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 A B S T R A C T

Sintered silver paste has emerged as one of the most promising green packaging interconnec-
tion materials in electronic packaging due to its combination of low-temperature processing 
and high-temperature service capabilities. At the microscale, sintered silver exhibits random 
porous structures influenced by sintering processes, leading to various fracture issues under 
complex operating conditions, where the mechanical reliability is significantly influenced by 
thermo-mechanical loading during service. This study establishes a thermo-mechanical coupled 
phase-field model incorporating mixed tensile–shear failure modes to investigate the mechanical 
behavior and fracture evolution of random porous structures reconstructed from SEM images of 
sintered silver. The phase-field approach effectively captures crack initiation and propagation 
without explicit crack tracking by introducing a regularized description of discontinuities. 
Numerical predictions of elastic modulus and tensile strength show good agreement with 
experimental results under various loading conditions, including tensile, shear, and end-
notched flexure (ENF) tests. Simulations of crack propagation under thermal and shear loading 
conditions reveal distinctive crack patterns and complex crack networks. The proposed approach 
provides an efficient and reliable method for simulating the mechanical behavior and failure 
mechanisms of sintered silver solder with random porous structures, offering valuable insights 
for improving electronic package reliability.

. Introduction

In recent years, the continuous advancement of power electronics technology has driven semiconductor devices toward increased 
ystem integration and miniaturization [1]. Third-generation semiconductor devices, particularly Silicon Carbide (SiC) and Gallium 
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Fig. 1. Schematic illustration of nanosilver particle sintering interconnection mechanism between substrate and chip under pressure-assisted conditions.

Nitride (GaN), have garnered significant attention in electric vehicle and aerospace applications due to their superior properties, 
including wider bandgap, higher breakdown voltage, lower switching losses, and enhanced thermal conductivity [2]. To ensure 
reliable operation of these devices under high-temperature and high power density conditions, packaging interconnection materials 
must demonstrate compatible thermal, electrical, and mechanical properties. Sintered silver paste has emerged as one of the most 
promising green packaging interconnection materials in electronic packaging, distinguished by its unique combination of low-
temperature processing and high-temperature service capabilities. The material consists of nano-sized silver particles/micro-sized 
silver flakes combined with specific organic components including dispersants, binders, and diluents. When processed at 300 ◦C, it 
forms stable interconnections through sintering, resulting in a silver layer characterized by high elastic modulus, excellent electrical 
and thermal conductivity, and superior fatigue resistance, making it particularly suitable for third-generation power electronic 
devices [3]. As shown in Fig.  1, the sintering process of nanosilver paste typically comprises four stages: paste printing, heat 
drying, chip placement, and temperature-elevated sintering. During the paste printing stage (Fig.  1(a)), the nanosilver particles 
exist in a free state. In the heat drying stage, the organic coating on the nanosilver surface gradually evaporates, leading to particle 
agglomeration and initial sintering neck formation, resulting in interconnected pores between particles as shown in Fig.  1(b). With 
further sintering (Fig.  1(c)), the sintering necks between particles grow progressively, particles coarsen, and dense connections form 
between particles while interconnected pores gradually close. Finally, under pressure assistance, silver particles further grow and 
coarsen, grain boundaries between particles form continuous networks, and pores between silver particles become rounded and 
gradually shrink, ultimately forming a sintered silver interconnection layer with random voids as illustrated in Fig.  1(d) [4].

Extensive experimental studies by researchers have demonstrated that sintered silver microstructures exhibit significant vari-
ations under different sintering parameters [5]. Wang et al. investigated the porosity and pore size of sintered silver at different 
sintering times using Scanning Electron Microscopy (SEM), combined with X-ray Diffraction (XRD) measurements and Scherrer 
equation calculations to track changes in silver particle size over sintering time [6]. Their research revealed that with increased 
sintering time, both porosity and pore size gradually decrease while average particle size increases. Fan et al. [7] employed the 
Taguchi orthogonal experimental method to study microstructural changes in sintered silver under various sintering temperatures 
and holding times. Their findings indicated that relative shrinkage and relative density of sintered silver continuously increase with 
higher sintering temperatures and longer holding times. Although porosity in sintered silver structures can be modified by adjusting 
experimental conditions such as sintering temperature and pressure, voids cannot be completely eliminated from the sintered 
silver layer, significantly affecting the mechanical strength and thermal conductivity of nanosilver joints. From a macroscopic 
perspective, sintered silver serves both heat dissipation and electrical interconnection functions in power electronic device structures. 
Under high-temperature environments and applications with mismatched thermal expansion coefficients between layers, residual 
stresses develop, subjecting the sintered silver layer to various types of fracture issues, thereby affecting the performance reliability 
of both the silver layer and the entire electronic device. From a microscopic viewpoint, during the sintering process, melting 
silver particles form networked porous structures. Moreover, sintered silver solder typically operates in harsh environments with 
complex thermo-electro-mechanical conditions, where internal voids facilitate crack initiation and propagation, leading to device 
failure [8,9]. Therefore, investigating the fracture behavior of sintered silver holds significant importance for improving electronic 
device reliability.

Researchers have extensively investigated the influence of porous structures on the mechanical properties of sintered silver 
through various experimental methods [10,11]. Mechanical characterization studies using tensile tests have revealed that elastic 
modulus, yield strength, and tensile strength decrease with increasing porosity [11–14]. For instance, Herboth et al. [12] 
demonstrated through uniaxial tensile tests that specimens with 15% porosity exhibit significantly lower elastic modulus compared 
to those with 3% porosity. Yu et al. [11] further showed that the tensile strength of sintered silver films decreases with increasing 
2 
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temperature and decreasing strain rate. These experimental findings align well with theoretical predictions based on porous material 
mechanics [14]. In engineering applications, shear testing methods, particularly lap joint tests, are commonly employed to evaluate 
the mechanical properties of sintered silver joints. Various studies have investigated the influence of processing parameters on joint 
strength. Fu et al. [15] utilized Taguchi orthogonal experiments to systematically analyze the effects of sintering temperature, heating 
rate, and holding time on the average shear strength under pressureless conditions, establishing relationships between sintering 
parameters and signal-to-noise ratios. Knoerr et al. [16] investigated the influence of sintering pressure on relative density and shear 
strength at 275 ◦C for 1 min, revealing that both properties increase progressively with higher sintering pressure. Alternative testing 
methods have also been explored to characterize the fracture mechanics properties of sintered silver joints, where Li et al. [17] 
evaluated shear strength using Cu-Ag–Cu lap joint specimens under uniaxial tension, and Zhao et al. [18] investigated Mode II 
fracture toughness through end-notched flexure (ENF) tests under various sintering conditions, providing comprehensive insights 
into the mechanical behavior and failure mechanisms of sintered silver joints.

Some researchers have employed numerical simulation approaches to study the mechanical properties of porous sintered silver 
structures. Carr et al. [19] determined the relationship between porosity and elastic modulus using finite element analysis based on 
3D structures obtained through scanning electron microscopy. Chen et al. [20] reconstructed the actual 3D microstructure of sintered 
films using focused ion beam (FIB) scanning electron microscope tomography, and calculated elastic modulus through finite element 
modeling, achieving good agreement with experimental results. To explore the influence of microstructural features beyond porosity, 
they employed cellular automata methods to numerically analyze both real microstructures and artificial microstructures based on 
spherical mono-sized particles at constant porosity. Yao et al. [21] investigated the tensile strength of nanoporous silver through 
experiments and molecular dynamics analysis, studying the effects of sintering temperature on porosity and ultimate strength, and 
simulated sintered silver structures with cubic, helical, and spherical pores. Su et al. [22] pioneered the use of one-cut Gaussian 
random field model for modeling porous structures of sintered silver, followed by fracture simulation using a thermo-elastic–plastic 
phase-field model. Long et al. [23] attempted to investigate the influence of sintered silver’s microstructure on its fracture behavior 
using crystal plasticity finite element methods.

Based on the above review, the microstructure of sintered silver significantly influences the mechanical properties of sintered 
silver joints. Under complex mechanical and thermal conditions, sintered nanosilver paste exhibits cracks of varying shapes and 
sizes between pores. However, current research on the mechanism of microstructural effects on the fracture mechanics properties 
of sintered silver remains incomplete. The phase-field model employed by Su et al. [22] only considered the effect of tensile 
stress on computational results, neglecting the damage induced by shear stress or combined tensile–shear stress in porous sintered 
silver structures. Pillai et al. [24] proposed a phase-field model for predicting crack evolution in heterogeneous solids and porous 
materials, qualitatively simulating crack propagation in both pure solids and porous materials. Their comparative study of crack 
propagation behavior in homogeneous and heterogeneous materials revealed significant path deviation when material heterogeneity 
was considered. However, their research was based on a macroscopic scale without considering microstructural details. Generally, 
the pore diameter in sintered silver exceeds half the crack length, and the thickness of the sintered silver solder layer is relatively 
small at the macroscopic scale. Therefore, microscopic phase-field modeling of porous sintered silver materials must consider the 
characteristics of random voids. Dittmann et al. [25] introduced a framework to simulate ductile fracture in porous thermo-elasto-
plastic solids under large deformation conditions, investigating the effects of microvoid nucleation, growth, and coalescence on 
final fracture at the macroscopic scale. While their approach incorporated microstructural effects through void volume fraction 
homogenization, this simplification may not adequately capture the complex fracture behavior in sintered silver solder layers. 
With characteristic dimensions of 0.02-0.05 μm and pore diameters larger than half the crack length, the crack evolution process is 
intrinsically linked to local microstructural features, necessitating explicit consideration of microstructural effects on macroscopic 
mechanical response.

During operation of power devices, sintered silver solder experiences thermal stresses under high temperature environments 
and mismatched thermal expansion coefficients between layers, leading to various types of fracture issues. However, microscale 
studies of these complex failure modes are currently lacking. Therefore, to analyze such porous materials, this work proposes a 
thermo-mechanical phase-field model considering mixed tensile–shear failure modes to simulate the mechanical behavior and crack 
evolution in microporous structures. The phase-field fracture approach diffuses cracks within a finite-width local band by introducing 
an intrinsic length scale, enabling direct calculation of crack development during the solution of phase field equations without 
requiring additional criteria for crack tip tracking. The phase-field method has been widely applied to study crack propagation 
in various materials, including concrete [26–30], multiphase materials [31], piezoelectric materials [32], and functionally graded 
materials [33]. It has also been extended to simulate mechanical behavior and crack propagation in solids under multiple physical 
conditions, such as elastoplasticity [34], thermoelasticity [35–37], thermo-elastoplasticity [38], electronic packaging [35], and 
chemical thermodynamics [39]. In [40], a variation-energy-based physics-informed neural network (PINN) for phase-field fracture 
modeling is proposed, which offers improved computational efficiency and more accurate crack path predictions compared to 
conventional residual-based PINN approaches. Therefore, phase-field method is particularly suitable for simulating fracture processes 
in porous sintered silver structures under complex working conditions.

This work aims to establish a thermo-elastic phase-field model for sintered silver materials with random microporous structures, 
considering mixed tensile–shear failure modes. The remainder of this paper is organized as follows. Section 2 presents the theory 
of thermo-mechanical coupled phase-field fracture model considering mixed tensile–shear failure modes. Section 3 describes the 
modeling procedure for sintered silver structures. Section 4 presents numerical simulations of failure behavior under tensile and 
shear loading, along with ENF test simulations, and analyzes crack propagation processes under thermal loading and chip shear 
conditions in power modules. Finally, Section 5 summarizes the main conclusions of this study.
3 
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Fig. 2. Embedded cracks in solids and their phase-field regularization. The boundary satisfy: 𝜕Ω𝑢 ∩ 𝜕Ω𝑡 = ∅, 𝜕Ω𝑢 ∪ 𝜕Ω𝑡 = 𝜕Ω, 𝜕Ω𝜃 ∩ 𝜕Ω𝑞 = ∅ and 𝜕Ω𝜃 ∪ 𝜕Ω𝑞 = 𝜕Ω.

2. Phase-field fracture model

2.1. Crack diffusion

In the phase-field model, crack regularization in the local region is achieved through a phase field variable 𝑑 and its gradient 
∇𝑑, where the material failure process is represented by the evolution of the phase field. During the solution process of the phase 
field governing equations, the crack development state can be directly obtained without additional criteria for crack tip tracking, 
making it particularly suitable for analyzing complex fracture processes in sintered silver materials.

For an arbitrary domain 𝛺 ⊂ R𝐷 containing a crack 𝛤 , as shown in Fig.  2, there are 3 independent variables in the domain: 
displacement field 𝐮, temperature 𝜃, and phase-field variable 𝑑. The boundary conditions satisfy the following relationships: 
displacement boundary condition 𝐮 = 𝐮̄ on 𝛤𝑢, traction boundary condition 𝐭 = 𝐭̄ on 𝛤𝑡, temperature boundary condition 𝜃 = 𝜃̄
on 𝛤𝜃 , and heat flux boundary condition 𝐪 = 𝐪̄ on 𝛤𝑞 . On the internal crack 𝛤 , the phase-field variable 𝑑 characterizes the degree 
of damage at a certain position in the solid, where 𝑑 = 0 indicates the material is intact, 𝑑 = 1 indicates complete fracture has 
occurred, and 0 < 𝑑 < 1 represents partial damage. Here, 𝐮̄, 𝐭̄, 𝜃̄, and 𝐪̄ represent the prescribed displacement, prescribed surface 
traction, prescribed temperature, and prescribed heat flux, respectively.

The crack 𝛤  is regularized by introducing a crack surface density function 𝛾(𝑑,∇𝑑), where the regularization parameter 𝑙0
represents the internal length scale of the diffuse crack interface. When 𝑙0 approaches zero, the diffuse interface converges to a 
sharp crack representation. This regularization can be expressed mathematically as: 

𝛤 = ∫𝛺
𝛾(𝑑,∇𝑑) d𝛺 = 1

𝑐0𝑙0 ∫𝛺

(

𝛼(𝑑) + 𝑙20|∇𝑑|
2) d𝛺 (1)

𝑐0 = 4 ∫ 1
0

√

𝛼(𝜗)d𝜗 is a normalization constant that ensures the equivalence between the sharp and diffuse crack descriptions; 𝛼(𝑑)
is a geometric function of the crack. The present work adopts the form derived from the unified phase-field model proposed by Wu 
et al. [41], where 𝛼(𝑑) = 2𝑑 − 𝑑2 and 𝑐0 = 𝜋.

Based on the crack surface density function and normalization constant 𝑐0, a coupled multi-physics model is developed 
that encompasses three primary processes: thermal, mechanical, and fracture processes. The model accounts for the multi-field 
interactions within the thermoelastic body,specifically addressing two key aspects: (1) the interaction between phase-field fracture 
and displacement fields, and (2) the degradation of thermal conductivity near cracks through the phase-field degradation function.

2.2. Governing equations

In the framework of fracture mechanics, the energy functional for damage simulation 𝛱 consists of three components: bulk 
energy 𝛹𝑏, crack surface energy 𝛹𝑠, and external work 𝑊𝑒𝑥𝑡. This can be expressed as 

𝛱 = 𝛹𝑏 + 𝛹𝑠 −𝑊𝑒𝑥𝑡 (2)

The complete form of the energy functional is 

𝛱(𝐮, 𝑑) = ∫𝛺
𝜓𝑏(𝜺, 𝑑) d𝛺 + ∫𝛺

𝛾(𝑑,∇𝑑) d𝛺 −𝑊𝑒𝑥𝑡 (3)

In phase-field modeling, the diffuse crack representation requires modification of the bulk energy through a degradation function. 
The modified bulk energy takes the form 

𝛹𝑏 = ∫𝛺
𝜓𝑏(𝜺(𝐮), 𝑑) d𝛺 = ∫𝛺

𝜔(𝑑)𝜓0(𝜺(𝐮)) d𝛺 (4)

The elastic strain energy density 𝜓0 is defined as: 

𝜓 = 1𝜆tr2[𝜺] + 𝜇tr[𝜺2] (5)
0 2
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where 𝜆 and 𝜇 are Lamé constants, 𝜔(𝑑) is the degradation function governed by the phase-field variable 𝑑, 𝜺(𝐮) is the strain tensor 
dependent on displacement field 𝐮. The components of strain tensor 𝜺 can be expressed as 

𝜺 = 1
2
[

∇T𝐮 + ∇𝐮
]

(6)

In the unified phase-field theory proposed by Wu et al. [41], the degradation function is given by 

𝜔(𝑑) =
(1 − 𝑑)𝑝

(1 − 𝑑)𝑝 + 𝑆(𝑑)
= 1

1 + 𝜙(𝑑)
, 𝜙(𝑑) =

𝑆(𝑑)
(1 − 𝑑)𝑝

(7)

where 𝑝 > 0, 𝑆(𝑑) > 0, and 𝑆(𝑑) is defined as 

𝑆(𝑑) = 𝑎1𝑑 + 𝑎1𝑎2𝑑2 + 𝑎1𝑎2𝑎3𝑑3 + 𝑎1𝑎2𝑎3𝑎4𝑑3 +⋯ = 𝑎1𝑑 + 𝑎1𝑏2𝑑2 + 𝑎1𝑏3𝑑3 + 𝑎1𝑏4𝑑3 +⋯ (8)

with 𝑏𝑚 =
∏𝑚

𝑛=2 𝑎𝑛 representing coefficients calibrated through standard material properties. Here, 𝜙(𝑑) is a function that relates 
to the degradation of material properties. When 𝑑 = 0 (undamaged state), we have 𝜙(0) = 𝑆(0) = 0, and consequently 𝜔(0) = 1, 
indicating full material integrity.

For different softening curves, the coefficients 𝑎𝑖(𝑖 = 1, 2, 3,…) can be expressed in a uniform form as follows 

𝑎1 =
4
𝑐0𝑙0

𝐸𝐺𝑐
𝑓 2
𝑡

(9)

𝑎2 =
1
2
[(−16𝜋

𝑐0

𝐺𝑐
𝑓 2
𝑡
𝑘0)

2
3 + 1] − (𝑝 + 1) (10)

𝑎3 =

{

0 𝑝 > 2
1
𝑎2
[ 12 (

𝑐0𝑤𝑐𝑓𝑡
2𝜋𝐺𝑐

)2 − (1 + 𝑎2)] 𝑝 = 2
(11)

where 𝑘0 < 0 is the initial slope of the selected softening curve, 𝑤𝑐 is the final crack opening displacement at complete failure, and 𝑓𝑡
is the material’s tensile strength. While higher-order polynomials 𝑆(𝑑) can provide more accurate results at increased computational 
cost, this paper adopts a quadratic form with 𝑎𝑖(𝑖 ≥ 3) = 0 for simplicity.

The initial slope and final crack opening of the selected softening curve can be calculated as: 

𝑘0 = −
𝑐0
16𝜋

𝑓 2
𝑡
𝐺𝑐

[2(𝑎2 + 𝑝 + 1) − 1]3∕2 (12)

𝑤𝑐 =
2𝜋𝐺𝑐
𝑐0𝑓𝑡

√

2𝑆(1) lim
𝑑∗→1

(1 − 𝑑∗)1−𝑝∕2 (13)

where 𝑆(1) = 𝑎1(1 + 𝑏2 + 𝑏3 +⋯) is the value of polynomial 𝑆(𝑑) at 𝑑 = 1.
For the linear softening model used in this paper, the parameters reduce to: 

𝑘0 = −
𝑓 2
𝑡

2𝐺𝑐
, 𝑤𝑐 =

2𝐺𝑐
𝑓𝑡

, 𝑝 = 2 ⇒ 𝑎2 = −1
2
, 𝑎3 = 0 (14)

The expression for external work is given by 

𝑊𝑒𝑥𝑡 = ∫𝛺
𝐛̄ ⋅ 𝐮 d𝛺 + ∫𝜕𝛺𝑡

𝐭̄ ⋅ 𝐮 d𝛺 (15)

where ̄𝐛 is the body force and 𝜕𝛺𝑡 represents the traction boundary.
Considering the diffuse crack treatment, the crack surface energy can be approximated as the product of the critical energy 

release rate 𝐺𝑐 and the crack surface 

𝛹𝑠 = 𝐺𝑐 ∫𝛤
d𝛤 ≈ 𝐺𝑐 ∫𝛺

𝛾(𝑑,∇𝑑)d𝛺 (16)

where 𝛤  represents the crack surface, and 𝛾(𝑑,∇𝑑) is the crack surface density function.
The strain energy density function is decomposed using two distinct degradation functions to capture both tensile and shear 

damage modes: 

𝜓0 = 𝜔𝐼 (𝑑)𝜓+
0𝐼 + 𝜔𝐼𝐼 (𝑑)𝜓

+
0𝐼𝐼 + 𝜓

−
0 (17)

where 𝜓+
0𝐼  represents the tensile strain energy density due to normal stress; 𝜓+

0𝐼𝐼  represents the shear strain energy density due to 
tangential stress; 𝜓−

0  represents the remaining strain energy; 𝜔𝐼  and 𝜔𝐼𝐼  are the degradation functions for tensile and shear energies, 
respectively.

For plane stress conditions, these energy components are computed as: 

𝜓+
0𝐼 =

{

(𝜎̄𝑟𝑟)2
2𝐸 if 𝜎̄𝑟𝑟 > 0

𝑟𝑟
(18)
0 if 𝜎̄ ≤ 0

5 
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𝜓+
0𝐼𝐼 =

⎧

⎪

⎨

⎪

⎩

(𝜎̄𝑟𝑚)2
2𝜇 = 𝜏2

2𝜇 if 𝜎̄1 > 0

0 if 𝜎̄1 ≤ 0
(19)

𝜓−
0 = 𝜓0 − 𝜓+

0𝐼 − 𝜓
+
0𝐼𝐼 (20)

The effective stresses are related to the actual stresses through 

⎡

⎢

⎢

⎣

𝜎̄𝑟𝑟

𝜎̄𝑚𝑚

𝜎̄𝑟𝑚

⎤

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎣

1
𝜔𝐼 (𝑑)

0 0

0 1
𝜔𝐼 (𝑑)

0

0 0 1
𝜔𝐼𝐼 (𝑑)

⎤

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎣

𝜎𝑟𝑟

𝜎𝑚𝑚

𝜎𝑟𝑚

⎤

⎥

⎥

⎦

(21)

The degradation functions take the form: 

𝜔𝐼 = 1
1 + 𝜙𝐼 (𝑑)

(22)

𝜔𝐼𝐼 = 1
1 + 𝜙𝐼𝐼 (𝑑)

(23)

where 𝑟 and 𝑚 denote the unit normal and tangential vectors, respectively.
According to Ref. [42,43], through fracture analysis of a 2D rod, the crack evolution equation under tensile–shear failure mode 

is obtained 

𝜔′
𝐼 (𝑑)

𝜓+
0𝐼

𝐺𝑐𝐼
+ 𝜔′

𝐼𝐼 (𝑑)
𝜓+
0𝐼𝐼

𝐺𝑐𝐼𝐼
≥

2𝑙20∇
2𝑑 − 𝛼′(𝑑)
𝑐0𝑙0

(24)

where 𝐺𝑐𝐼  is the fracture toughness for pure tensile failure; 𝐺𝑐𝐼𝐼  is the fracture toughness for pure shear failure; 𝜔′
𝐼 (𝑑) is the 

derivative of degradation function for mode I; 𝜔′
𝐼𝐼 (𝑑) is the derivative of degradation function for mode II; 𝜓+

0𝐼  is the positive part 
of elastic energy for mode I; 𝜓+

0𝐼𝐼  is the positive part of elastic energy for mode II; 𝛼′(𝑑) is the derivative of the geometric function; 
∇2𝑑 is the Laplacian of the phase-field variable. The fracture toughness for mode I (tensile failure) and II (shear failure) are given 
by 

𝐺𝑐𝐼 =
𝑐0𝑙0
2𝐸

𝜙′(0)
𝛼′(0)

𝑓 2
𝑡 (25)

𝐺𝑐𝐼𝐼 =
𝜒2𝐸
𝜇

𝐺𝑐𝐼 (26)

where 𝐸 is the elastic modules; 𝑓𝑡 is the tensile strength; 𝜒 is the ratio between the critical shear strength 𝜏𝑠 and the critical tensile 
strength 𝑓𝑡. The term 𝜙′(0) represents the derivative of 𝜙(𝑑) (given in Eq. (7)) evaluated at 𝑑 = 0. For more detailed information 
about this formulation, please refer to Ref. [42].

The phase-field model used in this work can indeed transition between tensile, shear, and mixed-mode tensile–shear damage, 
governed by the parameter 𝜒 . Based on the unified fracture criterion proposed by Zhang et al. [44], different fracture modes emerge 
depending on material properties, even under identical geometric and loading conditions. In this mixed-mode phase field model, 
we introduce a unified damage criterion represented by the elliptic equation 

𝜎̄2

𝜎2𝑡
+ 𝜏2

𝜏2𝑠
= 1 (27)

where 𝜎𝑡 and 𝜏𝑠 represent the critical tensile and shear damage stresses, respectively. Material damage initiates when the effective 
tensile stress 𝜎̄ and shear stress 𝜏 satisfy this criterion.

The ratio 𝜒 = 𝜏𝑠∕𝜎𝑡 determines the dominant fracture mode, reproducing four classical damage criteria 

𝜒 =
𝜏𝑠
𝜎𝑡

=

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

0 Tresca criterion
>

√

2
2 Maximum normal stress criterion

<
√

2
2 Mohr–Coulomb criterion

√

3
3 von Mises criterion

(28)

This unified framework enables analysis of multiple fracture modes: (1) Type I fracture (𝜒 >
√

2∕2); (2) Type II fracture (𝜒 = 0), 
and (3) Mixed Type I + II fracture (0 < 𝜒 <

√

2∕2). Further details of this unified criterion can be found in [42].
The governing equations for the phase-field model considering mixed tensile–shear failure modes are 

⎧

⎪

⎨

⎪

div𝝈(𝐮, 𝑑) + 𝐛 = 𝟎 in 𝛺

𝜔′(𝑑) ≥
2𝑙20∇

2𝑑−𝛼′(𝑑)
in 𝛩

(29)
⎩

𝑐0𝑙0

6 



Y. Gong et al. Engineering Fracture Mechanics 320 (2025) 111039 
where 𝝈 is the degraded Cauchy stress tensor, and  is a history field introduced to prevent crack healing: 
(𝐱, 𝑡) = max(𝑌0, max

𝑡∈[0,𝑇 ]
𝑌𝑡) (30)

where 𝐱 is the spatial position, 𝑡 is the current time, and 𝑇  is the total time period. 𝑌0 represents the magnitude of history field 
variable required for material damage initiation, and 𝑌𝑡 denotes the tensile strain energy obtained at the 𝑡th load step. This work 
introduces two history field variables for tensile stress 𝐼  and shear stress 𝐼𝐼 , respectively, to address the irreversibility of damage 
evolution during the tensile–shear failure process. Furthermore, to address the sensitivity issue of the phase-field model to the 
internal length scale 𝑙0, this method adopts the concept from PF-CZM and establishes a similar form of history field. Consequently, 
in the definition of history field, 𝑌0 and 𝑌𝑡 take the following forms: 

𝑌0 =
𝛼′(0)

𝑐0𝑙0𝜙′(0)
, 𝑌𝑡 = 𝐼 +𝐼𝐼 (31)

and 

𝐼 =
𝜓+
0𝐼 (𝑡)
𝐺𝑐𝐼

, 𝐼𝐼 =
𝜓+
0𝐼𝐼 (𝑡)
𝐺𝑐𝐼𝐼

(32)

where 𝜓+
0𝐼 (𝑡), 𝜓+

0𝐼𝐼 (𝑡) are positive parts of mode I and II elastic energies.
In the actual computation process, the phase-field model can also be viewed as a multi-field coupling problem between 

displacement field and phase field. Thus, the governing equations and boundary conditions of the phase-field model can be rewritten 
in a similar form 

{

∇ ⋅ 𝝈 + 𝐛̄ = 𝟎 in 𝛺

𝝈 ⋅ 𝐧 = 𝐭̄ on 𝜕𝛺
(33)

and 
{

∇ ⋅ 𝐠 +𝐐(𝑑) = 𝟎 in 𝛩

𝐠 ⋅ 𝐧𝛩 ≥ 0 on 𝜕𝛩
(34)

where 𝐧 is the outward normal vector at any external boundary of the domain, and 𝐧𝛩 is the outward normal vector of the diffuse 
damage zone. The flux vector 𝐠 and source term 𝐐(𝑑) are respectively defined as 

⎧

⎪

⎨

⎪

⎩

𝐠 = 2𝑙0
𝑐0
∇𝑑

𝐐(𝑑) = −𝜔′(𝑑) − 1
𝑐0𝑙0

𝛼′(𝑑)
(35)

Eq. (33) is the equation for solving the displacement field problem, and Eq. (34) is the crack evolution equation for solving the 
phase field problem. Note that Eqs. (33) and (34) are formulated without incorporating thermal effects.

In this work, the total strain 𝜺𝑡 is decomposed into elastic strain 𝜺𝑒 and thermal strain 𝜺𝜃 , i.e., 
𝜺𝑡 = 𝜺𝑒 + 𝜺𝜃 (36)

The thermal strain 𝜺𝜃 = 𝛼0𝛥𝜃𝐈, where 𝛼0 is the linear thermal expansion coefficient, 𝐈 is the identity tensor, and 𝛥𝜃 = 𝜃 − 𝜃0 is 
the temperature increment from the initial reference temperature 𝜃0. Assuming the heat conduction process follows Fourier’s law, 
the heat flux 𝐪 is given by 

𝐪(𝐮, 𝑑, 𝜃) = −𝐠(𝑑)𝑘0∇𝜃 (37)

where 𝑘0 is the thermal conductivity of the uncracked material, and the degradation function 𝐠(𝑑) ensures that no heat flow crosses 
the crack when it opens. In this work, a general form of degradation function is adopted 𝐠(𝑑) = 𝜔(𝑑). This degradation function is 
controlled by the phase field variable 𝑑, where 𝑑 = 0 represents the undamaged material with full thermal conductivity, and 𝑑 = 1
indicates complete damage with zero thermal conductivity. While heat transfer can indeed occur across cracks in practical situations, 
the precise physics of heat transfer in cracked media remains an active area of research. Our current approach adopts a simplified 
model where the thermal conductivity degradation is controlled by the phase field variable through the uniform degradation function 
𝐠(𝑑) = 𝜔(𝑑), reducing to zero when 𝑑 = 1. We acknowledge that alternative, more sophisticated approaches exist: Svolos et al. 
developed analytical homogenization methods for calculating effective thermal conductivity [45]; and Dittmann et al. proposed 
crack-opening-dependent thermal degradation functions [46]. However, we chose our current formulation to balance physical 
representation with computational efficiency. While this simplification may not capture all aspects of near-crack heat transfer, 
it provides a tractable framework for our initial investigation [35]. In addition, although Eq. (37) appears to suggest that heat 
transfer is inhibited under all crack deformation modes, our model specifically considers crack formation only under tensile–shear 
mixed-mode loading conditions, explicitly excluding compressive crack scenarios. Thus, the apparent limitation of heat transfer 
under compression does not manifest in our simulations, as crack formation is restricted to mixed-mode loading only.

The governing equations for the thermo-mechanical-damage coupled problem can be written as 
⎧

⎪

⎨

⎪

∇ ⋅ 𝝈 + 𝐛 = 𝟎 in 𝛺

𝜌𝑐𝜃 𝜃̇ + ∇ ⋅ 𝐪 = 𝛾̄ in 𝛺 (38)
⎩
∇ ⋅ 𝐠 +𝐐(𝑑) = 𝟎 in 𝛩
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and the boundary conditions are 
⎧

⎪

⎨

⎪

⎩

𝝈 ⋅ 𝐧 = 𝐭̄ on 𝜕𝛺𝑡

𝐪 ⋅ 𝐧 = 𝐪̄ on 𝜕𝛺𝑞

𝐠 ⋅ 𝐧𝛩 ≥ 0 on 𝜕𝛩

(39)

where 𝜌 is the density, 𝑐𝜃 is the specific heat capacity, 𝜃̇ is the time derivative of temperature, and 𝛾̄ is the heat source term. 
In the proposed thermo-mechanical coupled phase-field model, nine material properties need to be obtained in advance as input 
parameters for computation. They are: elastic modulus 𝐸, Poisson’s ratio 𝜈, tensile strength 𝑓𝑡, fracture toughness 𝐺𝑐 , mass density 
𝜌, thermal conductivity coefficient 𝑘0, specific heat capacity 𝑐𝜃 , linear thermal expansion coefficient 𝛼0, and critical shear-tension 
ratio 𝜒 .

2.3. Numerical discretization using finite element method

To implement the phase-field method for solving thermo-mechanical coupled problems, a discretization scheme is proposed 
using user subroutines in Abaqus to discretize the governing equations and implement the phase-field method. The displacement 𝐮, 
temperature 𝜃, and damage 𝑑 in finite elements are discretized. The discretized form with linear shape functions can be approximated 
as 

𝐮(𝐱, 𝑡) =
𝑛𝑒
∑

𝑖=1
𝐍𝑢𝑖 (𝐱)𝐮𝑖(𝑡) = 𝐍𝑢𝐮̃

𝜃(𝐱, 𝑡) =
𝑛𝑒
∑

𝑖=1
𝑁𝜃
𝑖 (𝐱)𝜃𝑖(𝑡) = 𝐍𝜃 𝜽̃

𝑑(𝐱, 𝑡) =
𝑛𝑒
∑

𝑖=1
𝑁𝑑
𝑖 (𝐱)𝑑𝑖(𝑡) = 𝐍𝑑𝐝

(40)

where 𝐮𝑖(𝑡), 𝜃𝑖(𝑡), and 𝑑𝑖(𝑡) represent the nodal values at the 𝑖th node at time 𝑡, 𝑛𝑒 is the number of nodes per element, 𝐱 (𝑥1, 𝑥2)
denotes the spatial coordinates, the nodal values are collected into lumped vectors 𝐮̃, 𝜽̃ and 𝐝. The shape functions 𝐍𝑢𝑖 (𝐱), 𝑁𝜃

𝑖 (𝐱), and 
𝑁𝑑
𝑖 (𝐱) are used to interpolate displacement, temperature, and damage fields respectively, where the displacement shape function is 

a matrix defined as

𝐍𝑢𝑖 (𝐱) =
[

𝑁𝑢
𝑖 (𝐱) 0

0 𝑁𝑢
𝑖 (𝐱)

]

,

These shape functions are assembled into matrices for each field
𝐍𝑢 =

[

𝐍𝑢1 𝐍𝑢2 ⋯ 𝐍𝑢𝑛𝑒
]

, 𝐍𝜃 =
[

𝑁𝜃
1 𝑁𝜃

2 ⋯ 𝑁𝜃
𝑛𝑒

]

, 𝐍𝑑 =
[

𝑁𝑑
1 𝑁𝑑

2 ⋯ 𝑁𝑑
𝑛𝑒

]

.

The discretized forms of the strain tensor and the gradients of temperature and phase fields are obtained by differentiating the 
shape functions 

𝜺(𝐱, 𝑡) =
𝑛𝑒
∑

𝑖=1
𝐁𝑢𝑖 (𝐱)𝐮𝑖(𝑡) = 𝐁𝑢𝐮̃

∇𝜃(𝐱, 𝑡) =
𝑛𝑒
∑

𝑖=1
𝐁𝜃𝑖 (𝐱)𝜃𝑖(𝑡) = 𝐁𝜃 𝜽̃

∇𝑑(𝐱, 𝑡) =
𝑛𝑒
∑

𝑖=1
𝐁𝑑𝑖 (𝐱)𝑑𝑖(𝑡) = 𝐁𝑑𝐝

(41)

Matrices 𝐁𝑢𝑖 (𝐱), 𝐁𝜃𝑖 (𝐱), and 𝐁𝑑𝑖 (𝐱) contain derivatives of the shape functions for displacement, temperature, and phase fields, 
respectively. These matrices take the following forms

𝐁𝑢𝑖 (𝐱) =
⎡

⎢

⎢

⎢

⎣

𝜕𝑥𝑁𝑢
𝑖 0

0 𝜕𝑦𝑁𝑢
𝑖

𝜕𝑦𝑁𝑢
𝑖 𝜕𝑥𝑁𝑢

𝑖

⎤

⎥

⎥

⎥

⎦

, 𝐁𝜃𝑖 (𝐱) =
[

𝜕𝑥𝑁𝜃
𝑖

𝜕𝑦𝑁𝜃
𝑖

]

, 𝐁𝑑𝑖 (𝐱) =
[

𝜕𝑥𝑁𝑑
𝑖

𝜕𝑦𝑁𝑑
𝑖

]

.

The derivatives of the shape functions are assembled into matrices for each field
𝐁𝑢 = [𝐁𝑢1 𝐁𝑢2 ⋯ 𝐁𝑢𝑛𝑒 ], 𝐁𝜃 = [𝐁𝜃1 𝐁𝜃2 ⋯ 𝐁𝜃𝑛𝑒 ], 𝐁𝑑 = [𝐁𝑑1 𝐁𝑑2 ⋯ 𝐁𝑑𝑛𝑒 ].

The residual vectors for displacement, temperature, and damage are 

𝐫𝑢 ∶= 𝐟ext𝑢 − ∫𝛺
𝐁T𝑢𝝈d𝛺 = 𝟎 (42)

𝐫𝜃 ∶= 𝐟ext + 𝐁T𝐪d𝛺 − 𝐂 ̇̃𝜃 = 𝟎 (43)
𝜃 ∫𝛺 𝜃
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𝐫𝑑 ∶= ∫Ω
𝐍T𝑑𝐐d𝑉 − ∫𝛩

𝐁T𝑑𝐠d𝑉 = 𝟎 (44)

in which 𝐟ext𝑢  and 𝐟ext𝜃  are the external force vector and heat flux vector acting on the system and can be expressed as

𝐟ext𝑢 = ∫𝛺
𝐍T𝑢 𝐛̄d𝛺 + ∫𝜕𝛺

𝐍T𝑢 𝐭̄d𝛤

and

𝐟ext𝜃 = ∫𝛺
𝐍T𝜃 𝛾̄d𝛺 − ∫𝜕𝛺𝑞

𝐍T𝜃 𝐪̄d𝛤

and 𝐂 is the heat capacity matrix, which can be obtained from 

𝐂 = ∫𝛺
𝜌𝑐𝜃𝐍T

𝜃𝐍𝜃d𝛺 (45)

and ̇̃𝜽 = d𝜽̃∕d𝑡 is the rate of change of nodal temperatures.
Due to the nonlinear nature of the thermo-mechanical-damage coupled system of equations, a staggered iteration algorithm is 

implemented in solving the governing equations to enhance numerical convergence. The solution strategy involves decomposing 
the governing equations into two subproblems: the thermo-mechanical coupled subproblem and the damage evolution subproblem. 
These subproblems are solved alternately through a fixed-point iteration scheme. The solution procedure consists of two main steps: 
(1) Solve for displacement and temperature fields (𝐮̃, 𝜽̃) while keeping the phase field fixed; (2) Update the phase field 𝑑 using 
the computed displacement and temperature fields: (a) If convergence criteria are met, advance to next time increment; (b) If not 
converged, repeat the iteration process.

For the time discretization, let 𝐑𝑛 and 𝐳𝑛 represent the known residual and quantity values (𝐮̃𝑛, 𝜽̃𝑛, 𝐝𝑛) at the current time step 𝑡𝑛, 
with 𝛥𝑡 denoting the time increment and 𝛥𝑡 = 𝑡𝑛+1 − 𝑡𝑛. Since only temperature field involves time derivatives, adopting the implicit 
backward Euler time integration method to approximate the time derivative 

̇̃𝜽 ≈
𝜽̃𝑛+1 − 𝜽̃𝑛

𝛥𝑡
(46)

The temperature field residual is expressed as 

𝐫𝜃 = 𝛥𝑡 𝐟ext𝜃,𝑛+1 + 𝛥𝑡∫𝛺
𝐁𝑇𝜃 𝐪d𝛺 − 𝐂(𝜽̃𝑛+1 − 𝜽̃𝑛) = 𝟎 (47)

At the next time step 𝑡𝑛+1, we require the residual to vanish 

𝐑𝑛+1 = 𝐑(𝐳𝑛+1) = 𝟎 (48)

The resulting nonlinear system is solved using Newton’s method to find an approximate solution 𝐳(𝑗+1)𝑛+1  in an iterative manner 

𝐳(𝑗+1)𝑛+1 = 𝐳(𝑗)𝑛+1 − [𝐊(𝐳(𝑗)𝑛+1)]
−1𝐑(𝑗)

𝑛+1 (49)

with the tangent matrix defined as 

𝐊(𝐳(𝑗)𝑛+1) =
𝜕𝐑
𝜕𝐳𝑛+1

|

|

|

|

|𝐳(𝑗)𝑛+1

(50)

Here, superscript 𝑗 represents the Newton iteration step, while subscript 𝑛 denotes the time step. By defining the increment 
𝛿𝐳 = 𝐳𝑗+1𝑛+1 − 𝐳(𝑗)𝑛+1, Eq.  (49) can be written as 

𝐑(𝑗)
𝑛+1 −𝐊(𝐳(𝑗)𝑛+1)𝛿𝐳 = 𝟎 (51)

The thermo-mechanical-damage coupled system is solved using a staggered iteration algorithm. For each time step from 𝑡𝑛 to 
𝑡𝑛+1, we iterate through the following steps at iteration 𝑗:

• Step 1: The mechanical-thermal coupled subproblem
Keep the damage field 𝐝(𝑗−1)𝑛+1  fixed from the previous iteration and based on the discretized governing equations of the 
thermo-mechanical coupled problem given in Eqs. (42) and (47), the residual vectors for displacement and temperature fields 
are

𝐫𝑢(𝐮̃
(𝑗)
𝑛+1) = 𝐟ext𝑢,𝑛+1 − ∫𝛺

𝐁𝑇𝑢 𝝈d𝛺 = 𝟎, 𝝈 = 𝝈(𝐮̃(𝑗)𝑛+1, 𝜽̃
(𝑗)
𝑛+1,𝐝

(𝑗−1)
𝑛+1 ) (52)

𝐫𝜃(𝜽̃
(𝑗)
𝑛+1) = 𝛥𝑡𝐟ext𝜃,𝑛+1 + 𝛥𝑡∫𝛺

𝐁𝑇𝜃 𝐪d𝛺 − 𝐂(𝜽̃𝑛+1 − 𝜽̃𝑛) = 𝟎, 𝐪 = 𝐪(𝜽̃(𝑗)𝑛+1,𝐝
(𝑗−1)
𝑛+1 ) (53)

The linearized system for the coupled problem takes the form 
[

𝐊𝑢𝑢 𝐊𝑢𝜃

𝜃𝜃

] [

𝛿𝐮̃
]

=
[

𝐫𝑢
]

(54)
𝟎 𝐊 𝛿𝜽̃ 𝐫𝜃
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where the stiffness matrices are defined as

𝐊𝑢𝑢 = ∫𝛺
𝐁T𝑢

( 𝜕𝝈
𝜕𝜺

)

𝐁𝑢d𝛺 (55)

𝐊𝑢𝜃 = ∫𝛺
𝐁T𝑢

( 𝜕𝝈
𝜕𝜃

)

𝐍𝜃d𝛺 (56)

𝐊𝜃𝜃 = 𝛥𝑡∫𝛺
𝐁T𝜃𝑘𝐁𝜃d𝛺 + 𝐂 (57)

where 𝑘 = 𝐠(𝑑)𝑘0 is the degraded thermal conductivity coefficient. It is notable that the temperature induced strain is taken 
into account in the model, whereas the strain/stress has no influence on heat conduction.

• Step 2: The phase field subproblem (quasi-static)
Using the updated displacement field 𝐮̃(𝑗)𝑛+1 and temperature field 𝜽̃

(𝑗)
𝑛+1, we solve for the nodal damage field 𝐝

(𝑗)
𝑛+1 in the phase 

field subproblem 

𝐫𝑑 (𝐝
(𝑗)
𝑛+1) ∶= ∫Ω

𝐍T𝑑𝐐d𝑉 − ∫𝛩
𝐁T𝑑𝐠d𝛩, 𝐐 = 𝐐(𝐮̃(𝑗)𝑛+1, 𝜽̃

(𝑗)
𝑛+1,𝐝

(𝑗)
𝑛+1), 𝐠 = 𝐠(𝐝(𝑗)𝑛+1) (58)

The linearized equation can be written as 

𝐊𝑑𝑑𝛿𝐝 = 𝐫𝑑 (59)

with 

𝐊𝑑𝑑 = ∫𝛩

[

𝐍T𝑑

(

− 𝜕𝐐
𝜕𝑑

)

𝐍𝑑 +
2𝑙0
𝑐0

𝐁T𝑑𝐁𝑑
]

d𝛩 (60)

While the governing equations for temperature and crack propagation are both time-dependent, with crack propagation typically 
occurring at a much faster rate than thermal diffusion, our staggered solution algorithm employs a carefully controlled time-stepping 
approach . To ensure solution accuracy and numerical stability, we implement a damage-based convergence criterion [41]: 

|

|

|

𝑢̃(𝑗+1)𝑛+1 − 𝑢̃(𝑗)𝑛+1
|

|

|

< 𝜀, 𝜀 = 1.0 × 10−5 (61)

This criterion requires that the L2-norm difference between consecutive iterations falls below a strict tolerance threshold before 
proceeding. Although this approach necessitates very small load steps and results in slower convergence rates, it provides superior 
numerical robustness for solving the coupled phase-field and thermal-mechanical problems.

This thermo-mechanically coupled phase-field fracture model is implemented through Abaqus subroutines written in FORTRAN. 
The solution process starts with using the built-in Abaqus solver to solve the temperature–displacement coupled problem, followed 
by extracting material point data including displacements, temperatures, and corresponding energies, while updating state variables 
and field values to control damage effects on material properties. Subsequently, based on the previously calculated history energy, 
the phase-field values at material points are computed and fed back into the solution. This alternating iteration process drives the 
degradation of material properties and the evolution of the phase field. Through this methodology, we can output the stress–strain 
response of solids considering thermo-mechanical damage and phase-field values, thus revealing mechanical and fracture behavior 
of structures under mixed-mode failure.

3. Preparation and processing of porous sintered silver structure

The pore morphology in sintered silver materials is significantly influenced by various sintering process parameters during 
manufacturing, including sintering temperature, time, and pressure. The porous microstructure model for numerical analysis in 
this study is constructed based on SEM micrographs of sintered silver solder (see Fig.  3). Fig.  3(a) presents the SEM micrograph of 
sintered silver structure with a porosity of 8%. The processing procedure consists of several steps: first, the SEM image given in Fig. 
3(a) is binarized using MATLAB to obtain the structure shown in Fig.  3(b). The binarized porous structure is then processed to extract 
the structural contours of sintered silver. These contours are imported into CAD software for geometric modeling, resulting in the 
final porous structure shown in Fig.  3(c). This geometric model is then imported into Abaqus for subsequent numerical simulations.

4. Numerical results and discussion

In the following numerical examples, we adopt a sequential validation approach. Examples 4.1–4.3 focus exclusively on 
mechanical loading responses without temperature effects, allowing us to thoroughly validate the mechanical aspects of our 
model. Temperature effects are then incorporated in Example 4.4, where we present a comprehensive analysis of coupled thermal-
mechanical behavior in sintered silver structures. This progressive approach enables systematic verification of our numerical 
framework, from pure mechanical response to fully coupled thermal-mechanical interactions.
10 
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Fig. 3. Processing steps of porous sintered silver structure: (a) Original SEM image, (b) Binary image after MATLAB processing, (c) Final geometric model for 
simulation.

Fig. 4. Boundary conditions of the sintered silver model with 8% porosity: prescribed displacement loading and fixed constraints.

Fig. 5. Stress–strain curve of sintered silver with 8% porosity showing four critical time points.

4.1. Tensile failure analysis

Using the phase-field approach, we investigate the mechanical response and fracture evolution characteristics of sintered silver 
with 8% porosity. The computational model featuring stochastic pore distribution is reconstructed from selected SEM micrographs. 
The porous structural model is then implemented in Abaqus finite element software for numerical analysis. Fig.  4 illustrates the 
applied boundary conditions for the model. The model uses a mesh size of ℎ = 4×10−5 mm, displacement increment 𝛥𝑢 = 7×10−7 mm, 
length scale parameter 𝑙0 = 0.0002 mm, total time of 1.00, and time increment step of 0.0005. Meanwhile, material parameters for 
the random porous structure are set in the inp file, as shown in Table  1, which includes both solid sintered silver phase and void 
phase, along with parameters such as fracture energy 𝐺𝑐 , tensile strength 𝑓𝑡, and critical shear-tension ratio 𝜒 [19]. Following the 
methodology established in paper [22], we define void phase as an actual air phase in the material system, representing the physical 
cavities rather than a mathematical abstraction in the numerical model.
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Table 1
Material properties of sintered silver microstructure model.
 Parameters Solid phase Void phase 
 Young’s modulus (𝐸, GPa) 81.5 8.15 × 10−7  
 Poisson’s ratio (𝜈) 0.38 0.38  
 Fracture surface energy (𝐺𝑐 , MPa × mm) 0.0024 2.4 × 10−11  
 Tensile strength (𝑓𝑡, MPa) 300 3 × 10−6  
 Critical shear ratio (𝜒) 0.60 0.60  

Fig. 6. Stress distributions at four critical time points (𝐴 - 𝐷) marked in Fig.  5.

Fig. 7. Evolution of strain distribution in porous sintered silver at four loading stages: (a) elastic deformation, (b) onset of localization, (c) strain concentration, 
and (d) final failure.

Fig.  5 shows the stress–strain curve of the specimen with 8% porosity obtained by current numerical scheme. Four critical time 
points (𝐴, 𝐵, 𝐶, and 𝐷) are selected on the curve, and their corresponding stress, strain, and phase-field distributions are shown in 
Figs.  6–8, respectively. The contour results reveal that stress concentrations primarily occur in three regions: around the voids, at void 
interconnections, and at crack tips. The high strain fields are predominantly localized in the vicinity of cracks. Correspondingly, 
elevated phase-field values are observed in these regions of stress and strain concentrations, indicating the correlation between 
mechanical field concentrations and damage evolution. The specimen reaches its maximum tensile strength of 132.0 MPa at a strain 
of 0.23% (at point 𝐴 in Fig.  5), where the phase-field value 𝑑 attains a value of 1.0, signifying the onset of crack formation. The 
corresponding phase-field distribution is illustrated in Fig.  8(a). As the loading progresses from point 𝐴 to point 𝐵, the first crack 
initiates in the structure, with its location illustrated in Fig.  8(b). This crack formation is accompanied by a stress reduction to 
98.8 MPa. The progression from point 𝐵 to point 𝐶 is characterized by continuous crack propagation through the sintered silver 
structure, resulting in a dramatic decrease in stress to 12.68 MPa. From point 𝐶 to point 𝐷, the crack continues to propagate with 
stress decreasing to 0 MPa, as the crack completely penetrates the entire structure. Five cracks are ultimately formed as shown 
in Fig.  8(d). At this point, with a failure strain of 0.31%, the sintered silver structure experiences complete failure. The analysis 
reveals that the maximum tensile strength of sintered silver is critically linked to the formation of the first crack, which initiates at 
the structure’s most vulnerable region. Following crack initiation, the structure experiences a significant reduction in overall stress, 
accompanied by rapid crack propagation. This progressive deterioration process eventually culminates in complete structural failure.

For further validation of the proposed phase-field approach, multiple random specimens are analyzed. Six groups of sintered 
silver models with porosity variations from 8% to 30% are subjected to phase-field fracture simulation. The corresponding stress–
strain relationships, demonstrating the effect of porosity on mechanical behavior, are illustrated in Fig.  9. As illustrated in Fig. 
9, the stress–strain behavior of sintered silver structures with varying porosity levels exhibits significant differences primarily in 
two aspects: (1) The elastic stage characteristics from initial loading to crack initiation; (2) The maximum tensile strength values 
attained before failure. These variations directly reflect the influence of porosity on the mechanical properties of sintered silver 
structures. When the strain is below 0.2%, all sintered silver structures, regardless of their porosity levels, remain damage-free 
12 
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Fig. 8. Contour plots of phase-field damage parameter 𝑑 showing the progression of damage in porous sintered silver at four critical time points. The damage 
parameter ranges from 𝑑 = 0 (intact material, blue) to 𝑑 = 1 (completely damaged, red).

Fig. 9. Stress–strain curves of sintered silver structures with different porosity levels. The decreasing trend in strength and stiffness corresponds to increasing 
porosity.

Fig. 10. Simulated crack morphologies in sintered silver structures with varying porosity levels.

with no damaged elements present. In this elastic regime, the structural stiffness demonstrates a direct correlation with porosity: as 
the porosity increases, the elastic modulus exhibits a steady decline from 61,990 MPa to 10,624 MPa, indicating a clear porosity-
dependent mechanical behavior. The maximum tensile strength demonstrates a clear dependence on porosity levels: as porosity 
increases from 8% to 30%, a significant reduction in maximum tensile strength is observed, declining from 132.2 MPa to 32.80 
MPa, following a consistent downward trend.

The simulated crack patterns presented in Fig.  10 reveal a distinct correlation between porosity and crack morphology: (1) At 
lower porosity levels: formation of larger, more continuous cracks; (2) At higher porosity levels: development of multiple smaller 
cracks predominantly between void regions; (3) The transition in crack patterns reflects the influence of porosity on damage 
evolution mechanisms.

To ensure results’ reliability, in Fig.  11, a comparative analysis was conducted between the current numerical predictions and 
existing experimental data from literature [10,13,14,19,47,48]. The mechanical properties, including elastic modulus and tensile 
strength, were evaluated across various porosity levels. The comparison reveals consistent trends in both numerical and experimental 
results regarding the relationship between mechanical properties and porosity. However, the numerically predicted elastic modulus 
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Fig. 11. Comparative analysis of elastic modulus: present numerical results versus experimental data from literature [10,13,14,19,47,48].

Fig. 12. Boundary conditions for shear loading simulation of sintered silver structure.

Fig. 13. Stress–strain curve under shear loading for sintered silver structure with 8% porosity.

values are slightly lower than some experimental measurements. This discrepancy can be attributed to the relatively conservative 
baseline silver properties adopted in Table  1.

4.2. Shear failure analysis

The phase-field model is further employed to investigate the mechanical response and fracture evolution of 8% porosity sintered 
silver under shear loading conditions. The boundary conditions is illustrated in Fig.  12. Similar to the above tensile failure simulation, 
the bottom edge is fixed, and a displacement load parallel to the 𝑥-direction is applied to the upper boundary. Other simulation 
parameters remain identical to those used in the tensile failure analysis of Section 4.1.
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Fig. 14. Stress distributions at four critical time points under shear loading.

Fig. 15. Evolution of strain fields at four critical loading stages.

Fig. 16. Evolution of phase-field damage parameter under shear loading.

Fig.  13 shows the stress–strain curve of the specimen with 8% porosity under shear loading. Four critical time points are selected 
on the curve, and their corresponding stress, strain, and phase-field distributions are shown in Figs.  14, 15, and 16, respectively. 
Analysis of the contour plots reveals distinct patterns of stress and strain localization. High shear stresses are also predominantly 
concentrated in three critical regions: around the voids, at void interconnections, and at crack tips. Correspondingly, significant 
strain concentrations are observed in the vicinity of crack regions. These localized mechanical fields indicate potential paths for 
damage evolution and crack propagation. A critical state is observed when the shear strain reaches 0.5%, at which point three 
significant phenomena occur simultaneously: (1) The structure attains its maximum shear strength of 71.3 MPa; (2) The phase-field 
damage parameter reaches its critical value of 1.0; (3) Crack propagation initiates. The phase-field distribution corresponding to 
this critical state is presented in Fig.  16(a). As the loading progresses from point 𝐴 to 𝐵, the structure exhibits distinct damage 
evolution characteristics under shear loading. Two cracks develop simultaneously at the upper and lower surfaces of the specimen, 
accompanied by a reduction in stress to 65.2 MPa. During the progression from point 𝐵 to 𝐶, crack propagation continues along 
the sintered silver structure, resulting in a dramatic decrease in stress from 65.2 MPa to 24.8 MPa, indicating significant structural 
degradation. The transition from point 𝐶 to 𝐷 represents the final failure stage, characterized by continued crack propagation 
leading to almost complete structural failure of the sintered silver. The stress level drops to 4.2 MPa, and the resulting crack pattern 
is presented in Fig.  16(d).

The comparison of stress–strain responses under different loading conditions, as shown in Fig.  17, reveals distinctive mechanical 
behavior and failure characteristics. The tensile loading exhibits higher maximum strength but lower failure strain compared to shear 
loading. Additionally, the failure mechanisms differ significantly between the two loading conditions: tensile loading leads to rapid 
crack propagation and sudden failure, while shear loading results in gradual crack growth and progressive failure development.
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Fig. 17. Stress–strain responses of sintered silver structure with 8% porosity under tensile and shear loading.

Fig. 18. Stress–strain responses of sintered silver structures with different porosity levels under shear loading.

Fig. 19. Crack propagation paths in sintered silver structures with different porosity levels under shear loading.

Shear failure analysis was conducted on six groups of sintered silver structures with different porosity levels. The stress–strain 
responses are shown in Fig.  18. The shear modulus and maximum shear strength follow the same trend as observed under tensile 
loading, both decreasing with increasing porosity. Fig.  19 shows the crack propagation paths for sintered silver structures with 
different porosity levels under shear loading. At lower porosity, failure primarily occurs along the boundaries, while with increasing 
porosity, cracks tend to develop at weak regions between voids.

4.3. Validation against end-notched flexure (ENF) test results

The ENF test, originally developed by Russell [49], employs a three-point bending configuration on double cantilever beam 
specimens for Mode II fracture toughness evaluation. This testing methodology has gained widespread acceptance for characterizing 
Mode II interlaminar fracture toughness, particularly in composite laminates and adhesive materials. The effectiveness of ENF 
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Fig. 20. ENF test specimen geometry with parameter definitions (left) and SEM micrograph of sintered silver showing two selected regions (10 μm × 10 μm) 
with 24.5% and 24.8% porosity (right).

Table 2
Parameters and dimensions of ENF test specimen.
 Parameter Description Dimension (mm) 
 𝐿 Total length 100.0  
 𝑙1 Distance from support to end 10.0  
 𝑙2 Initial crack length 30.0  
 𝑡1 Thickness of sintered silver layer 0.1  
 𝑡2 Thickness of copper substrate 1.2  
 𝑤 Specimen width 8.0  

testing in characterizing shear fracture behavior has been well established. Building on this foundation, Zhao et al. [18] conducted 
comprehensive ENF experiments specifically focused on sintered silver solder. Our numerical simulations are designed to replicate 
and analyze their experimental conditions. The ENF test configuration comprises a layered structure of copper substrates and sintered 
silver solder. The geometric configuration and dimensional parameters of the test specimen are illustrated in the left of Fig.  20, 
with the corresponding parameter definitions and magnitudes detailed in Table  2. The specimen consists of upper copper substrate, 
sintered silver solder layer and lower copper substrate.

In this example, we adopt a two-scale simulation approach instead of direct phase-field modeling at the macroscopic level. The 
simulation procedure consists of two sequential steps: (1) microscale phase-field simulations are performed to obtain the mechanical 
properties of sintered silver, and (2) these properties are then incorporated into the macroscopic ENF structure through numerical 
homogenization for static analysis. The apparent plastic response observed in the force–displacement curve is attributed to the 
contact interaction between the indenter and the Cu substrate, rather than a change in the material constitutive model. This behavior 
is consistent with previous experimental observations reported in [18].

In this example, two regions of 10 μm × 10 μm (Area 1 and 2) are selected from the SEM image shown in the right of Fig.  20, 
with porosity levels of 24.5% and 24.8% respectively. These images were taken under sintering conditions of 300 ◦C temperature 
and 60 min duration, which typically results in a porosity of 24.08% ±0.84% in the sintered silver layer [18]. The selected SEM 
images were obtained under these sintering conditions and satisfy the corresponding porosity requirements. Then the mechanical 
properties of the sintered silver structure were determined through phase-field simulations based on the loading conditions shown 
in Fig.  21. Two sets of elastic moduli were calculated in both 𝑥 and 𝑦 directions (𝐸𝑥𝑥 and 𝐸𝑦𝑦). The average of these four values 
yielded an elastic modulus of 15,105 MPa. The corresponding Poisson’s ratio was experimentally determined to be 0.22, as reported 
in the literature [47].

The finite element model and boundary conditions for the ENF test simulation are illustrated in Fig.  22. The mechanical properties 
of the materials are specified as follows: the supports and loading head are defined as rigid bodies, while the copper substrate is 
characterized by an elastic modulus of 115 GPa, Poisson’s ratio of 0.236, yield strength of 219 MPa, and tangent modulus of 6.5 
GPa. The simulation incorporates the previously determined parameters (𝐸 = 15.105 GPa, 𝜇 = 0.22) for the sintered silver layer. Fig. 
23 shows the force–displacement curves obtained from both simulation and experiments. The simulation results fall well within the 
experimental data range, demonstrating the feasibility of using microscale simulation data of sintered silver to evaluate macroscopic 
mechanical properties of the structure.

4.4. Thermal loading induced failure of sintered silver structure

As shown in Fig.  24, a typical power module structure consists of silicon chip, sintered silver layer, and DBC structure from top 
to bottom. The material parameters of chip, sintered silver, copper, and ceramic are listed in Table  3, while the phase-field fracture 
parameters of sintered silver remain the same as in Table  1. This case study will utilize the thermo-mechanical coupled phase-field 
fracture model to analyze the fracture evolution process of sintered silver during power device service.

As illustrated in Fig.  25, the structural model features a sintered silver layer with 12.5% porosity. For the mechanical constraints, 
symmetric boundary conditions are applied in the horizontal direction on both left and right boundaries, while the bottom surface is 
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Fig. 21. Schematic diagram of boundary conditions and loading configurations for sintered silver model in 𝑥 and 𝑦 directions.

Fig. 22. Finite element model and boundary conditions for ENF test simulation.

Fig. 23. Comparison of force–displacement curves between numerical simulation and experimental results.

Fig. 24. Schematic diagram of typical power module structure.
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Table 3
Material properties of power module components.
 Material 𝐸 𝜈 𝜌 𝑘 𝑐𝑝 𝛼0  
 (GPa) – (kg/m3) (W/m K) (J/kg K) (ppm/◦C) 
 Si 162.0 0.28 2330 130.00 700 3.00  
 Sintered Ag 81.5 0.38 1040 418.00 170 18.90  
 Cu 110.0 0.35 8960 400.00 385 17.00  
 AlN ceramic 348.0 0.27 3340 177.00 820 5.60  

Fig. 25. Finite element model and prescribed thermal-mechanical boundary conditions for power module simulation (all dimensions are given in mm).

Fig. 26. Mesh discretization of power module structure: global view with zoomed-in detail showing refined mesh in sintered silver layer region.

fixed. The thermal loading conditions are implemented through a surface heat source on the chip with a heating rate of 60 ◦C/min, 
adiabatic conditions on the lateral surfaces, and a constant temperature of 25 ◦C maintained at the bottom surface to simulate 
the heat sink effect. The finite element discretization of the power module structure for phase-field fracture analysis is illustrated 
in Fig.  26. A refined mesh with size ℎ = 6 × 10−5 mm is applied to the sintered silver layer, where the characteristic length 𝑙0
is set as 0.0003 mm. A coarser mesh size of 0.005 mm is used for other structural components. The complete model comprises 
454,104 coupled temperature–displacement quadrilateral elements and an equal number of four-node User UEL elements, where 
the phase-field values are determined based on the displacement and temperature fields. Perfect bonding conditions are imposed at 
all material interfaces. The simulation is conducted over a period of 500 s using a time increment of 1 s.

The field distributions in the sintered silver layer at chip surface temperature of 125 ◦C are presented in Fig.  27. The temperature 
distribution (Fig.  27(a)) exhibits a gradual decrease from the silicon chip surface downward, with local fluctuations due to the 
underlying microstructural heterogeneity. The stress distributions, shown in Figs.  27(b), 27(c), and 27(d), reveal significant stress 
concentrations in the vicinity of voids and their interconnecting regions. These localized high stresses, through the energy functional 
mechanism, induce elevated phase-field values at material points within the sintered silver structure. The progressive increase in 
phase-field values driven by these stress concentrations ultimately leads to material failure, indicating potential crack initiation sites. 
This prediction is corroborated by subsequent simulations showing crack initiation preferentially occurring at locations of elevated 
phase-field values within the microporous structure.
19 



Y. Gong et al. Engineering Fracture Mechanics 320 (2025) 111039 
Fig. 27. Temperature and stress field distributions in sintered silver layer under thermal loading.

Fig. 28. Evolution of phase-field values in sintered silver at different temperatures showing progressive damage development.

Fig.  28 shows the phase-field distributions in the sintered silver layer at chip surface temperatures of 125 ◦C, 225 ◦C, 325 ◦C, and 
500 ◦C. Note that temperatures higher than typical operational ranges are used to demonstrate failure mechanisms, as the present 
model does not incorporate fatigue effects. As shown in Fig.  28(a), elevated phase-field values appear in high-stress regions near 
void throats. When the chip surface temperature reaches 155 ◦C, the phase-field value in the solder layer reaches 1.0, indicating 
crack initiation. As the chip surface temperature further increases to 225 ◦C, cracks continue to propagate perpendicular to the 
chip direction, as shown in Fig.  28(b). This propagation direction results from horizontal thermal stresses generated during chip 
heating, due to the difference in thermal expansion coefficients (CTE) between the sintered silver layer and first copper layer (CTE 
of sintered silver: 18.90, copper: 17.00) compared to the silicon chip (CTE: 3.00). These horizontal thermal stresses provide the 
driving force for crack propagation toward the chip direction. As shown in Fig.  28(c), when the chip surface temperature rises to 
325 ◦C, distinct cracks have formed at weak connections in the sintered silver solder layer. With further temperature increase, cracks 
begin to propagate horizontally along interfaces, extending along both the bottom surface of the silicon chip and the top surface of 
the first copper layer, as illustrated in Fig.  28(d).

In our work, we model thermal conductivity degradation in damaged regions through Eq. (37), which effectively prevents heat 
flow across crack surfaces. As illustrated in Fig.  29, the evolution of heat flow in the sintered silver structure demonstrates this 
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Fig. 29. Heat flow patterns in sintered silver structure demonstrating the evolution of thermal conductivity degradation (The location of the model is shown in 
the blue dashed square of Fig.  26).

Fig. 30. Comparison of phase-field values distributions in sintered silver with different porosity levels under thermal loading.

thermal barrier effect. Fig.  29(a) shows the initial uniform heat flux distribution in the undamaged state. During crack formation, 
as shown in Fig.  29(b), the heat flux pattern changes significantly, with heat flow beginning to divert around the developing crack. 
Fig.  29(c) reveals the final heat flux distribution with a distinct discontinuity across the fully developed crack. The temperature field 
shown in Fig.  29(d) further confirms this behavior - heat flow is forced to circumvent the crack surface rather than passing through 
it, demonstrating the effectiveness of our thermal conductivity degradation model in capturing the thermal barrier effect of cracks.

For further validation of the simulation results, additional analyses were conducted using two random sintered silver structures 
with porosities of 9.1% and 13.1%. The PF values, illustrated in Figs.  30(a) and 30(b), reveal consistent crack evolution patterns. 
The crack initiation and propagation in the sintered silver layer follows a specific sequence driven by both tensile and shear 
mechanisms. Initially, tensile stresses within the solder layer induce vertical cracks perpendicular to the chip layer. Subsequently, due 
to the significant thermal expansion coefficient mismatch between sintered silver (18.90 ppm/◦C) and silicon chip (3.00 ppm/◦C), 
shear stresses develop and drive crack propagation horizontally along the upper boundary. Finally, crack propagation occurs at 
the lower boundary, driven by shear stresses arising from the thermal expansion coefficient difference between sintered silver and 
Cu substrate (17.00 ppm/◦C). This sequential development explains the observed horizontal crack patterns at both interfaces, with 
failure initiating at the upper boundary due to the larger CTE mismatch. Notably, the crack length exhibits asymmetric development, 
with longer cracks observed near the chip interface compared to those near the copper layer interface.

4.5. Shear failure of chip

Chip shear testing is commonly used to measure the shear strength of sintered silver joints. This section presents phase-field 
simulations of chip shear tests at different temperatures. Fig.  31(a) shows a schematic diagram of the typical setup for measuring 
shear strength of sintered silver joints. For computational efficiency, numerical analysis is performed on a representative section, 
indicated by the green dashed domain in Fig.  31(a). The detailed simulation model with boundary conditions is illustrated in Fig. 
31(b), maintaining the same dimensions as the previous section. A horizontal rightward displacement load is applied to the left 
surface of the chip to simulate the shear probe effect, while symmetric constraints are applied to both left and right surfaces 
of the DBC structure, and fixed constraints are applied to the bottom surface. Various temperature fields are applied globally to 
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Fig. 31. Chip shear test: (a) schematic diagram of experimental setup for measuring shear strength and (b) representative region selected for numerical simulation.

Fig. 32. Crack propagation paths in solder layer during shear testing at room temperature at different time points.

simulate chip shear failure under different temperature conditions. The material parameters and additional simulation details remain 
consistent with those specified in the previous section.

The crack evolution process in the sintered silver structure under room temperature and shear loading exhibits distinct stages: 
initial crack nucleation at void interconnections (Fig.  32(a)), formation of multiple microcracks under increasing shear force (Fig. 
32(b)), development of major cracks propagating predominantly toward the chip loading end (Fig.  32(c)), and finally, complete 
structural failure with the characteristic crack pattern shown in Fig.  32(d), indicating total loss of mechanical integrity.

Different shear failure simulations were conducted at temperatures of 25 ◦C, 75 ◦C, 150 ◦C, 225 ◦C, and 300 ◦C, with the resulting 
crack morphologies shown in Fig.  33. As the loading temperature increases, the crack pattern gradually transitions from a wavy 
pattern to horizontal cracks near the interface. Fig.  34 shows the shear strength at different temperatures, indicating that the chip’s 
shear strength gradually decreases with increasing temperature, reaching only 28% of its room temperature value at 300 ◦C. This is 
because when the global temperature of the sintered silver structure rises to 169 ◦C, the phase-field value reaches 1.0, and cracks 
continue to propagate under thermal stress with further temperature increase. At 25 ◦C, 75 ◦C, and 150 ◦C, when no cracks have 
yet formed in the structure, the crack morphology exhibits a wavy pattern. At 225 ◦C and 300 ◦C, significant cracks have developed 
in the sintered silver solder layer under thermal stress, primarily near the silicon chip interface, leading to a substantial decrease in 
shear strength. Under shear force, these cracks continue to propagate until complete structural failure. It is also observed that crack 
density is higher near the chip interface compared to the first copper layer interface.

5. Conclusions

This work establishes a thermo-mechanical coupled phase-field fracture model for analyzing random porous structures of sintered 
silver based on SEM images, which is capable of handling complex mixed-mode fracture involving both tensile and shear failure 
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Fig. 33. Crack morphologies in sintered silver layer during shear testing at different temperatures.

Fig. 34. Temperature dependence of shear strength in sintered silver joints.

under thermo-mechanical coupling. The phase-field simulations demonstrate that both elastic modulus and tensile strength decrease 
with increasing porosity under both tensile and shear loading conditions. The model predictions show excellent agreement with 
experimental results through ENF test validation, where microscale analysis of void structures correlates well with macroscopic 
mechanical responses.

Numerical results also reveal that complex crack networks develop in the sintered silver solder layer under thermal and 
mechanical loading conditions in power devices. Under thermal loading, cracks initially propagate perpendicular to the chip layer, 
followed by horizontal interface propagation, exhibiting asymmetric length distribution with longer cracks near the chip surface. 
During chip shear testing, cracks initiate at weak connections between voids, and their morphology transitions from wavy patterns to 
horizontal interfacial cracks with increasing temperature, demonstrating distinct temperature-dependent evolution characteristics.

The proposed image-based modeling approach combined with phase-field fracture analysis provides significant insights into the 
mechanical properties of randomly porous sintered silver materials and the complex mechanisms of crack initiation, propagation, 
and network formation in solder layers. This methodology offers valuable guidance for understanding and improving the reliability 
of sintered silver interconnections in electronic packaging applications.

Future work will focus on two major aspects to advance our understanding of thermal-mechanical behavior in sintered silver 
materials. First, to improve thermal-mechanical coupling analysis, we will investigate: (1) detailed characterization of temperature 
field evolution near crack surfaces, (2) development of comprehensive heat transfer theories for various crack configurations, and 
(3) integration of multiple heat transfer mechanisms in cracked media. Second, while our current phase-field model shows good 
agreement with experimental results for basic mechanical parameters, we aim to develop more sophisticated constitutive models by 
incorporating: (1) porosity-dependent mechanical responses, (2) transitions between brittle and ductile behavior, and (3) complex 
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damage evolution mechanisms. These enhancements will enable more accurate predictions of both thermal-mechanical coupling 
effects and mechanical performance of sintered silver across different porosity levels and loading conditions.

The Abaqus subroutine implementation of this work will be made publicly available. The implementation details and related 
materials can be obtained by contacting yanpenggong@gmail.com.
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