formation of a Taylor cone, as observed in in situ experiments [66]. Numerical 
modeling approaches to this phenomenon diverge, generally falling into two distinct categories based on their problem settings. 
The first category models the drop as a dielectric solid within free space [21,22], as illustrated in Fig. 18(a). In contrast, the second 
category depicts a conductive liquid drop immersed in a dielectric polymer [67,68], as shown in Fig. 18(b). It is critical to note that the 
approaches accurately capturing the bursting drop phenomenon align with the second category. Firstly, considering the conductive 
nature of water drops, the electric field inside such a drop is effectively neutralized, leading to zero magnitude. Modeling the drop 
as a dielectric solid inadvertently introduces an internal non-zero electric field, contradicting experimental evidence. Additionally, 
insights from the previous section suggest that Maxwell stress effect tends to compress the dielectric solid in the direction of the 
electric field rather than stretching it along this field.
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Fig. 17. Deformation of the dielectric solid at 𝛷𝑎 = 10 [kV]. 

Fig. 18. Problem configurations of the bursting drop simulation. (a) A dielectric solid with a droplet shape immersed in the surrounding free space. (b) A water drop 
with surrounding dielectric solid medium. Dimension of the surrounding medium: 1.3 [mm]×1.3 [mm], radius of the drop: 0.3 [mm]. Material parameters for the 
solid: Neo-hookean material with 𝑌 = 0.01 [MPa] and 𝜈 = 0.4 and 𝜖 = 5𝜖0 .

Simulation results using the first approach are presented in Fig. 19(b), where the droplet solid is observed to compress vertically 
rather than stretch under the electric field, which is in accordance with the experimental results of the deformation of a silicon oil 
in vertical electric field, as shown in Fig. 19(a). On the contrary, adopting the configuration outlined in Fig. 18(b) yields results in 
alignment with experimental findings shown in Fig. 20. Under such condition, the water drop elongates along the applied electric 
field, forming sharp tips at critically high external voltages.

7. Conclusions

In this work, we have developed a complete variational framework for modeling nonlinear flexoelectricity in dielectric soft ma
terials, critically accounting for the interaction with the surrounding free space. By deriving the strong equilibrium equations from a 
total energy functional, our approach ensures that the Maxwell stress emerges naturally without ad-hoc assumptions, and is thus vari
ationally consistent. The robust Isogeometric analysis framework was validated against established benchmarks in both infinitesimal 
and finite deformation scenarios before being used to investigate novel phenomena involving surrounding free space.

The primary contributions and key takeaways of this study are:

• Our approach derives the Maxwell stress tensor directly from the variational principle, providing a consistent formulation for 
flexoelectric materials undergoing finite deformation. This Maxwell stress naturally includes contributions from flexoelectric
ity.
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Fig. 19. (a) The photographs of a drop of silicon oil in castor oil in constant vertical electric fields [69], figure adopted with permission from the Royal Society; (b) 
Deformation of the droplet-shape solid upon increasing external electric field. Boundary conditions: upper and lower edge of the free space is fixed, vertical mid-line 
of the solid is fixed in the 𝑥-direction and only the center point is also fixed in the 𝑦-direction. Mesh is refined by 5-level h-refinement. 𝛷𝑎 = 40 [kV].

Fig. 20. (a) Morphological instability of a drop of conductive liquid in a dielectric polymer under electric fields [66], licensed under CC BY 4.0 https://creativecommons.
org/version4/; (b) Deformation of the water drop upon increasing external electric field. Boundary conditions: all four outer edges are fixed and the electric potential 
of the inner circle is prescribed zero. Mesh is refined by 5-level h-refinement. 𝛷𝑎 = 10 [kV].
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• The interaction with the surrounding free space was shown to significantly amplify the deformation of soft dielectrics. We 
demonstrated that a net compressive traction is generated on the dielectric’s surface in the direction of the electric field, arising 
from the larger Maxwell stress in the free space compared to that within the material.

• A higher dielectric constant makes the material mechanically ``stiffened'' in response to external electric loads. This effect di
minishes the material’s deformation and mitigates the influence of the surrounding free space, which provides insights for the 
design of electro-active devices.

• The framework successfully simulates the distinct behaviors of dielectric solids (which are compressed) and conductive liquid 
drops (which form Taylor cones) in an electric field, clarifying the physical mechanisms often grouped under the ``bursting drop'' 
phenomenon.

In addition, we identify the following open problems and challenges that could lead to significant new findings:

• The pure Lagrangian framework used in this study faces challenges with severe mesh distortion when modeling very large 
deformations, particularly in the free space domain. A future direction is the development of an Arbitrary Lagrangian-Eulerian 
(ALE) or a pure Eulerian framework to overcome these limitations.

• The theoretically rigorous electric energy functional for free space depends on the deformation gradient, leading to a highly non
convex formulation that causes severe numerical instabilities when simulating the mechanically compliant free space domain. 
While this work uses a stable energy functional, it may introduce inaccuracies at the interface. A significant challenge remains 
in developing fully-coupled formulations or stabilized numerical methods that are both theoretically accurate and numerically 
robust for large deformations of free space.
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Appendix A. Detailed derivation of the last integral of (34)

∫
𝜕0

1
2
[
Σ𝐼𝐽𝐾 𝜒𝑘,𝐼 𝛿𝜒𝑘,𝐽 +Σ𝐼𝐽𝐾 𝜒𝑘,𝐽 𝛿𝜒𝑘,𝐼 ]𝑁𝐾 d𝛤

= ∫
𝜕0

1
2
Σ𝐼𝐽𝐾𝑁𝐾

[
𝜒𝑘,𝐼 (𝐷

(𝑡)
𝐽
𝛿𝜒𝑘 +𝑁𝐽𝐷

(𝑛) 𝛿𝜒𝑘) + 𝜒𝑘,𝐽 (𝐷
(𝑡)
𝐼
𝛿𝜒𝑘 +𝑁𝐼𝐷

(𝑛) 𝛿𝜒𝑘)
]
d𝛤

= ∫
𝜕0

1
2

[
𝐷

(𝑡)
𝐽

(
Σ𝐼𝐽𝐾𝑁𝐾 𝜒𝑘,𝐼 𝛿𝜒𝑘

)
−𝑁𝐾𝐷

(𝑡)
𝐽
Σ𝐼𝐽𝐾 𝜒𝑘,𝐼 𝛿𝜒𝑘 −𝐷

(𝑡)
𝐽
𝑁𝐾Σ𝐼𝐽𝐾 𝜒𝑘,𝐼 𝛿𝜒𝑘

]
d𝛤

+ ∫
𝜕0

1
2

[
𝐷

(𝑡)
𝐼

(
Σ𝐼𝐽𝐾𝑁𝐾 𝜒𝑘,𝐽 𝛿𝜒𝑘

)
−𝑁𝐾𝐷

(𝑡)
𝐼
Σ𝐼𝐽𝐾 𝜒𝑘,𝐽 𝛿𝜒𝑘 −𝐷

(𝑡)
𝐼
𝑁𝐾Σ𝐼𝐽𝐾 𝜒𝑘,𝐽 𝛿𝜒𝑘

]
d𝛤

+ ∫
𝜕0

1
2
Σ𝐼𝐽𝐾𝑁𝐾

(
𝜒𝑘,𝐼𝑁𝐽𝐷

(𝑛) 𝛿𝜒𝑘 + 𝜒𝑘,𝐽𝑁𝐼𝐷
(𝑛) 𝛿𝜒𝑘

)
d𝛤 (A.1)

= ∫
𝜕0

1
2

[
𝐷

(𝑡)
𝐿
𝑁𝐿𝑁𝐽𝑁𝐾Σ𝐼𝐽𝐾 𝜒𝑘,𝐼 𝛿𝜒𝑘 +𝑁𝑄𝜃𝑄𝑃𝑀𝜕𝑃 (𝜃𝑀𝐿𝐽𝑁𝐿𝑁𝐾Σ𝐼𝐽𝐾 𝜒𝑘,𝐼 𝛿𝜒𝑘)

+𝐷
(𝑡)
𝐿
𝑁𝐿𝑁𝐼𝑁𝐾Σ𝐼𝐽𝐾 𝜒𝑘,𝐽 𝛿𝜒𝑘 +𝑁𝑄𝜃𝑄𝑃𝑀𝜕𝑃 (𝜃𝑀𝐿𝐼𝑁𝐿𝑁𝐾Σ𝐼𝐽𝐾 𝜒𝑘,𝐽 𝛿𝜒𝑘)

− (𝐷(𝑡)
𝐽
Σ𝐼𝐽𝐾 𝜒𝑘,𝐼 +𝐷

(𝑡)
𝐼
Σ𝐼𝐽𝐾 𝜒𝑘,𝐽 )𝑁𝐾 𝛿𝜒𝑘 − (𝐷(𝑡)

𝐽
𝑁𝐾 𝜒𝑘,𝐼 +𝐷

(𝑡)
𝐼
𝑁𝐾 𝜒𝑘,𝐽 )Σ𝐼𝐽𝐾 𝛿𝜒𝑘
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+ ∫
𝜕0

1
2
Σ𝐼𝐽𝐾𝑁𝐾

(
𝜒𝑘,𝐼𝑁𝐽 + 𝜒𝑘,𝐽𝑁𝐼

)
𝐷(𝑛) 𝛿𝜒𝑘

]
d𝛤

= ∫
𝜕0

𝑇
(𝑡)
𝑘
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𝜕0

𝑇
(𝑛)
𝑘
𝐷(𝑛) 𝛿𝜒𝑘 d𝛤 ,

where 𝜃𝑄𝑃𝑀 is the alternating tensor, and

𝑇
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𝑘

= 1
2
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𝑇
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𝑘
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(
𝜒𝑘,𝐼𝑁𝐽 + 𝜒𝑘,𝐽𝑁𝐼

)
.

(A.2)

Appendix B. Detailed derivation of the incremental change of 𝒆𝒔

Δ𝑒𝑠(𝝌 ,𝛷, 𝛿𝝌 , 𝛿𝛷;Δ𝝌 ,Δ𝛷) =
𝜕𝑅𝑒𝑠(𝝌 ,𝛷, 𝛿𝝌 , 𝛿𝛷)

𝜕𝝌
Δ𝝌 +

𝜕𝑅𝑒𝑠(𝝌 ,𝛷, 𝛿𝝌 , 𝛿𝛷)
𝜕𝜙 

Δ𝜙
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0
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𝐼𝐽𝐾𝐿
(𝛿𝐼𝐽𝐾𝐿Δ𝐸𝐿 + 𝛿𝐸𝐿Δ𝐼𝐽𝐾𝐿)

}
d𝑉

+∫
′
0

{
𝑆MWE
𝐼𝐽

(Δ𝛿)𝐼𝐽 +𝔾Elec
𝐼𝐽𝐾𝐿

𝛿𝐼𝐽 Δ𝐾𝐿 +ℍElec
𝐼𝐽𝐾

(𝛿𝐼𝐽 Δ𝐸𝐾 + 𝛿𝐸𝐾 Δ𝐼𝐽 ) + 𝕀Elec
𝐼𝐽

𝛿𝐸𝐼 Δ𝐸𝐽

}
d𝑉 , (B.2)

where 𝑆𝐼𝐽 , 𝑆MW
𝐼𝐽

and ̂Σ𝐼𝐽𝐾 represent the second Piola-Kirchhoff stress, the second Piola-Maxwell stress and the second Piola-Kirchhoff 
double stress after considering piezoelectric effect, respectively, and they are defined as

𝑆𝐼𝐽 ∶= 𝜕𝛹Elast

𝜕𝐼𝐽 +
𝐽ℭ𝑀𝐹𝐼𝐽

2(𝜖 − 𝜖0) 
[
𝜇𝑀𝐴𝐵𝐾 𝐴𝐵𝐾 𝜇𝐹𝑋𝑌𝑍 𝑋𝑌𝑍 + 2𝜇𝑀𝐴𝐵𝐾 𝐴𝐵𝐾 𝜂𝐹𝑋𝑌 𝑋𝑌

+ 𝜂𝑀𝐴𝐵 𝐴𝐵 𝜂𝐹𝑋𝑌 𝑋𝑌 ]− 𝐽𝐸𝑀 𝐶−1
𝑀𝐿

𝜂𝐿𝐼𝐽 − 𝐽

𝜖 − 𝜖0
𝜇𝑀𝐴𝐵𝐾 𝐴𝐵𝐾 𝐶−1

𝑀𝐹
𝜂𝐹𝐼𝐽 (B.3)

− 𝐽

𝜖 − 𝜖0
𝜂𝑀𝐴𝐵 𝐴𝐵 𝐶−1

𝑀𝐹
𝜂𝐹𝐼𝐽 ,

𝑆MW
𝐼𝐽

∶= 𝐽ℭ𝑀𝐹𝐼𝐽

(1
2
𝜖𝐸𝑀 𝐸𝐹 +𝐸𝑀 𝜇𝐹𝐴𝐵𝐾 𝐴𝐵𝐾 +𝐸𝑀 𝜂𝐹𝐴𝐵 𝐴𝐵), (B.4)

Σ̂𝐼𝐽𝐾 ∶= ℎ𝐼𝐽𝐾𝐿𝑀𝑁𝐿𝑀𝑁 − 𝐽𝐸𝑀 𝐶−1
𝑀𝐹

𝜇𝐹𝐼𝐽𝐾 − 𝐽

(𝜖 − 𝜖0)
𝜇𝑀𝐴𝐵𝐶 𝐴𝐵𝐶 𝐶−1

𝑀𝐹
𝜇𝐹𝐼𝐽𝐾

− 𝐽

(𝜖 − 𝜖0)
𝜇𝑀𝐼𝐽𝐾 𝐶

−1
𝑀𝐹

𝜂𝐹𝐴𝐵 𝐴𝐵, (B.5)

where Δ𝝌 and Δ𝛷 indicate the incremental change of 𝝌 and 𝛷, respectively, and

Δ𝐹𝑖𝐼 (𝝌 ;Δ𝝌) ∶= Δ𝜒𝑖,𝐼 , Δ𝑖𝐼𝐽 (𝝌 ;Δ𝝌) ∶= Δ𝜒𝑖,𝐼𝐽 , Δ𝐼𝐽 (𝝌 ;Δ𝝌) ∶= symm
𝐼𝐽 

(𝜒𝑘,𝐽 Δ𝜒𝑘,𝐼 ),

Δ𝐼𝐽𝐾 (𝝌 ;Δ𝝌) ∶= symm
𝐼𝐽 

(𝜒𝑘,𝐽 Δ𝜒𝑘,𝐼𝐾 + 𝜒𝑘,𝐼𝐾 Δ𝜒𝑘,𝐽 ), (Δ𝛿)𝐼𝐽 (𝝌 ;Δ𝝌) ∶= symm
𝐼𝐽 

(Δ𝜒𝑘,𝐼 𝛿𝜒𝑘,𝐽 ), (B.6)

(Δ𝛿)𝐼𝐽𝐾 (𝝌 ;Δ𝝌) ∶= symm
𝐼𝐽 

(𝛿𝜒𝑘,𝐽 Δ𝜒𝑘,𝐼𝐾 + 𝛿𝜒𝑘,𝐼𝐾 Δ𝜒𝑘,𝐽 ), Δ𝐸𝐿(𝛷;Δ𝛷) ∶= −Δ𝛷,𝐿.

The tangent stiffness matrix in (50) is composed by material tensors in the right hand side of (B.1), defined as

𝔸Mech
𝐼𝐽𝐾𝐿

∶ = 𝜕2𝛹̄Mech

𝜕𝐼𝐽 𝜕𝐾𝐿 = 𝜕2𝛹Elast

𝜕𝐼𝐽 𝜕𝐾𝐿 + 𝐽

𝜖 − 𝜖0

(1
2
𝒞𝑀𝐹𝐼𝐽𝐾𝐿𝜇𝑀𝐴𝐵𝐶 𝐴𝐵𝐶 𝜇𝐹𝑋𝑌𝑍 𝑋𝑌𝑍

+ 1
2
𝒞𝑀𝐹𝐼𝐽𝐾𝐿𝜂𝑀𝐴𝐵 𝐴𝐵 𝜂𝐹𝐶𝐷 𝐶𝐷 +𝒞𝑀𝐹𝐼𝐽𝐾𝐿𝜇𝑀𝐴𝐵𝐾 𝐴𝐵𝐾 𝜂𝐹𝐶𝐷 𝐶𝐷

+ ℭ𝑀𝐹𝐾𝐿 𝜇𝑀𝐴𝐵𝐶 𝐴𝐵𝐶 𝜂𝐹𝐼𝐽 + ℭ𝑀𝐹𝐼𝐽 𝜇𝑀𝐴𝐵𝐶 𝐴𝐵𝐶 𝜂𝐹𝐾𝐿 (B.7)

+ ℭ𝑀𝐹𝐾𝐿 𝜂𝑀𝐴𝐵 𝐴𝐵 𝜂𝐹𝐼𝐽 + ℭ𝑀𝐹𝐼𝐽 𝜂𝑀𝐴𝐵 𝐴𝐵 𝜂𝐹𝐾𝐿 − 𝜂𝑀𝐾𝐿𝐶
−1
𝑀𝐹

𝜂𝐹𝐼𝐽
)
,
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𝔸Diele
𝐼𝐽𝐾𝐿

∶ = 𝜕2(𝛹̄Diele − 𝛹̄Elec)
𝜕𝐼𝐽 𝜕𝐾𝐿 = 1

2
𝐽𝜖𝒞𝑀𝐹𝐼𝐽𝐾𝐿𝐸𝑀 𝐸𝐹 , (B.8)

𝔸Flexo
𝐼𝐽𝐾𝐿

∶ = 𝜕2𝛹̄Flexo

𝜕𝐼𝐽 𝜕𝐾𝐿 = 𝐽𝒞𝑀𝐹𝐼𝐽𝐾𝐿𝐸𝑀 𝜇𝐹𝐴𝐵𝐶 𝐴𝐵𝐶 , (B.9)

𝔸Piezo
𝐼𝐽𝐾𝐿

∶ = 𝜕2𝛹̄Piezo

𝜕𝐼𝐽 𝜕𝐾𝐿 = 𝐽 (𝒞𝑀𝐹𝐼𝐽𝐾𝐿𝐸𝑀 𝜂𝐹𝐴𝐵 𝐴𝐵 + ℭ𝑀𝐹𝐾𝐿 𝐸𝑀 𝜂𝐹𝐼𝐽 + ℭ𝑀𝐹𝐼𝐽 𝐸𝑀 𝜂𝐹𝐾𝐿), (B.10)

𝔹Mech
𝐼𝐽𝐾𝐿𝑀𝑁

∶ = 𝜕2𝛹̄Mech

𝜕𝐼𝐽𝐾 𝜕𝐿𝑀𝑁

= ℎ𝐼𝐽𝐾𝐿𝑀𝑁 − 𝐽

𝜖 − 𝜖0
𝜇𝐴𝐿𝑀𝑁 𝐶−1

𝐴𝐵
𝜇𝐵𝐼𝐽𝐾 , (B.11)

ℂMech
𝐼𝐽𝐾𝐿𝑀

∶ = 𝜕2𝛹̄Mech

𝜕𝐼𝐽 𝜕𝐾𝐿𝑀 = 𝐽

𝜖 − 𝜖0

(
ℭ𝐴𝐵𝐼𝐽 𝜇𝐴𝐾𝐿𝑀 𝜂𝐵𝑋𝑌 𝑋𝑌 − 𝜇𝐴𝐾𝐿𝑀 𝐶−1

𝐴𝐵
𝜂𝐵𝐼𝐽

+ ℭ𝐴𝐵𝐼𝐽 𝑓𝐴𝑋𝑌𝑍 𝑋𝑌𝑍 𝑓𝐵𝐾𝐿𝑀)
, (B.12)

ℂFlexo
𝐼𝐽𝐾𝐿𝑀

∶ = 𝜕2𝛹̄Flexo

𝜕𝐼𝐽 𝜕𝐾𝐿𝑀 = 𝐽ℭ𝐴𝐵𝐼𝐽 𝐸𝐴 𝜇𝐵𝐾𝐿𝑀, (B.13)

𝔻Diele
𝐼𝐽

∶ = 𝜕2(𝛹̄Diele − 𝛹̄Elec)
𝜕𝐸𝐼 𝜕𝐸𝐽

= −𝐽𝜖 𝐶−1
𝐼𝐽
, (B.14)

𝔼Diele
𝐼𝐽𝐾

∶ = 𝜕2𝛹̄Diele

𝜕𝐼𝐽 𝜕𝐸𝐾

= 𝐽𝜖 ℭ𝐾𝑀𝐼𝐽 𝐸𝑀, (B.15)

𝔼Flexo
𝐼𝐽𝐾

∶ = 𝜕2𝛹̄Flexo

𝜕𝐼𝐽 𝜕𝐸𝐾

= 𝐽ℭ𝐾𝑀𝐼𝐽 𝜇𝑀𝐴𝐵𝐶 𝐴𝐵𝐶 , (B.16)

𝔼Piezo
𝐼𝐽𝐾

∶ = 𝜕2𝛹̄Piezo

𝜕𝐼𝐽 𝜕𝐸𝐾

= 𝐽 (ℭ𝐾𝑀𝐼𝐽 𝜂𝑀𝐴𝐵 𝐴𝐵 −𝐶−1
𝐾𝑀

𝜂𝑀𝐼𝐽 ), (B.17)

𝔽 Flexo
𝐼𝐽𝐾𝐿

∶ = 𝜕2𝛹̄Flexo

𝜕𝐼𝐽𝐾 𝜕𝐸𝐿

= −𝐽𝐶−1
𝐿𝑀

𝜇𝑀𝐼𝐽𝐾 , (B.18)

𝔾Elec
𝐼𝐽𝐾𝐿

∶ = 𝜕2𝛹̄Elec

𝜕𝐼𝐽 𝜕𝐾𝐿 = 1
2
𝐽𝜖0𝒞𝑀𝐹𝐼𝐽𝐾𝐿𝐸𝑀 𝐸𝐹 , (B.19)

ℍElec
𝐼𝐽𝐾

∶ = 𝜕2𝛹̄Elec

𝜕𝐼𝐽 𝜕𝐸𝐾

= 𝐽𝜖0 ℭ𝐾𝑀𝐼𝐽 𝐸𝑀, (B.20)

𝕀Elec
𝐼𝐽

∶ = 𝜕2𝛹̄Elec

𝜕𝐸𝐼 𝜕𝐸𝐽

= −𝐽𝜖0𝐶−1
𝐼𝐽
, (B.21)

with

ℭ𝐴𝐵𝐶𝐷 ∶ = 2 
𝐽

𝜕(−𝐽𝐶−1
𝐴𝐵

)
𝜕𝐶𝐶𝐷

= 𝐶−1
𝐴𝐶
𝐶−1
𝐵𝐷

+𝐶−1
𝐵𝐶
𝐶−1
𝐴𝐷

−𝐶−1
𝐴𝐵
𝐶−1
𝐶𝐷

, (B.22)

𝒞𝐴𝐵𝐶𝐷𝐸𝐹 ∶ = 2 
𝐽

𝜕(−𝐽ℭ𝐴𝐵𝐶𝐷)
𝜕𝐶𝐸𝐹

=𝒟𝐴𝐶𝐵𝐷𝐸𝐹 +𝒟𝐵𝐷𝐴𝐶𝐸𝐹 +𝒟𝐴𝐷𝐵𝐶𝐸𝐹 +𝒟𝐵𝐶𝐴𝐷𝐸𝐹 −𝒟𝐴𝐵𝐶𝐷𝐸𝐹

−𝒟𝐶𝐷𝐴𝐵𝐸𝐹 , (B.23)

where

𝒟𝐴𝐶𝐵𝐷𝐸𝐹 ∶ = 𝐶−1
𝐴𝐵

(1
2
𝐶−1
𝐶𝐷

𝐶−1
𝐸𝐹

−𝐶−1
𝐶𝐸

𝐶−1
𝐷𝐹

−𝐶−1
𝐶𝐹

𝐶−1
𝐷𝐸

)
. (B.24)

Appendix C. Material model

Two material models, i.e. the isotropic Saint-Venant-Kirchhoff model and the isotropic Neo-Hookean model, are used to charac
terize the material properties in the numerical simulations. These models depend on the Lamé constants 𝜆̂ and 𝜇̂ defined as

𝜆̂ = 𝑌 𝜈 
(1 + 𝜈)(1 − 2𝜈)

, 𝜇̂ = 𝑌

2(1 + 𝜈)
. (C.1)

For the isotropic Saint-Venant-Kirchhoff model, the elasticity energy density 𝛹Elast and its derivatives can be expressed as

𝛹Elast () = 𝜆̂

2 
Tr ()2 + 𝜇̂Tr

(

2
)
, (C.2)

𝜕𝛹Elast ()
𝜕𝐼𝐽 = 𝜆̂Tr() 𝛿𝐼𝐽 + 2𝜇̂ 𝐼𝐽 , (C.3)

𝜕2𝛹Elast ()
𝜕𝐼𝐽 𝜕𝐾𝐿 = 𝜆̂𝛿𝐼𝐽 𝛿𝐾𝐿 + 2𝜇̂𝛿𝐼𝐾𝛿𝐽𝐿. (C.4)
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For the isotropic Neo-Hookean model, the elasticity energy density 𝛹Elast and its derivatives can be expressed as

𝛹Elast (𝐂) = 𝜇̂

2 
(
Tr(𝐂) − 𝑛dim

)
− 𝜇̂ ln(𝐽 ) + 𝜆̂

2 
(ln𝐽 )2 , (C.5)

𝜕𝛹Elast (𝐂)
𝜕C𝐼𝐽

= 𝜇̂

2 
(
𝛿𝐼𝐽 −𝐶−1

𝐼𝐽

)
+ 𝜆̂

2 
ln(𝐽 ) 𝐶−1

𝐼𝐽
, (C.6)

𝜕2𝛹Elast (𝐂)
𝜕C𝐼𝐽 𝜕C𝐾𝐿

= 1
4
(
𝜇̂ − 𝜆̂ ln(𝐽 )

) (
𝐶−1
𝐼𝐾
𝐶−1
𝐽𝐿

+𝐶−1
𝐼𝐿
𝐶−1
𝐽𝐾

)
+ 𝜆̂

4 
𝐶−1
𝐼𝐽
𝐶−1
𝐾𝐿

, (C.7)

where 𝑛dim denotes the dimension of the problem.

Data availability

No data was used for the research described in the article.
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