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integration [2]. Modern 3D integrated circuits face complex 
thermal and mechanical loads [3, 4], which cause over 55% 
of electronic device failures  [5]. Consequently, heat con-
duction and mechanical analysis have become essential for 
ensuring electronic packaging reliability.

Numerical analysis offers advantages of simplicity, cost-
effectiveness, and accuracy in electronic packaging reli-
ability assessments. Researchers have developed diverse 
simulation methods including Finite Element Method 
(FEM)  [6], Boundary Element Method  [4, 7], FEM/BEM 
coupling  [8, 9], and Finite Volume Method (FVM)  [10] 
to address thermal and mechanical challenges. Oukaira et 
al.  [11] combined Field-Programmable Gate Array with 
FEM for transient thermal analysis of System-in-Package 
models. Gong et al.  [4] introduced Isogeometric Bound-
ary Element Method for analyzing heat transfer in multi-
scale structures with arbitrary heat sources. Feng et al. [12] 
developed Stable Node-based Smoothed FEM for electro-
thermal-mechanical coupling in IGBT modules, while other 
researchers proposed thermal-mechanical coupled phase 

1  Introduction

Electronic packaging transforms semiconductor devices 
into functional products, critically impacting performance 
and reliability throughout production and assembly  [1]. 
Since Moore’s Law emerged in 1965, it has driven semi-
conductor advancement, but as technology approaches 
physical limits with sub-3 nm mobile phone chips, packag-
ing must evolve toward miniaturization and higher density 
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field models for interconnect structure analysis [3]. Yao et 
al.  [13] applied physics-based nested artificial neural net-
works to assess warpage reliability in fan-out wafer-level 
packaging, and FEM-BEM coupling methods have been 
employed to examine various electronic packaging prob-
lems  [8, 9]. Compared to FEM and other conventional 
methods, the Virtual Element Method can utilize arbi-
trary polygonal elements, making it particularly suitable 
for analyzing models with complex geometric structures. 
This method exhibits excellent geometric adaptability with 
lower mesh quality requirements, maintaining algorithmic 
convergence even under mesh distortion conditions. There-
fore, VEM demonstrates superior geometric robustness and 
excellent convergence properties for any element shape, 
including non-convex elements. For geometric multi-scale 
structures, VEM enables local mesh refinement in special-
ized regions using non-matching meshes without affecting 
the overall mesh distribution, thereby reducing element 
count and computational cost. When analyzing models 
with extensive geometric multi-scale features using FEM, 
numerous transition elements are typically required, leading 
to high computational costs. In contrast, VEM can employ 
arbitrary-shaped elements to replace transition regions, sig-
nificantly reducing the number of transition elements. Con-
sequently, this method demonstrates tremendous potential 
for addressing such problems.

Despite widespread application of existing methods in 
electronic packaging reliability analysis, geometric multi-
scale structures present persistent challenges. FEM simula-
tions require rational element division to avoid distortion, 
but significant size differences necessitate transition meshes-
often resulting in millions of elements that increase compu-
tational burden and compromise convergence. Additionally, 
many methods have limited applications; BEM excels with 
infinite domains or homogeneous problems, while FVM is 
applicable to both solid mechanics and fluid flow analysis, 
it is more widely used in fluid mechanics. The VEM is an 
innovative FEM extension which offers compelling advan-
tages for these challenges [14–16]. VEM’s mesh flexibil-
ity accommodates polygons of arbitrary shape, simplifying 
complex geometry discretization. Its non-matching mesh 
capability enables targeted local refinement without disrupt-
ing overall mesh distribution, reducing element count and 
computational demands. Furthermore, by eliminating the 
need for explicit basis function expressions, VEM enhances 
both accuracy and efficiency-making it particularly valuable 
for reliability analysis of geometric multi-scale electronic 
packaging models.

VEM was first introduced by Beirao da Veiga et al. [16] 
for Poisson' equation, and has since gained traction in vari-
ous fields. Artioli et al.  [17] demonstrated VEM’s accu-
racy in two-dimensional linear elasticity by comparing 

displacement results with FEM on structures. Subsequent 
studies confirmed VEM’s geometric robustness and excel-
lent convergence properties regardless of element shape [18, 
19]. VEM applications have expanded beyond linear elastic-
ity to nonlinear mechanical problems. Liu et al. [20] devel-
oped VEM for phase-field modeling of dynamic fracture 
using explicit time integration, while Hussein et al. [21] cre-
ated an efficient low-order VEM for crack propagation by 
splitting elements along growth directions. Cihan et al. [22] 
applied VEM to complex contact problems using node-to-
node discretization to avoid mesh matching complications, 
and others implemented VEM for thermomechanical cou-
pling analysis through Abaqus UEL tools [23]. Additionally, 
Aldakheel et al. [24] developed a low-order virtual element 
scheme for finite strain thermo-plasticity problems, demon-
strating the method’s capability in handling complex non-
linear thermomechanical coupling scenarios.

The basic idea of VEM is to construct a projection Π∇
k  

for the displacement and temperature fields, and a remainder 
term u − Π∇

k u is needed. The remainder leads to additional 
stabilization terms in the VEM formulation. Of course, for 
multi-field coupling problems, we often do not want any 
stabilization terms. This is because stabilization terms con-
tain user-defined parameters whose selection affects the 
computation of both temperature and displacement fields. 
In multi-field coupling problems, these parameter choices 
may cause error propagation and amplification between 
different physical fields, while different stabilization for-
mulations may lead to variations in results and increased 
computational complexity. In this work, we propose a VEM 
formulation for thermomechanical coupling problems with-
out any stabilization. The basic idea of the stabilization-free 
VEM is to construct a higher-order projection for the gradi-
ent. By choosing the appropriate polynomial order, we can 
obtain a stiffness matrix that does not require any stabiliza-
tion term. The stabilization-free VEM has been successfully 
applied to various problems, including linear elasticity [25] 
and nonlinear elasticity [26–28]. But up to now, the stabili-
zation-free VEM has not been applied to thermomechanical 
coupling problems.

Besides, this work leverages VEM’s geometric mesh 
flexibility and automatic generation capabilities to address 
reliability issues in electronic packaging structures with 
substantial scale differences. By applying polygonal meshes 
to small-scale regions requiring refined analysis while 
using coarser meshes for larger areas, and integrating these 
through non-matching mesh techniques, we achieve high-
precision local simulation while minimizing element count 
and computational demands. In this work, we investigate 
both linear elastic and thermomechanical coupling problems 
based on conventional VEM and stabilization-free VEM to 
analyze mechanical performance of these structures. We 
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demonstrate VEM’s effectiveness and accuracy through 
numerical examples, including analytical models and prac-
tical electronic packaging structures. Our results confirm 
VEM’s potential for efficient and accurate thermal and 
mechanical analysis in electronic packaging structures with 
multi-scale features. Relevant codes for VEM in thermome-
chanical coupling problems are available on GitHub (​h​t​t​p​​
s​:​/​​/​g​i​t​​h​u​​b​.​c​​o​m​/​y​​a​n​p​​e​n​g​​-​g​o​​n​g​/​​V​E​M​-​​e​l​​e​c​t​r​o​n​i​c​-​p​a​c​k​a​g​i​n​g) 
and the VEMhub website (www.vemhub.com).

The paper is structured as follows: Sect. 2 introduces tem-
perature and force field governing equations using VEM, 
while Sect.  3 details VEM formulation for thermoelastic 
problems including heat conduction and thermomechanical 
coupling. The idea of the stabilization-free VEM and the 
formulation for the thermomechanical coupling is given in 
Sect. 4. Section 5 describes our non-matching mesh genera-
tion strategy. Section 6 applies VEM to numerical examples 
analyzing mechanical performance in analytical models and 
electronic packaging structures. Section 7 concludes with 
results and discussion.

2  Governing equations for VEM in 
thermoelastic problems

The thermoelastic problem is defined on continuous domain 
Ω (Fig.  1) with body force f per unit area. In thermome-
chanical coupling analysis, the domain boundary ∂Ω is 
partitioned differently for each physical field: the thermal 
conduction problem divides the boundary into two dis-
joint regions ∂Ω = ∂ΩT ∪ ∂Ωq, while the elastic problem 
similarly divides the boundary into two disjoint regions 
∂Ω = ∂ΩD ∪ ∂ΩN . As thermomechanical coupling 
involves both temperature and force fields, governing equa-
tions for both physical fields must be established.

2.1  Steady-state heat conduction governing 
equations

For the steady-state heat conduction problem, the governing 
equation in domain Ω is

∇ (λk∇T ) + Q = 0,� (1)

where λk is the thermal conductivity and T is the tempera-
ture field, Q is the internal heat generation per unit volume.

The boundary conditions are prescribed on 
∂Ω = ∂ΩT ∪ ∂Ωq as

T (x) = T , ∀x on ∂ΩT , � (2)

− λk∇T (x) · n = q, ∀x on ∂Ωq, � (3)

where q denotes the prescribed heat flux, and n is the out-
ward unit normal vector.

The weak formulation of the thermal equilibrium equa-
tion is

λkaT (T, φ) +
ˆ

Ω
Qφ dΩ = ℓT (φ),� (4)

where φ is variational of temperature. For simplicity, we 
assume Q = 0 (no internal heat generation) in this study.

The associated bilinear and linear forms are defined as

aT (T, φ) =
ˆ

Ω
∇T · ∇φ dΩ, � (5)

ℓT (φ) =
ˆ

∂Ωq

φq dΓ. � (6)

2.2  Thermomechanical coupling governing 
equations

For the thermoelastic problem, the governing equation of 
motion in domain Ω takes the form

∇ · σ + f = 0,� (7)

where σ is the Cauchy stress tensor and f  denotes the body 
force vector. The constitutive relationship considering ther-
mal strain is given by

σ = D : (ε − εt),� (8)

with the strain tensor is being defined as

Fig. 1  Schematic diagram of the thermoelastic problem domain

 

1 3

4801

https://github.com/yanpeng-gong/VEM-electronic-packaging
https://github.com/yanpeng-gong/VEM-electronic-packaging
http://www.vemhub.com


Engineering with Computers (2025) 41:4799–4824

ℓu(v) =
ˆ

Ω
v · f dΩ +

ˆ

∂ΩN

v · t dΓ +
ˆ

Ω
ε(v) : D : εt dΩ. � (17)

The last term in Eq. (17) is the body force generated by ther-
mal expansion.

Generally speaking, the solution for steady-state thermo-
mechanical coupling problems is to first solve the tempera-
ture field and then apply the temperature as a load to the 
structural analysis. For the electronic packaging structures 
considered in this work, material properties do not exhibit 
significant temperature dependence within the operating 
range, allowing us to employ this decoupled approach with-
out loss of accuracy. By solving the thermal and mechani-
cal problems sequentially, we can utilize specialized solvers 
optimized for each individual field, which enhances numeri-
cal stability and computational efficiency compared to solv-
ing the fully coupled system. This approach reduces the 
computational cost compared to solving the fully coupled 
system. Therefore, we need to construct discrete formats for 
the bilinear formats of the temperature field and displace-
ment field respectively.

3  VEM formulation for thermomechanical 
coupling

The VEM requires the discretization of the computational 
domain into finite subdomains, such that Ωh ≡ int (

∪
i Ei), 

where the operator ‘int’ denotes the interior of a set, and 
Ωh represents the union of the interior regions of all ele-
ments Ei, excluding the boundaries, where each element Ei 
can be a polygon with arbitrary number of nodes and shape, 
as shown in Fig. 2a. Figure 2b illustrates both the irregular 
polygonal mesh capability and the computed temperature 
field from a representative heat conduction analysis, with 
boundary conditions of 80◦C on the left boundary, 25◦C 
on the right boundary, and adiabatic conditions on the top 
and bottom boundaries. This example demonstrates the 
mesh flexibility of VEM and its ability to produce smooth, 
physically reasonable temperature distributions on highly 
irregular mesh topologies. In this work, the analysis process 
involves first solving the heat transfer problem to obtain 
the temperature field, followed by solving the mechanical 
problem.

3.1  VEM formulation for heat conduction

For the heat conduction problem, we first introduce the sca-
lar virtual element function space

VT (E) =
{

T ∈ H1(E) : T |∂E ∈ Pk(∂E), T = T on ∂ΩT

}
.� (18)

ε(u) = 1
2

(∇u + ∇uT ).� (9)

The thermal strain is expressed as

εt = α (T − Tref ) I,� (10)

where Tref  represents the reference (initial) temperature 
at which thermal strains are zero. This formulation cor-
rectly captures that thermal strain results from temperature 
changes relative to a reference state, not from absolute tem-
perature values. For instance, maintaining a constant tem-
perature of 298 K would indeed produce no thermal strain if 
Tref = 298 K, which is physically consistent. In addition, 
I  is the identity tensor, α is the thermal expansion coeffi-
cient, and D is the fourth-order elasticity tensor, which can 
be obtained from the energy density function Ψ as

Ψ(ε) = λ

2
(trε)2 + µε : ε,� (11)

where λ and µ are the Lamé parameters.
The elasticity tensor D is derived from the energy density 

function as [29]

Dijkl = ∂2Ψ
∂εij∂εkl

= λδijδkl + µ (δikδjl + δilδjk) .� (12)

The boundary conditions are prescribed on 
∂Ω = ∂ΩD ∪ ∂ΩN  as

u = u, on ∂ΩD � (13)

σ · n = t, on ∂ΩN � (14)

where u and t represent the prescribed displacement and 
traction vector, respectively, and n denotes the outward unit 
normal vector.

The weak formulation of the equilibrium equation reads: 
find u ∈ γu such that

au(u, v) = ℓu(v), ∀v ∈ γu� (15)

where v is the test function and 
γu = {u ∈ [H1(Ω)]2 : u|∂ΩD

= u} is the displacement 
solution space. Both the trial function u and test function v 
belong to the same displacement solution space γu.

The associated bilinear and linear forms are defined as 
[30]

au(u, v) =
ˆ

Ω
ε(u) : D : ε(v) dΩ, � (16)
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aE
T (φh − Π∇φh, p) = 0, ∀p ∈ Pk(E). � (22)

Expanding Eq. (22) yields
ˆ

E

∇(Π∇φh) · ∇p dE =
ˆ

E

∇φh · ∇p dE.� (23)

According to Eq. (23), it can be obtained
ˆ

E

Π∇φh dE =
ˆ

E

φh dE.� (24)

The matrix representation of the projection operator Π̃∇ 
can be obtained by [23, 30]

Π̃∇ = G−1B,� (25)

where

G =aE
T (pα, pα) =

ˆ

E

∇pα · λk∇pα dE, � (26)

where Pk(E) denotes the space of polynomial functions of 
degree not exceeding k. In this work, we choose k = 1, the 
polynomial space is [23]

Pk(E) = {p1, p2, p3} = {1, ξ, η}� (19)

In the polynomial space, the scaled coordinates ξ and η are 
defined as [17]

ξ = x − x̄

hE
η = y − ȳ

hE
.� (20)

where x̄ = (x̄, ȳ) denotes the centroid of element E, and hE  
represents the maximum distance between any two nodes 
in element E.

Since the element shape functions do not have explicit 
expressions, we can define a projection operator to compute 
the bilinear form: mapping from the approximate function 
space Vh

T (E) on element E to the polynomial space Pk(E), 
that is,

Π∇ : Vh
T (E) → Pk(E) � (21)

Fig. 2  Polygonal mesh and the 
temperature field for the computa-
tional domain

 

1 3

4803



Engineering with Computers (2025) 41:4799–4824

Ks
E = τhtr(Kc

E)(I − Π∇)T (I − Π∇),� (31)

where

Π∇ = DΠ̃∇
,� (32)

and τh is a user-defined parameter taken as 1/2 in this work, 
tr(·) denotes the trace operator, and I  is the identity matrix.        

3.2  VEM for coupled thermomechanical analysis

For elasticity problems, we first define the vector function 
space for VEM as [32]

Vu(E) :=
{

vh ∈ [H1(E)]2 : vh|∂E ∈ [C0(∂E)]2,

vh|e ∈ [Mk(E)]2, ∆vh|E ∈ [Mk−2(E)]2
}

.
� (33)

where the lowercase e represents the edges on the element 
boundary ∂E, while uppercase E denotes the polygonal ele-
ment itself. The condition vh|e ∈ [Mk(E)]2 specifies that 
the function restriction on each boundary edge e belongs 
to the polynomial space, while ∆vh|E ∈ [Mk−2(E)]2
defines the Laplacian behavior within the element inte-
rior E. With interpolation order k = 1, Mk(E) represents 
the space of polynomial functions of degree not exceed-
ing k and ∆ represents the Laplace Operator such that 
∆vh = ∇2vh =

∑n
i=1

∂2vh

∂x2
i

.

For elasticity problems, the polynomial space Mk(E) is 
spanned by six linearly independent vector basis functions 
(for k = 1) [30]:

Mk(E) = {m1, m2, m3, m4, m5, m6} ,� (34)

where m1 =
(

1
0

)
, m2 =

(
0
1

)
, m3 =

(
−η
ξ

)
, 

m4 =
(

η
ξ

)
, m5 =

(
ξ
0

)
, m6 =

(
0
η

)
, ξ and η are 

the normalized coordinates as defined in Eq. (20).
For a polygonal element with nv vertices, we define the 

local virtual element space Vh
u(E). For two-dimensional 

vector problems, the number of degrees of freedom for a 
polygonal element is 2nd, where  when. Define the projec-
tion operator from the function space Vh

u(E) to the polyno-
mial space Mk(E)

Π∇
u : Vh

u(E) → Mk(E),� (35)

the projection operator can be defined based on the orthogo-
nality condition:

aE
u (uh − Π∇

u uh, m) = 0, ∀m ∈ Mk(E).� (36)

B =aE
T (ψi, pα) = −

ˆ

E

ψi · [∇ · (λk∇pα)] dE

+
ˆ

∂E

ψi · (λk∇pα) n dΓ,

� (27)

where ψ represents the basis functions of VT (E). Since 
pα ∈ Pk(E), we have ∇ · (λk∇pα) ∈ Pk−2(E). The first 
term on the right-hand side of Eq.  (27) relates to internal 
degrees of freedom. For our polynomial order k = 1, this 
first term is not considered in the computation.

For temperature field T h, the bilinear form on each ele-
ment can be written as:

aE
T (T h, φh) = aE

T

(
T h − Π∇T h + Π∇T h,

φh − Π∇φh + Π∇φh

)

= aE
T (Π∇T h, Π∇φh) + aE

T

(
T h − Π∇T h,

φh − Π∇φh

)
.

� (28)

The first term represents the energy contribution of the pro-
jected functions Π∇T h and Π∇φh, which can be directly 
computed through polynomial integration. However, pro-
jecting variables onto the polynomial space using the pro-
jection operator causes energy loss, manifested as rank 
deficiency in the consistency stiffness matrix, making it non-
invertible. The second term represents the energy contribu-
tion of projection residuals T h − Π∇T h and φh − Π∇φh. 
Adding this stabilization term makes the stiffness matrix full 
rank and positive definite, which is why the second term is 
called the stabilization term [31].

Therefore, the element temperature stiffness matrix con-
sists of two parts:

Kthermal
E = Kc

E + Ks
E ,� (29)

where Kc
E  is the consistency stiffness matrix and Ks

E  is 
the stabilization stiffness matrix. For the heat conduction 
problem, we define matrix D ∈ Rnv×nk  as the values of 
polynomial basis pα at the degrees of freedom locations:

D =




dof1(p1) dof1(p2) dof1(p3)
dof2(p1) dof2(p2) dof2(p3)

...
...

...
dofnv

(p1) dofnv
(p2) dofnv

(p3)


 ,� (30)

where nv is the number of vertices for a polygonal element 
for the heat conduction problem and nk = 3 is the dimen-
sion of the polynomial space for k = 1. 

The stabilization stiffness matrix is expressed as [30]
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the MATLAB code provided in the website.1 Lastly, the 
bilinear form within an element can be expressed as: for 
uh, vh ∈ Vh,

aE
u (uh, vh) = aE

u

(
uh − Π∇

u uh + Π∇
u uh,

vh − Π∇
u vh + Π∇

u vh

)

= aE
u (Π∇

u uh, Π∇
u vh) + aE

u

(
uh − Π∇

u uh,

vh − Π∇
u vh

)
.

� (44)

Then the stiffness matrix has the form as

Ku
E = Kuc

E + Kus
E .� (45)

The consistency stiffness matrix is expressed as:

Kuc
E = (Π̃∗∇

u )T MΠ̃∗∇
u .� (46)

Besides, the stabilization stiffness matrix is expressed 
as [30]:

Kus
E = τhtr(Kuc

E )(I − Π̃∇
u )T (I − Π̃∇

u ),� (47)

where

Π̃∇
u = DΠ̃∗∇

u ,� (48)

and τh is a user-defined stabilization parameter taken as 
1/2 in this work following the established practices in refer-
ences [17, 30], tr(·) denotes the trace operator, and I  is the 
identity matrix.

Considering the thermal strain, the force vector (see 
Eq. (17)) has the form as:

F = F ext + F thermal,� (49)

with F ext represents the external traction forces applied to 
the Neumann boundary (with body forces assumed to be 
zero) and F thermal represents the thermal load contribu-
tions from temperature-induced effects, computed as:

F thermal = (Π̃∗∇
u )T

ˆ

E

ε̂T (m)D̂ε̂t dE,� (50)

where Π̃∗∇
u  is matrix formulation of the Ritz projection 

operator solved from Eq. (37). The thermal strain is given 
in Eq. (10), □̂ represents the Voigt form. Besides, ε̂(m) is 
defined in Eq. (39).

1  You can find the code from https://www.vemhub.com/code

Considering the basic function ϕ of Vh
u(E) and m of Mk, 

the orthogonality condition Eq.(36) yields

MΠ̃∗∇
u = B,� (37)

where Π̃∗∇
u  is the matrix formulation of the Ritz projection 

operator [15], and

M =
ˆ

E

ε̂T (m)D̂ε̂(m) dE, B =
ˆ

E

ε̂T (m)D̂ε̂(ϕ) dE,� (38)

where □̂ represents the Voigt form and

ε̂(m) =




∂m1
∂x · · · ∂m6

∂x
∂m1

∂y · · · ∂m6
∂y

∂m1
∂x + ∂m1

∂y · · · ∂m6
∂x + ∂m6

∂y


 , k = 1� (39)

Besides, the matrix B can be expressed as:

B =
ˆ

E

ε̂T (m)D̂ε̂(ϕ) dE = −
ˆ

E

[
∇ ·

(
D̂ε̂(m)

)]T

ϕ dE

+
ˆ

∂E

ε̂T (m)D̂nϕ dΓ
� (40)

Since mα ∈ Mk(E), ∇ · (D̂ε̂(m)) ∈ Mk−2(E), we 
neglect the first term on the right-hand side since k = 1. 
Besides,

n =

[
nx 0
0 ny

ny nx

]
.� (41)

Define matrix D ∈ R2nd×2nk  as the values of polynomial 
basis mα at the degrees of freedom locations:

D =




dof1(m1) dof1(m2) · · · dof1(m6)
dof2(m1) dof2(m2) · · · dof2(m6)

...
...

. . .
...

dof2nd
(m1) dof2nd

(m2) · · · dof2nd
(m6)


 ,� (42)

the matrix M  can be represented as the product of matrices 
B and D:

M = B D.� (43)

Considering the constraints condition, the projection opera-
tor Π∇

u  can be solved lastly based on Eq. (37).
For implementation details, including the subroutine 

named ‘calculatePi’ which demonstrates the process of 
precisely calculating the B, D, and M  matrices as well 
as the solution formula for the projection operator, see 
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(l + 1)(l + 2) > nv − 1,� (55)

where nv is the number of vertices of element E. According 
to reference [27], the approximated gradient ∇v and p can 
be expressed as

∇v = (Np)T ∇ṽ, p = (Np)T
p̃.� (56)

Then the gradient of the variable v can be approximated as

∇v = Π0
l,E∇v = (Np)T Πmṽ,� (57)

where N
p =

[
ml 0
0 ml

]
=

[
1 ξ η · · · ηl 0 0 0 · · · 0
0 0 0 · · · 0 1 ξ η · · · ηl

]
, 

ml represents the basis functions of l-th order polynomials, 
Πm is the matrix form of the L2 projection operator, and 
□̃ represents the vector form. If ṽ represents displacement, 
then ṽ =

{
v1

1 v2
1 v1

2 v2
2 · · · v1

nv
v2

nv

}
, where vj

i  denotes 
displacement component j (with j = 1, 2 for x, y directions) 
at node i, and nv is the total number of nodes in the element.

Substituting Eq. (56) and Eq. (57) into Eq. (53) leads to

p̃T

ˆ

E

Np (Np)T dEΠmṽ = p̃T

ˆ

∂E

(Np · n) ϕT dΓṽ

− p̃T

ˆ

E

(div Np) ϕT dEṽ.
� (58)

Since this holds for all ṽ and p̃, Eq. (58) can be written as
ˆ

E

Np (Np)T dEΠm =
ˆ

∂E

(Np · n) ϕT dΓ

−
ˆ

E

(div Np) ϕT dE.

� (59)

If the right side of Eq. (59) is computable, then the projec-
tion matrix Πm can be calculated by

Πm = G̃
−1

B̃,� (60)

where

G̃ =
ˆ

E

Np (Np)T dE, � (61)

B̃ =
ˆ

∂E

(Np · n) ϕT dΓ −
ˆ

E

(div Np) ϕT dE. � (62)

4  Stabilization-free VEM for 
thermomechanical coupling

As shown in Eqs.  (31) and (47), the stabilization term is 
needed, and some parameters should be introduced to ensure 
that the stiffness matrix has the correct rank. The existence 
of stabilization terms makes the calculation results affected 
by the user-defined stabilization parameter τh. Therefore, 
here we present a stabilization-free VEM, which gets rid of 
the dependence on stabilization terms.

4.1  Projection in stabilization-free virtual element 
method

The basic idea of the stabilization-free virtual element 
method (SFVEM) is to allow the calculation of the higher 
order L2 projection for the gradient. Firstly, we consider a 
local enlarged enhanced virtual element space

V1,l(E) :=
{

v ∈ H1, v|∂E : v|e ∈ P1(e), ∆v ∈ Pl+1(E)
}

.� (51)

Let Π0
l,E∇ be the L2 projection of the gradient of the func-

tion in V1,l to [Pl(E)]2 , where following the notation from 
reference  [33], the superscript 0 indicates L2-projection, 
the subscript l defines the polynomial degree of the gradi-
ent projection space required for sufficient stabilization, 
and E denotes the element. The projection is defined by the 
orthogonality condition
ˆ

E

pT · Π0
l,E∇v dE =

ˆ

E

pT · ∇v dE, p ∈ [Pl(E)]2 .� (52)

where p is a basis function of the polynomial space [Pl(E)]2, 
and Pl(E) denotes the space of polynomials of degree ≤ l 
on element E. The right side of Eq. (52) can be expanded as
ˆ

E

pT · ∇v dE =
ˆ

∂E

pT · nEv dΓ −
ˆ

E

(divp) v dE.� (53)

Considering the projection operator defined in Eq. (22) and 
Eq.  (24), and applying the orthogonality condition with v 
replacing φh, the last term in Eq. (53) can be calculated by
ˆ

E

(divp) v dE =
ˆ

E

(divp) Π∇v dE.� (54)

Besides, the parameter l, which defines the polynomial 
degree required for sufficient stabilization, must satisfy the 
following condition for the lowest-order case based on the 
degree-of-freedom constraints established in references [33, 
34]:
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Then body force F thermal generated by the thermal strain 
can be calculated by the same equation as used in Eq. (50). 
Or, considering Eq. (65),

F thermal = ΠT
m

ˆ

E

NpAT D̂ε̂t dE.� (68)

5  Mesh generation and optimization 
strategies

The VEM offers exceptional mesh flexibility, accommodat-
ing elements with any number of nodes, which significantly 
simplifies coupling between multi-scale components. This 
makes it ideally suited for geometric multiscale electronic 
packaging models. Its ability to handle non-matching mesh 
structures reduces element count while preserving computa-
tional efficiency, convergence, and accuracy. Non-matching 
meshes refer to the situation where, during the independent 
discretization of two or more adjacent regions within a com-
putational domain, the positions of interface nodes between 
these regions do not align, leading to misaligned nodes and 
edges along their shared interface.

During model development, polygon meshes can be 
independently generated for each domain to assembly. At 
component interfaces, each component incorporates nodes 
from the contact surfaces of adjacent components as new 
interface nodes. When node coordinates coincide, dupli-
cate nodes are merged to achieve node matching and form 
new polygonal elements. Alternatively, targeted local mesh 
refinement can be applied as needed. This non-matching 
mesh approach provides enhanced simulation flexibility 
and prevents local mesh modifications from propagating 
throughout the global mesh structure.

Consider an L-shaped geometric structure, as shown 
in Fig.  3. Stress concentration typically occurs at the fil-
leted corner, as demonstrated in engineering practice. To 
accurately capture this mechanical behavior, a higher ele-
ment density is required in the stress concentration region, 
while element density can be reduced elsewhere to enhance 
computational efficiency. Figure 3 illustrates our approach 
where different components are independently modeled and 
meshed using distinct element types (polygonal and quad-
rilateral). At component interfaces, we adapt non-matching 
meshes by incorporating interface nodes into polygonal ele-
ments. As shown in Fig. 4, the model discretization employs 
polygonal elements in regions requiring mesh flexibility and 
quadrilateral elements in regular domains. As illustrated in 
Fig. 4b, the hexagonal element on the left and the quadri-
lateral element on the right represent different mesh types 
that can be seamlessly connected through non-matching 

4.2  Stiffness matrix

For bilinear form for the thermal conduction problem given 
in Eq. (4), the discrete bilinear form without any stabiliza-
tion term can be easily constructed as

aE
T (ϑ, w) =

ˆ

E

Π0
l,E∇ϑ · Π0

l,E∇wdE,� (63)

where ϑ and w represent the temperature field variables in 
the heat conduction problem. Considering the gradient in 
Eq.  (57), the stiffness matrix for the thermal conduction 
problem has the form as

Kthermal
E = λk (Πm)T

ˆ

E

Np (Np)T dEΠm.� (64)

Easy to find that if the appropriate polynomial order l is cho-
sen based on Eq. (55), the stiffness matrix does not require 
any stabilizing terms. Eq. (55) ensures the injectivity of the 
gradient projection operator and guarantees that the projec-
tion polynomial space dimension is sufficiently large, avoid-
ing rank deficiency problems in the stiffness matrix [26, 33].

For the mechanical problem, the strain ε̂ (in Voigt nota-
tion) can be approximated by

ε̂(u) = A
[
(Np)T ⊗ I2

]
ũ, = ANT

p Πmũ,� (65)

where ⊗ is the Kronecker product and I2 represents 2 × 2 
order identity matrix, and

A =

[1 0 0 0
0 0 0 1
0 1 1 0

]
, Np = Np ⊗ I2, Πm = Πm ⊗ I2.� (66)

Considering the bilinear form in Eq.  (16), the stiffness 
matrix has the form as

Ku
E = ΠT

m

ˆ

E

NpAT D̂ANT
p dEΠm.� (67)

Fig. 3  L-shaped structure and domain decomposition strategy
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computational costs and mandatory strict node matching at 
interfaces.

The SFVEM thermomechanical coupling analysis is 
implemented through two sequential Matlab programs: first, 
a SFVEM heat conduction program calculates the model’s 
temperature field; subsequently, a SFVEM thermoelastic 
program analyzes thermal stresses and displacements using 
this temperature field as a load input. Figure 5 illustrates the 

interface treatment, allowing for flexible mesh transitions 
without requiring conforming mesh boundaries or transi-
tion elements. The interface treatment automatically con-
verts non-matching meshes into polygonal elements based 
on the spatial distribution of boundary nodes. In contrast, 
FEM relies on standard elements (triangles/quadrilaterals) 
and requires transition meshes to connect different regions 
in geometrically multi-scale models, resulting in higher 

Fig. 5  SFVEM-based thermo-
mechanical coupling analysis 
workflow

 

Fig. 4  Non-matching mesh strategy 
for L-shaped structure: Region B 
employs polygonal elements for 
stress concentration areas, while 
Regions A and C utilize quadrilat-
eral elements for regular domains
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stress values at interface nodes are averaged for comparison 
purposes.

6.1  Thermoelastic analysis of thick-walled 
cylindrical structure

We examine a homogeneous thick-walled cylinder sub-
jected to thermal loading to verify our different VEMs. The 
analytical solution for this model serves as a benchmark 
for accuracy validation. Figure  6 illustrates the geometry 
and boundary conditions of this verification case. Here, we 
define a thick-walled cylinder with inner radius ra = 20 
mm and outer radius rb = 60 mm. The material properties 
include Young’s modulus E = 460000 MPa, Poisson’s ratio 
ν = 0.3, thermal expansion coefficient α = 7.4 × 10−6 
K−1, and thermal conductivity λk = 20 W/(m K). For the 
thermal boundary conditions, we maintain the inner sur-
face at Ta = 0 K and the outer surface at Tb = 500 K under 
steady-state conditions. Due to symmetry, we optimize 
computational efficiency by modeling only one quarter of 
the cylinder, as illustrated in Fig. 6.

Given the material parameters and boundary conditions, 
the analytical temperature field is

T = Ta + Tb − Ta

ln(rb/ra)
ln

(
r

ra

)
,� (69)

where r represents the radial coordinate. The radial dis-
placement field is given by

u(r) = B1r + B2r−1 + Dr ln r� (70)

The stress components in the thick-walled cylinder can are 
expressed as

σr = E

1 − ν2

(
B1(1 + ν) + B2(ν − 1)r−2

+D (ln r(1 + ν) + 1) − α(1 + ν)T (r))
� (71)

complete workflow of this thermomechanical coupling anal-
ysis scheme based on the virtual element method. It should 
be noted that the sequential nature of our approach (first 
solving the thermal problem, then applying the temperature 
field as loading in the mechanical analysis) eliminates the 
need for iterative convergence criteria typically required in 
fully coupled nonlinear thermomechanical problems.

6  Numerical examples

In this section, we present several numerical examples that 
demonstrate the effectiveness of our proposed VEM formu-
lation for thermoelastic analysis in electronic packaging. 
These examples include both verification problems with 
known analytical solutions and practical electronic packag-
ing applications. All numerical examples employ first-order 
polynomial spaces ( k = 1 ) for both VEM and SFVEM for-
mulations, as defined in Eqs. (34) and (51). For SFVEM, the 
L2 projection order l is determined according to the inequal-
ity constraint in Eq. (55); given that the maximum number 
of element vertices is 12 across all test cases, we set l = 2.

Through these selected test cases, we validate the meth-
od’s accuracy while highlighting its significant advantages 
in handling complex geometries and non-matching meshes. 
Sections 6.1 and 6.2 systematically validate the thermome-
chanical coupling capabilities of SFVEM through compari-
son with analytical solutions and two-material electronic 
packaging models, establishing the method’s accuracy, 
convergence, and stability. The subsequent Sects. 6.3–
6.5) focus on mechanical reliability analysis under pure 
mechanical loading, utilizing SFVEM’s mesh flexibility to 
address geometric multiscale challenges and demonstrate 
the method’s adaptability to complex electronic packaging 
geometries. It should be noted that interface nodes belong to 
both materials, with material properties calculated accord-
ing to their respective elements. Therefore, interface nodes 
exhibit different stress values depending on the associated 
material. For validation against finite element results, the 

Fig. 6  Thick-walled cylinder 
configuration: a full geometry with 
inner radius ra, outer radius rb, 
and applied temperatures Ta and 
Tb; b quad mesh, c polygonal mesh
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and circumferential stress σθ are given in Fig. 7. The results 
obtained by VEM and SFVEM all have excellent agreement 
with the analytical solution.

To quantitatively assess the computational accuracy, we 
compare our VEM results with finite element analysis using 
identical mesh density. We evaluate performance using the 
average error EAV, defined as



Er
AV = 1

N

N∑
n=1

∣∣∣∣
σr − σexact

r

σexact
r

∣∣∣∣ × 100

Eθ
AV = 1

N

N∑
n=1

∣∣∣∣
σθ − σexact

θ

σexact
θ

∣∣∣∣ × 100

� (82)

where Er
AV and Eθ

AV represent the average percentage errors 
in radial and circumferential stresses, respectively.

Table 1 summarizes the average errors for both numeri-
cal methods (quad mesh for VEM and FEM). The results 
demonstrate that our VEM approach achieves comparable 
accuracy to the established finite element method.

We next assess the method’s convergence characteristics 
using the root mean square (RMS) L2 error as our accuracy 
metric. This normalized error measure is defined as

εrms = 1
max(|Xe|)

√√√√ 1
N

N∑
i=1

|X − Xe|2� (83)

where N represents the number of considered points, while 
Xe and X denote the analytical and numerical results, 
respectively.

Figure 8a and b present the convergence analysis com-
paring SFVEM, traditional VEM, and conventional FEM, 
showing RMS errors for temperature and stress fields as 
functions of degrees of freedom. The convergence rate anal-
ysis demonstrates that SFVEM achieves slopes of 1.082 
and 0.788 for temperature and stress accuracy respectively, 
which are comparable to conventional FEM while provid-
ing enhanced accuracy compared to traditional VEM. Both 
figures confirm the robust convergence characteristics and 
competitive performance of our proposed SFVEM algo-
rithm for thermoelastic problems.

Finally, using the polygonal mesh configuration, the 
stress contour plots are presented in Fig. 9. The smooth and 
accurate stress contours demonstrate the VEM’s excellent 
suitability for polygonal mesh discretizations.

σθ = E

1 − ν2

(
B1(1 + ν) + B2(1 − ν)r−2

+D (ln r(1 + ν) + ν) − α(1 + ν)T (r))
� (72)

The thermal coefficient D is

D = α(1 + ν) Tb − Ta

2 ln(rb/ra) � (73)

The coefficients B1 and B2 are determined by

B1 = d4d5 − d2d6

d1d4 − d2d3
� (74)

B2 = d1d6 − d3d5

d1d4 − d2d3
� (75)

where the auxiliary coefficients are defined as

d1 = 1 + ν � (76)

d2 = r−2
a (ν − 1) � (77)

d3 = 1 + ν � (78)

d4 = r−2
b (ν − 1) � (79)

d5 = −D(ln(ra) + 1 + ν ln(ra)) + α(1 + ν)Ta � (80)

d6 = −D(ln(rb) + 1 + ν ln(rb)) + α(1 + ν)Tb � (81)

Using the prescribed temperature boundary conditions, we 
first compute the temperature field and then apply it as a 
load to calculate the displacement and stress distribution. 
The mesh used here is the quad mesh which contains 5073 
nodes illustrated in Fig. 6. The calculated radial stress σr 

Table 1  Comparison of average percentage errors between FEM and 
VEM methods
Error FEM VEM

Er
AV Eθ

AV Er
AV Eθ

AV

0.708% 0.36158% 0.708% 0.36157%

Fig. 7  Radial (σr) and circumferential (σθ) stress distributions under 
thermal load
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with electroplated copper to provide both mechanical sup-
port and electrical interconnection for transistors. Figure 10 
illustrates our simplified TSV-Cu structural model. In this 
model, the TSV-Cu components are uniformly distributed 
along the length direction, with a spacing of 150µm between 
each TSV. Each component features a width of c = 10µm 
and a depth of d = 100µm, complemented by a top surface 
coating with a thickness of 10µm. The silicon substrate has 

6.2  Through-silicon via with copper filling: 
mechanical and thermal analysis

In this example, we apply our SFVEM algorithms to analyze 
both linear elastic and thermoelastic behaviors of a TSV-Cu 
(Through-Silicon Via with Copper filling) structure. This 
critical electronic packaging technology creates blind holes 
in silicon wafers using dry etching processes, then fills them 

Fig. 10  Schematic representation 
of TSV-Cu structural configuration 
and dimensions

 

Fig. 9  Stresses under thermal load: 
a von-Mises stress, b radial stress 
σr

 

Fig. 8  RMS errors with increasing degrees of freedom for a temperature field and b stress field
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problems, each vertex possesses two displacement degrees 
of freedom (in the x and y directions), so the total number 
of degrees of freedom (nDof) referenced in the following 
convergence study is twice the number of vertices. Fig-
ure 13 illustrates the von Mises stress distribution along the 
TSV-Cu/Si interface across six distinct regions (I through 
VI), calculated using SFVEM at various mesh refinement 
levels. The comparison confirms strong agreement between 
current results and the FEM solutions. However, a larger 
difference between FEM and SFVEM is observed in region 
I, which can be attributed to the number of degrees of free-
dom in the y-direction of the TSV of FEM is less than that of 
SFVEM, resulting in reduced accuracy of the finite element 
solution. This discrepancy is amplified in region I due to the 
significant stress variations present in this area. As evident 
from the convergence plots, the FEM results progressively 
approach the SFVEM solution as the degrees of freedom 
increase. The smooth stress transition along the interface 
highlights the proposed algorithm’s effectiveness in accu-
rately capturing interfacial stress distributions.

6.2.2  Thermoelastic response analysis of TSV-Cu structure

Here, the thermoelastic response of the TSV-Cu structure 
is examined using the proposed SFVEM algorithm. Utiliz-
ing the same structural model shown in Fig. 10, we apply 
thermal boundary conditions as illustrated in Fig.  15. We 
maintain fixed displacement constraints (ux = uy = 0) at 
the model’s bottom surface while imposing a temperature 
of 125 K on the upper surface and 25 K on the lower sur-
face. The left and right boundaries are thermally insulated 
with zero heat flux (∂T/∂n = 0) and are characterized by 
traction-free boundary conditions.

To validate the SFVEM implementation for thermoelas-
tic problems, we benchmark against commercial software 
Abaqus. Figure 16 compares the thermal stress distributions 
along the TSV-Cu structure’s upper surface (the line L1) cal-
culated by both methods at various mesh refinement levels. 

dimensions of a = 630µm and b = 250µm. Table 2 sum-
marizes the material properties used in our simulation.

6.2.1  Linear elastic analysis of TSV-Cu structure

We begin by examining the linear elastic response of the 
TSV-Cu structure using our SFVEM. As shown in Fig. 10, 
we apply fixed constraints (ux = uy = 0) to the model’s 
bottom surface, while imposing a shear load of 7 N/mm on 
the upper surface of the copper coating layer. Additionally, 
the left and right boundaries of the model are set as free 
boundaries.

To validate our proposed algorithm, we compare its 
results with those from commercial software Abaqus, which 
serves as our reference solution. It should be noted that 
while Fig. 10 shows a periodic structure, the present analy-
sis considers only a finite portion of the 2D cross-section, 
without implementing periodic boundary conditions. This 
modeling choice leads to the stress concentrations observed 
at the left and right boundaries. Figure 11a and b present the 
stress distribution contours from both methods, demonstrat-
ing excellent agreement between our SFVEM solution and 
the reference. To further analyze the computational accu-
racy, three lines (L1, L2, L3) are selected in Fig. 10, and 
the stress values along these paths are extracted from the 
stress distribution contours shown in Fig. 11 and compared 
between FEM and SFVEM. The comparison results are pre-
sented in Figs. 12a–c and  13.

Figure 14a shows the polygonal mesh discretization of 
the TSV model used in this analysis. For two-dimensional 

Table 2  Mechanical and thermal properties of materials in TSV-Cu 
structure
Material Young’s 

modulus
Poisson’s 
ratio

Thermal 
expansion

Conductiv-
ity

E(MPa) ν α(K −1) λk (W/m K)
Cu 155,000 0.3 17×10−6 397
Si 140,000 0.25 2.8×10−6 149

Fig. 11  von Mises stress distribution comparison between a SFVEM (polygonal mesh) and b FEM (triangular mesh)
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The results demonstrate excellent agreement between our 
SFVEM solution and the reference FEM solution across all 
degrees of freedom.

6.3  Mechanical analysis of ball grid array structure

Ball Grid Array (BGA) packaging technology represents 
an advanced high-density surface mount approach utiliz-
ing arrays of solder ball interconnections. BGA packages 
deliver two to three times greater memory capacity without 
volume increase, while providing significant advantages 
in form factor reduction, thermal management, and elec-
trical performance. The BGA model illustrated in Fig.  17 
has the following geometric parameters: a = 100µm, 
b = 200µm, h1 = h2 = 5µm, h3 = 15µm, h4 = 35µm, 
and R = 50µm. The contact angle of the Solder ball with 
the Al plate is 53◦. Table 3 summarizes the material prop-
erties used in our simulation. For boundary conditions, as 
shown in Fig. 17, we apply fixed constraints at the model’s 
bottom surface while imposing a stress of t = 10 MPa on 

Fig. 13  von Mises stress variation along the TSV-Cu/Si interface at 
different mesh refinement levels

 

Fig. 12  Stress distribution comparisons along the lines L1, L2 and L3 in TSV-Cu model

 

1 3

4813



Engineering with Computers (2025) 41:4799–4824

the right side of the solder ball. The vertical coordinate range 
of the applied load t is applied is (−0.005, 0.031) mm. All 
other boundaries are traction-free.

The exceptional mesh flexibility of SFVEM, which 
accommodates polygonal elements with any number of 
nodes, enables us to effectively address the complex meshing 
challenges presented by this BGA model. With significant 
geometric variations between components and anticipated 
stress concentration at the corner interface between the sol-
der ball and Al layer, our approach strategically increases 
element density near these critical interfaces while reduc-
ing mesh density in less critical regions to optimize com-
putational efficiency. Figure  18a illustrates the polygonal 

Fig. 15  Thermal boundary conditions for TSV-Cu analysis: 125 K at 
upper surface, 25 K at lower surface, and thermally insulated lateral 
boundaries

 

Fig. 14  The mesh discretization of TSV-Cu structure
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To validate the proposed SFVEM scheme, we compare 
the results with a reference FEM solution. Figure 19a and b 
display the von Mises stress distributions obtained using 
both methods. The FEM mesh is shown in Fig.  18b. The 
visual comparison demonstrates excellent overall agree-
ment between our SFVEM solution and the reference FEM 
solution. To further assess the computational accuracy, three 
lines (L1, L2, L3) are selected in Fig. 17, and the stress dis-
tributions along these paths are extracted from the stress dis-
tribution contours shown in Fig. 19 and compared between 
FEM and SFVEM. The comparison results are shown in 
Figure 20a–c.

To further illustrate the mesh flexibility and non-match-
ing mesh advantages of our methods, we analyze the stress 
distribution along the upper surface of the Al layer in the 
BGA model across different mesh refinement levels. Fig-
ure 18b shows the mesh discretization used in the traditional 
FEM analysis, where smaller element sizes are employed in 
stress concentration regions while larger elements are used 
in non-critical areas, with transition elements implemented 
at coarse-fine mesh interfaces to ensure nodal compatibil-
ity. Figure 21 compares results obtained using the SFVEM 
approach against traditional FEM with local mesh refine-
ment. The comparative analysis demonstrates remarkable 
consistency between SFVEM and FEM solutions. Notably, 
even at the lowest mesh density (nDof = 5586), the SFVEM 
solution maintains excellent agreement with the reference 
FEM results. This confirms the exceptional stability and 
accuracy of the SFVEM approach even with significantly 
reduced degrees of freedom, highlighting its computational 
efficiency for complex electronic packaging structures.

6.4  Structural analysis of plastic ball grid array 
package

Interconnect solder joint failure is the most common fail-
ure mode in electronic components. This failure stems from 
various factors including temperature cycling, vibration, 
and mechanical loads. Under real operating conditions, 
printed circuit board assemblies experience not only ther-
mal and vibrational stresses but also mechanical loads such 
as bending. The following analysis examines stress distribu-
tion patterns within both the solder ball array and individual 
solder joints of a PBGA laminated structure subjected to 
bending loads.

The PBGA laminated solder joint model illustrated in 
Fig.  22 comprises four key components: epoxy molding 
compound (EMC), BT substrate, PBGA laminated solder 
joints, and PCB board. The model has the following geomet-
ric dimensions: a = 10 mm, b = 132 mm, h1 = 0.93 mm, 
h2 = 0.3 mm, h3 = 1.2 mm, with solder balls of diameter 
R = 0.61 mm, solder joint height h4 = 0.515 mm, and 

mesh discretization for the BGA model. By employing 
component-specific element sizing and non-matching mesh 
interfaces, we eliminate the need for transition elements, 
significantly enhancing computational efficiency.

Table 3  Material properties of BGA model components
Material Young’s modulus (MPa) Poisson’s ratio
Solder ball 10,000 0.4
Al 70,000 0.3
PI 4000 0.2
BEOL 90,000 0.3
Si 130,000 0.28

Fig. 17  Schematic diagram of BGA model showing solder ball array 
and package structure

 

Fig. 16  Comparative analysis of thermal stress distribution along the 
upper surface of TSV-Cu structure at different mesh refinement levels
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We perform comparative analysis using both the pro-
posed SFVEM and FEM, extracting the stress distribution 
at the interface L0 labeled in Fig. 22. Figure 24 illustrates 
these stress distributions, demonstrating excellent consis-
tency between the SFVEM and FEM results using refined 
meshes. Moreover, as the model discretization degrees of 
freedom increase, the SFVEM results approach the finite ele-
ment reference solution (FEM: 227,398 nDof). Figure 25a 
and b display the von Mises stress distributions around the 
PBGA laminated solder joints obtained using both meth-
ods. The analysis confirms that maximum stress in the sol-
der ball array occurs at the outermost solder joints, which 
aligns with established failure patterns in PBGA packages 
under bending loads. From the figures, we can observe that 
the results obtained by the SFVEM analysis with a sparser 

a solder joint spacing is H = 1  mm. Table  4 summarizes 
the material properties for each component. The bound-
ary conditions, as shown in Fig.  22, consist of two fixed 
displacement constraints at the bottom edges of the PCB 
board (indicated by the triangular supports, which are sym-
metrically positioned along the central axis with a spac-
ing of c = 128 mm.) while a vertical displacement load of 
0.20 mm is applied upward at the central position of the 
PCB board’s lower surface.

In this model, the PBGA laminated solder joints are rela-
tively small compared to other components. FEM analy-
sis requires transition meshes to achieve accurate results, 
resulting in an excessive number of elements. To address 
this challenge, we implement non-matching meshes as 
shown in Fig. 23.

Fig. 18  The mesh discretization of 
BGA structure
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Fig. 20  Stress distribution comparisons along interface L1,L2 and L3

 

Fig. 19  Comparison of stress distributions in BGA structure: a SFVEM result; b FEM result
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element distribution achieve similar stress magnitudes com-
pared to the highly refined FEM results.

We further analyze stress distributions at multiple inter-
faces (L1, L2, L3, L4) within the central solder joint, as 
shown in Fig. 26. Figure 27b presents the stress distribution 
profiles along interfaces L2, L3, and L4. Due to both struc-
tural and loading symmetry, the stress distributions exhibit 
symmetric patterns about x = 5, with maximum stress 
occurring at the bottom interface L4. Figure 27a compares 
SFVEM and FEM results along interface L1, demonstrating 
excellent agreement between the methods and confirming 

Table 4  Mechanical properties of PBGA package components
Material Young’s modulus (MPa) Poisson’s ratio
Molding compound 155,000 0.25
BT substrate 223,000 0.30
PBGA solder joint 343,000 0.377
PCB board 182,000 0.25

Fig. 24  Stress distribution comparison along interface L0: conver-
gence analysis of SFVEM solutions versus reference FEM results at 
multiple mesh refinement levels

 

Fig. 23  Multi-resolution non-
matching mesh for PBGA 
structure: detailed discretization of 
solder joints with transitional mesh 
refinement at material interfaces

 

Fig. 22  Cross-sectional schematic of PBGA architecture showing layered structure

 

Fig. 21  Stress distribution comparison along Al layer upper surface: 
SFVEM versus locally-refined FEM at multiple discretization levels
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that the SFVEM accurately captures the same stress varia-
tion patterns as the reference FEM solutions. The minor 
differences observed, particularly at lower y values, are pri-
marily attributed to the different mesh densities employed: 
SFVEM uses 33,162 degrees of freedom compared to 
FEM’s 227,398 degrees of freedom. This computational 
efficiency advantage of SFVEM comes with the expected 
trade-off in local resolution, though convergence studies 
confirm that SFVEM results approach the FEM reference 
solution with mesh refinement.

6.5  Elastic analysis of representative volume 
element (RVE) sub-model

Figure  28a illustrates the Representative Volume Ele-
ment (RVE) sub-model, with particular focus on the two-
dimensional top surface. The model has the following 
geometric parameters: a = 1 mm, copper via diameter 
R = 0.2 mm, with elliptical features having a major axis of 
0.2 mm and minor axis of 0.1 mm. The material properties in 
our simulation include: SiO2 substrate with Young’s modu-
lus ESiO2 = 75 GPa and Poisson’s ratio νSiO2 = 0.17; Cop-
per interconnects with Young’s modulus ECu = 155 GPa 
and Poisson’s ratio νCu = 0.3. For boundary conditions, we 
apply fixed constraints at the bottom surface and a uniform 
stress of 2 MPa on the top surface. It should be noted that 
while this geometry represents an RVE configuration, the 
primary objective of this example is to demonstrate the mesh 
flexibility and robustness of the SFVEM method rather than 
to perform periodic analysis. Therefore, periodic boundary 
conditions are not implemented; instead, the left and right 
boundaries are treated as free (traction-free) boundary con-
ditions, as shown in Fig. 28b.

In the analysis of this model, the mesh discretization is 
shown in Fig. 29a–d. Figure 29b–d display the copper com-
ponent mesh rotated by 30◦, 60◦, and 90◦ respectively from 
the original orientation in Fig.  29a. The elliptical feature 
serves as a visual indicator of the mesh rotation angle within 
the copper domain. As shown in the figure, the size, shape, 

Fig. 26  Central solder joint detail: critical interfaces and measurement 
locations for stress analysis

 

Fig. 25  Comparison of stress 
distributions around the PBGA 
laminated solder joints
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and number of elements within the model remain fixed and 
unchanged. The only modification is the rotation angle of 
the mesh within the Cu region. Non-matching meshes are 
implemented at the Cu-SiO2 interface, with a total element 
count of 3,041.

Figure 30 presents the stress contours obtained from all 
four mesh configurations. Figure  31 shows the stress dis-
tribution along the upper surface of the inner circle ( the 
arc L1 shown in Fig. 28b) of the SiO2 component for dif-
ferent mesh rotation angles. The results clearly demonstrate 
that both stress distribution patterns and magnitude values 
remain consistent across all mesh orientations. This consis-
tency further validates the exceptional mesh flexibility of 
our SFVEM algorithm and highlights the significant advan-
tage of non-matching mesh implementation, where localized 

Fig. 29  Copper component mesh 
configurations at various rotational 
orientations (measured from hori-
zontal axis)

 

Fig. 28  TGV RVE: a structural cross-section and b top surface 
configuration

 

Fig. 27  Stress distribution analysis within central solder joint: a comparative SFVEM-FEM results along interface L1; b stress variations across 
multiple interfaces
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correlation with analytical solutions in both heat con-
duction and thermoelastic analyses.

3.	 Our method shows significant advantages when analyz-
ing complex electronic packaging structures, including 
TSV, BGA, and PBGA models. VEM effectively man-
ages stress concentrations and interface conditions, pro-
ducing reliable results for both thermal and mechanical 
responses.

4.	 We demonstrated VEM’s inherent mesh flexibility 
across various configurations. Our results confirm that 
solution accuracy remains consistent regardless of 
mesh rotation or element shape, validating the method’s 
robustness for practical applications.

This methodology provides an efficient framework for ana-
lyzing electronic packaging structure reliability, particularly 
for problems involving multiple geometric scales and com-
plex geometries. The complete source code and implemen-
tation details for the algorithms presented in this work are 
available on our GitHub repository (​h​t​t​p​​s​:​/​​/​g​i​t​​h​u​​b​.​c​​o​m​/​y​​a​
n​p​​e​n​g​​-​g​o​​n​g​/​​V​E​M​-​​e​l​​e​c​t​r​o​n​i​c​-​p​a​c​k​a​g​i​n​g) and the VEMhub 
website (www.vemhub.com). Future research will focus on 
extending this SFVEM approach to three-dimensional ther-
momechanical analysis of electronic packaging structures, 
building upon existing 3D SFVEM frameworks, incorporat-
ing more sophisticated material behaviors, and investigating 
fully coupled solutions for cases where strong bidirectional 
coupling effects are present.

Appendix A: Analytical solution derivation 
for thick-walled cylinder

For the one-dimensional, steady-state temperature field 
equation without internal heat generation

mesh modifications can be performed without affecting the 
overall mesh structure or solution accuracy.

7  Conclusions

This work presents a Virtual Element Method for analyz-
ing electronic packaging structures with the following key 
contributions: 

1.	 We developed a novel stabilization-free virtual element 
method for thermomechanical problems. The stabiliza-
tion-free virtual element method does not require any 
additional stabilization terms, so the calculation results 
are not affected by parameters, which improves the reli-
ability of the results.

2.	 Through comprehensive numerical examples, we rig-
orously verified the proposed method’s accuracy and 
effectiveness. Our method demonstrates excellent 

Fig. 31  The stress distribution along the arc L1

 

Fig. 30  Comparative stress distribution across copper component with varying mesh orientations (θ)
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form u1(r) = B1r + B2r−1, and the particular solution is 
u2(r) = Dr ln r with

D = α(1 + v) Tb − Ta

2 ln(b/a)

The complete displacement solution is

u(r) = B1r + B2r−1 + Dr ln r

The stress components become




σr = E
1−v2

(
B1(1 + v) + B2(v − 1)r−2

+D(ln r(v + 1) + 1) − α(1 + v)T (r)
)

σθ = E
1−v2

(
B1(1 + v) + B2(1 − v)r−2

+D(ln r(v + 1) + v) − α(1 + v)T (r)
)

Applying stress-free boundary conditions 
σr(r = a) = σr(r = b) = 0 and solving the resulting sys-
tem of equations determines the constants B1 and B2 as 
given in Eqs. (74)–(75) .
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d
dr

(
r
dT

dr

)
= 0

With boundary conditions T = Ta at r = a and T = Tb at 
r = b, where a and b are the inner and outer radii respec-
tively. Integrating both sides yields

r
dT

dr
= c1 ⇒ T = c1 ln r + c2

Applying boundary conditions
{

Ta = c1 ln a + c2
Tb = c1 ln b + c2

Solving for the unknown parameters

c1 = Tb − Ta

ln(b/a)
, c2 = Ta − Tb − Ta

ln(b/a)
ln a

The analytical temperature solution becomes:

T = Ta + Tb − Ta

ln(b/a)
ln(r/a)

For the mechanical problem in polar coordinates, the strain–
displacement relationships are

εr = dur

dr
, εθ = ur

r

Under plane stress conditions, the stress–strain relationships 
are
{

σr = E
1−v2 (εr + vεθ − α(1 + v)T (r))

σθ = E
1−v2 (εθ + vεr − α(1 + v)T (r))

The equilibrium equation in polar coordinates (neglecting 
body forces) is

∂σr

∂r
+ 1

r
(σr − σθ) = 0

Substituting the stress–strain relationships into the equilib-
rium equation yields

d2ur

dr2 + 1
r

dur

dr
− 1

r2 ur = α(1 + v) Tb − Ta

r ln(b/a)

This is an Euler equation with both homogeneous and 
particular solutions. The homogeneous solution has the 
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